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PREFACE 


During the recent war there arose on both sides of the Atlantic among research workers 
in the fieldofunderwater explosions the feeling that some of the problems posed by the conditions 
of undersea warfare had already presented themselves in the past and that various attempts had 
been made to solve them. Many of the records, however, had been lost or effectively hidden 
except for what had crept into open publications and consequently a whole new literature had to 
be developed at considerable cost in both time and money, encompassing both old and new 
problems. A corollary of this experience has been the firm conviction that this new literature 
should not suffer a similar fate. The idea of the joint publication of American and British 
research in the field of underwater explosions took form in the latter part of 1946 and the idea 
was further explored with the Bureau of Ordnance and the Bureau of Ships, United States Navy 
Department and with the British Admiralty. The Office of Naval Research, Navy Department, 
in its capacity of disseminator of scientific information undertook to sponsor the publication 
and has eventually seen the project through to its present form. 


The Compendium has three major purposes: first, to give a greater availability to many 
papers which otherwise would exist in a very small number of copies, and to preserve and 
revive certain rare items, the scarcity of which was due to wartime shortages rather than to 
any deficiencies in the papers themselves; second, to present a representative summary of 
original source material and to display the scope of this material in a manner which might 
make it of more universal interest to schools and colleges as a branch of applied science; and 
third, to stimulate interest in this field for the general benefit of the sciences of Naval Archi- 
tecture and Naval Ordnance and to provide those working in these fields with ready reference 
material on many of the important problems which they must face in their work. 


The scheme of the Compendium is as follows: All of the papers selected, which represent 
between 10 and 20 percent of the total quantity of material known to exist, have been divided 
into three volumes. The first volume is devoted to the primary underwater shock wave, the 
second to the hydrodynamical effects falling under incompressible theory including the oscil- 
lations and behaviour of the gas globe formed by the explosion products, and the third to the 
effects of all of these phenomena on structures and to the measurement and calculation of the 
resulting damage. Three papers have been selected with the object of summarizing the knowledge 
over the field within the scope of the Compendium; these papers, which are placed in the first 
volume, serve to introduce the subject both in general terms, and also with some mathematical 
detail. 


The allocation of the original papers to the different volumes has, in a few cases, not been 
obvious and the editors must assume full responsibility for any arbitrary assignments. A far 
greater responsibility of the editors has lain in the selection of the papers and in this, various 
considerations have had a voice. 


Many of the older papers have been included for their historical interest. Some papers 
have been used to provide suitable introductory or background material. Most of the other 
papers have been included intact andrepresent the opinions of the authorsat the time of writing. 
A few of the papers have been reworked and consist of new material incorporated into the older 
original papers, or consist of a summary of several progress reports which were too repetitive 
for economical inclusion without condensation. Papers which have been rewritten are so marked 
with the new date affixed. In general, selections have been made in an effort to give the best 
review of the entire subject in order to convey the most, and the best information within the 
space limitations imposed by the exigencies of publication, and within the scope permitted by 
considerations of security. Both these features prevent this compilation from being exhaustive, 
and the latter feature prevents many successful workers in this field from receiving recog- 
nition here. 


The editors believe that this Compendium is a new venture in international co-operation 
and hope that this effort may prove useful in pointing the way for other similar joint enterprises 
which may be considered desirable. 


It is our desire to acknowledge the continued interest of Dr. A. T. Waterman, Deputy 
Chief, Office of Naval Research, Navy Department, without whose help these volumes could not 
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have been produced, to thank Mr. Martin Jansson of the Technical Information Division, Office 
of Naval Research, and his capable staff for their painstaking and careful work in preparing the 
material for reproduction. We also acknowledge the guidance afforded by the British Undex 
Panel, particularly Dr. A. R. Bryant and Dr. E. N. Fox (a former member), the assistance of 
Mr. T. Aves of the Department of Research Programmes & Planning and Miss E. Lord of the 
Department of Physical Research in the preparation of the British contribution, and to thank 
Dr. T. L. Brownyard of the Bureau of Ordnance Navy Department for his help in some of the 
correspondence and in some of the problems of security clearance. 
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G. K. Hartmann 
Chief, Explosive Research Department 
U.S. Naval Ordnance Laboratory 


— 

E. G. Hill 

Department of Physical Research 
Admiralty 
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Summary. 


Lamb's theory of under water explosions is shown to give a pressure-time curve in very 
fair agreement with that obtained by experiment, provided that the two gas-constants are 
appropriately chosen. An attempt is made to estimate the effect of the compressibility of water 
by assuming that outside a sphere of radius 3.7 times that of the original charge the water has 
its normal compressibulity and within this radius is incompressible, the incompressible envelope 
being introduced to cover that reglon for which the pressures are too great for the usual acoustic 
equations to apply. 


It is found that, for an explosion in which a given quantity of energy is released, the 
initial gas pressure for this case must be of the order 360 tons per square inch to account for 
the experimental pressure—-time curve, whereas the incompressible theory gives only 60 tons per 
square inch for this pressure. The tneory thus indicates that the maximum pressure may diminish 
with distance very rapidly in the immediate vicinity of the charge. Lamb's theory is extended 
to include the effect of a constant external hydrostatic pressure, the result being that the 
bubble tends to oscillate in size the time of oscillation being of the order of one second for a 
T00 1b. charge. In deep water this may result in a succession pulses which would, however, 
diminish rapidly in amplitude. 


Tne only theory which has so far been published in regard to the shape of the pressure—time 
curve due to an underwater explosion is that due to Lamb*. Lamb assumes that the water may be 
regarded as incompressible and that the products of detonation during expansion follow the law 
pv” = constant where y remains invariable throughout the expansion. He takes the case of 
spherical symmetry and works out the form of the pressure-time curve for the values y = 1 and 
y= 4/3. for the latter case his result is given in the following formulae. Let Ry be the 
initial radius of the sphere containing the products of detonation and R the radius after time t. 
Let Po be the initial pressure in the sphere Ros Then if @ be the density of the surrounding 
incompressible fluid and B = R/R, the relation between & and t is 


t= 2 /2 (@-1)* (39 +4 8+ 8) (1) 
R AS ve2P 

t) ) 
Also if p is the pressure at a time t at a point distant r from tne centre of the dubbje 


4 


R 
Bp =, || 20 ms 
7 mae : (B - 1) (2) 


Formulae (1) and (2) can be used to calculate the pressure-time curve when Por Ro» A are known. 
It should be noted that (2) will nold only so long as r is areater than R so that there are no 
negative values of p, 


This formula may be compared with experimental results if we can assign a value to Por 
Two methods suggest themselves. First if w is the energy released by the detonation of one gram. 


TaUheelersieis 


* Phil. Mag. January, 1923, 


2 Se 
of the explosive, then by thermodynamics 
Pp = - 1) Ww (3) 
where § is the density of the explosive. 
For T.N.T. W= 3.88 x 1010 ergs per gran. 
8 = 1.2 
so that with y = 4/3 
Po = 4455 x 1019 dynes/sq.cm. = 100 tons/square inch. 
Alternatively equation (2) shows that maximum pressure rex at distance r is related to iin by 


PuR n=) \Pen arr (4) 


so that if Fy is determined experimentally we can estimate Po: Now for 100 Ibs. T.N.T. at 
40 feet the plezo-electric method gives Wasa = 1.02 tons/square inch and since Ro = 0.7 foot 


PS EE tons/square inch, 


Taking the latter estimate the following Table is calculated from cquations {1} and (2). 


TABLE 1. 


Theoretical course of pressure—time curve 


for 100 lbs. T.N.T. at _4o feet. a 


6B = 1,00 1.02 1.05 1.1 1.2 13) 1.4 

p/P = 1.000 0.961 0.904 0.826 0.694 0,592 0.510 
max 

10" t (seconds) = 0 0.45 0.73 1.06 1.60 2.10 2.58 

B = 1.5 1.6 1.7 1.8 1.9 2.0 2.5 

p/p = 0. 4b 0.391 0.346 0.309 0.277 0.250 0.160 

10't = 3.06 3.58 4.10 4.70 5.25 5.85 9.42 


These values are compared with those obtained by the piezo-electric method in Figure 1 in which A 
represents the theoretical curve and B the experimental curve. 


It is seen that apart from the finite time required to reach the maximum pressure there 
is very fair agreement between the theoretical and experimental curves. 


As regards other weights of charge, formula (2) (with R= 1) shows that the maximum pressure 
at a given distance varics as the linear dimension Ro» that is as the cube root of the weights. 
This is in agreement with the experimental results at any rate so long as the weight exceeds 100 lbs. 
The law of distance fur maximum pressure should theoretically by P_., F = constant. This law is 
found *o hold experimentally throughout the range for which the piezo-electric records have been 


odtained but observations with Hilliar crusher gauges at small distances show a tendency for P_.. 
to be greater than this law would give. 


if r is so large that the second term in (2) may be neglected, the theoretical shape of 
the curve is the same at all distances. if we include the second term there is a somewhat more 
rapid fall of pressure near to the charge. The experimental evidence from the piezo-electric 
gauges is not sufficiently precise to test the constancy of snape. 


IM srees 


Se 3 


In spite of the agreement between the incompressible theory and observation as illustrated 
in Figure 1 it is important to attempt to find the effect of the finite compressibility of the 
water before we can conclude that it is safe to extrapolate by tne inverse distance law to obtain 
the pressures in the immediate neighbourhood of the charge. Lamb has stated that a complete 
solution including comprassioility appears hopeless. We know, however, that if we choose a distance 
sufficiently large the ordinary laws for propagation of sound will hold and that the compressibility 
of water diminisnes for very high pressures. The following procedure should therefore give us 
results nearer the truth than if complete incampressibility is assumed. Suppose the gas bubble 
surrounded by an incompressible envelope so large that outside it the ordinary laws for the 
propajation of sound may be taken to hold and let us attempt to find the form of the pressure wave 
thrown off from this system. if a is the radius of the boundary between the incompressible and 
compressible region, then at a point r > a the velocity potential is given by 


ge = F (t-Le8 Vr (5) 


the equation of pressure is 


pt zou = -p $$ = -p Fir (6) 


and the velocity is 


aed 2 F° F 
o=Ge=-@-5 (7) 


In these equations c is the velocity of sound in water and tne norma} density. 


Within the region r < a since incompressibility is assumed 


p= X (t)/r + W (t)/a (Sa) 
p+5/p uv = -px' (t)/r-pwr (t)/a (6a) 
u = -X (t)/r? (7a) 


The function is possible since there is no restriction to a pressure variation independent 
of r. wWemust be zero in the outer region as p and u vanish at infinity. 


Since p and u are continuous at r= a, 
eS ORES Teta i? SS 
or W = F-X = - Fale (8) 
By (6) and (8) since u* is nejligible when r > a the pressure at amay be written 
= / 2 
p pe Wla (9) 
so that the function W gives the form of the pressure-time curve in the outer medium. 


To determine tnese functions we must form the energy equation from the assumed law of 
expansion of the gas bubble. Let the bubble have initial radius Ro and radius R at time t so 
that by (7a) 


oe (10) 


To form the energy equation the work done by the bubdle in expanding from Ro to R must 
be equated to the energy stored in the medium between Ry and a together with the energy that has 
escaped from the surface a. The energy escaping from a 


= WU cease 


= dorae u (p+ 3 pu’) at 


" 
& 
is 


S| Kr + w') Kat 
fe) 


t 
u@ (5x? +| wr x at) (11) 


" 


The energy stores between R and a is kinetic and is equal to 


d a 
270 reutor = 270 x° eis = 2% a) (12) 
| es 
K R 
The work done by the bubble 
3n 
47 Baaeg * | 
= Pav = —_ oo Ne ae |) (13) 
e Fi atk 2 
tne law of expansion o2ing PV = constant. 
Equating (13) to (11) ana (12) 
3n | 2 5 
MP eA R, | el yee a; ees 
aro ee eat tr | | erate Neel t 
) 
This equation together with 
pte Ate 

Wi Ut = 0 (15) 
obtained from (8) 
and Ri + 4 = 0 (16) 


give three first order equations to determine X, W, R. When W is known the required pressure 
follows from (9). 


If we choose as our units of length and time, for length the initial radius Ro of the 
bubble and for time the time required to traverse 2 Ro with the velocity of sound, equations (14), 
(15), (16), may be written 


4 =| oR x 
Qe x Z 
nt + s $ - bx = by 0 
Syw+sy+2¥ Bt = 0 (17) 
a 
bR+ X 5t/R? = 0 
inwhich A = 8 P/p 2 (18) 


SO that wocoe 


so that 
A 24 oie 
> -|>=45 a Swi Gee 
5x Ron p * 3 / | R 2] 
(19) 
dy = -3xX- 2Wbt/a 
SR = ~X dt/R? 


In tnis form if we know x, W, R at a given instant we can calculate 6 x, Sy, 5 R and 
therefare determine xX, , R at a future instant. In particular when t = 0, X = Ww=0,R=1 
so that we can step out from the initial conditions and calculate the curve of W. It may be 
remarked that if we put a equal to infinity in (14), then (14) and (15) may be used to develop 
the Incompressible theory. The results obtained in this way agree with those of Lamb. 


Using the above method tne results of Table |! have been obtained. 

The values of A,n chosen in the three cases tabulated are such that the total energy content 
of the gas bubble is the same in all cases, so that the numbers illustrate the effect merely of 
the alteration of the mode of delivery of a given total energy. 


They correspond respectively to — 


Pp 
° 


72, 216, 360 tons/square inch 


with yY 4/3, 2, 8/3 (see Footnote). 

The incompressible region in all cases is taken to be included within a sphere of radius 
3.7 Roe The pressure—time curves are plotted in Figure 2 and it is immediately seen that the 
effect of endowing the external region with the ordinary compressibility of water has been to 
alter very profoundly tne shape of the pressure-time curve. 


The curve A for y = 4/3 was that wnich on the incompressible theory was found to fit the 
facts most closely. On this assumption it now — 


TABLE 11 ..aee 


Footnote: The large values of Y indicated are not physicatly 
impossiole as at very high pressures, it is probable that we are 
working on a very steep portion of the adiabatic curve for the 
gas so tnat the value of Y in the assumed law pyY = constant is 
not the ratio of the specific heats of the gas but a value which 
fits the slope of tne relevant portion of the adiabatic curve. 


a= ee Siac” ie ara 
jn =| 1 | 3 5 
ex ee ea 
0.02 0.26 0.26 1.00 
0.04 0.52 0.52 1.00 
0.06 Q.78 O77 4/04 
0.08 14.03 1.01 4.03 
0.10 1.26 41022 = 1605 
0.15 qt? tef0 “AeA 
0.20 Qe 2605) dels 
0.25 2347 2029) | eco 
0.30 2070 2.46 1433 
0.35 2088 2.58 4044 
0.40 3.03 2.66 1248 
O45 3015 2470 1.55 
0.50 3025 2.73 1262 
0.55 3035 207% 1469 
0.60 540 2.73 1075 
0.65 3045 2.74 4.80 
0.70 3.50 2.69 1.86 
0.75 3e54 2065 1.94 
0.80 3.57 2.60 1.96 
0.85 1.68 1032 1.50 | 31h 2.31 1.85 3259 2655 2.00 
0.90 | 467% 1634 1.54 FAG ee290  s Ha90 3.60 2.49 2.05 
0.95 | - 1680 "45357" e5i7 | 3120 ‘BeaG  4coul | 95.6) 2uesyneeeg 
4.00 41.85 4.38 1.64 5625 2625 4.98 | 3-61 2.57 20135 
11 1094 1640 1.68 5o50) Dal Gonos 3.60) 12.235) 2524 
loz 2.03 1.44 41675 3233 2.07 2.14 3.58 2.09 2.29 
Jee 2010 14640 1.82 3054 1097 2022 3.54 1694 2636 
4 ol. 2.16 4.39 1.88 5e55)) deco 2.28 3050 179 2042 
4155 2024 4.370 tok 3031 107% = 2035 3045 1064 = 20 AB 
Table continued ...+. 
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TABLE II. 


Values of xX, W, Re 


a = 3.7 


2.2 2.39 1.06 231 3.03 O.94 2./1 3.06 0.78 2.82 
2.4 2.40 0.96 2.40 2.95 0.76 2.79 2.95 0.60 2.89 
2.6 2.40 0.86 2.48 2.89 0.62 2.87 2.89 0.47 2.96 


2.8 2.40 0.77 2.56 2.84 0.50 2.94 2.85 0.37 3203 
3.0 2.40 0.69 2.64 2.81 O42 3.01 2.83 031 3209 


2.0 2.36 1.16 Brel Wy  SialB  aalS 2.62 35016 0.99 20/35 


gives a pressure less than half the observed pressure and its rate of rise and fall are much slower 
than is actually the case. Of the three it is that curve corresponding to oS = 360 tons per square 
inch which fits the observations most Closely. 


In view of the enormous change that the partial introduction of compressibility nas brought 
about it is seen that we cannot rely upon tne incompressible theory either to estimate the 
properties of the gas or to extrapolate the experimental results to deduce the pressures near the 
charge. The indications are that the initial gas pressure may be much larger than 60 tons per 
square inch, tne value of Y being correspondingly increased so as to satisfy total energy 
considerations. If we measure the areas of the pressure-time curves of Figure 2 for the first 
1073 second we obtain the following results:— 


v 
" 


72, 216, 360 tons/square inch 


pdt = 0.720, 0.938, 0.958 


While the piezo-electric curve gives for the same interval 0.932 1b.—second-units. 


When phenomena involving integral pressure are being studied the effect of the rate of 
energy delivery will not be so marked as in the case of those which depend on maximum pressure. 
The present investigation shows, however, that measurements of the pressure-wave ought to be 
made as near the charge as possible before we can estimate damage at small distances. 


Returning now to the case of incompressibility it must be noted that the rate of growth 
of the yas bubble yiven by equation (1) will only hold if the pressure at infinity is zero. 
Actording to the formula the size of tne bubble continues to increase indefinitely. 


If we postulate a finite pressure at infinity a modification occurs which limits the 
maximum size of the bubble and suggests certain interesting phenomena. Let the pressure at 
infinity be Q. Then the work done by the bubble during expansion from Ry to R has to supply 
an amount of work equal to 37 Q (R? - R) in addition to imparting kinetic energy to the fluid. 
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Hence by (12), (13), (16), we have when 3n = 1 and a = © 


2 
R ’ 2770 x 
3 o}] _4 Biden? BUD = a3 (AR 
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J 
Putting R = BK 
2 
d 2P 1 
ae ae SO ct Ae (Me (20) 


dt PR, (i ele 
The bubble ceases to grow when 


of3 Poe B= 1/08 = 2) 


or since Q is smal) compared with P., B is large and approximately equal to (3 Psd) 1/3 


Thus if 9 = 2 atmospheres (which will be the case for an explosion at a depth of about 
30 feet) and Be = 9000 atmospheres, B= 2.4. Thus if the incompressible theory held rigidly 
the bubble woula oscillate perpetually oetween the radii Ro and 24 Roe In the actual case energy 
will be dissipated partly as a pressure wave and partly in tne form of heat, but the tendency to 
oscillate should not be entirely absent. Tne varied form of the surface effects as the bubble 
breaks the surface may be accounted for by the variation in size and internal pressure. The 
spout—like form of the surface upheaval which occasionally is observed is what we should expect 
from a high-pressure, small—volume bubble. Tne occasional spout like form of the surface 
upheaval is referred to by Hilliar, and he quotes 2 case of two shots of 40 Ibs. 40/60 amatol 
at a depth of 18 feet in which the upheaval reached a neight of nearly 200 feet while in similar 
shots the upheaval only reached a height of 80 feet. The comparative rareness of its 
occurrence is in accord with time considerations whicn we now proceed to investigation. 


By equation (20) 
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1 
where g2 is written for 3 P/0 since 5 is large. 


- : sheer : ; 
The term involving see will only be of importance when ;° is large and then B +A+risz Be. 


Hence 
Bs B 
a = 3/2 2 
- — =f Ai I\Ean io ma Rae 
Ron 5 Po @- 1) (3, - 6) 
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The integrand in (21) is infinite when B= 1, B=, and imaginary when 6> 6. 


If we write for the integral |, + 1, + 1, where 


3 
= 1 62 = = 4 n2 3 + 
in (Cay \, (B - 1) 2 (6-1) (3 f° +4 B+ 8) /15 (87 -1)* (22) 
B 
= 2 
) 6-17 EER 5 6B (Geri (37 - 6)? Ws (3, - 17 
: (23) 
I = 34 poe Drees raed te 
: [- E (3-1)? 67-6)* @- ae re Goa aoe 
(24) 


then secs 
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then 13 is real and finite throughout the range of integration and may therefore be evaluated 
by any approximate method. Now for the case B, = 24 the expression in {} in equation (24) is 
nearly constant. In fact it never aiffers by more than 3% from — 1.72 x 107? throughout its 


while range. Hence to this accuracy we may write |, = — 0.57 x 1077 (6 - 1) when B, = 24, 

Calculating !,, ->» 1, from these formulae and using in (21), we find that the time required 

for the bubble to reach its maximum radius is given by t = 2170 Ros In the case of 
f) 


100 1b. charge of T.N.T. with P, = 9000 atmospheres R, = 0.7 foot, t = 0.5 second, so that 

if the incompressible theory held rigidly the bubble would return to its origina) state in one 
second and a series of explosions at intervals of one second would be heard. As a matter of 
fact two reports are often heard but observers generally attribute the second report to the 
breaking of the surface by the bubble. In Figure 3, curve A gives the charge of radius of 
bubble with time according to equation (1) and curve 8 shows the modified course as calculated 
from the above data. Curve 8 is one half of a periodic curve and shows that during the greater 
proportion of its existence the bubble is of large volume and low pressure thus accounting for 
the scarcity of spout-like upheavals mentioned in the last section, 
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UNDERWATER EXPLOSIONS. 
TIME INTERVAL BETWEEN SUCCESSIVE EXPLOSIONS 


Introduction. 


It has frequently been observed that an underwater explosion is followed after a short time 
by a second explosion. The time interval may be of the order of a few seconds for large depth 
charges, whereas for small detonators it is about 20 milliseconds. {t is tne purpose of this note 
to submit an explanation of this phenomenon, to calculate the magnitudes of the effects to be 
expected, and to compare these with available experimental data. 


Description of main experimental results. 


Little information appears to be available concerning larje explosions, but a fair amount of 
work has been done in connection with small detonators. In these experiments, detonators have been 
fired at some distance from a 24" flat-response quartz receiver, and the resulting voltages amplified 
and soread out on a C.R.0. 


Figure 1 shows a typical C.R.O. photoyrapn. Figure 2 shows the same thing using greater 
amplification. Both photoyraphs show evidence of a number of explosions which become progressively 
weaker, The time interval between them is not constant but diminisnes slowly with each explosion. 
The first explosion differs fram the rest in that it shows an instantaneous rise in pressure up to 
its peak value. In all subsequent explosions the pressure increase is more gradua) and for the 
later explosions tne pulses have a nearly symmetrical appearance. Between each pair of pulses 
there is evidence of a small rarefaction which extends over the major part of the interval. This 
is particularly noticeable in tne case of the later explosions shown in Figure 2. 


Assumptions made in calculations. 


In the following calculations a natural explanation of all these characteristics results 


from a consideration of what happens to the gaseous products of an explosion as they expand outwards 
from the instant of the explosion. The following assumptions are made :— 


(i) that the explosion takes place in an infinitely short time. Actually, for the type of 
detonator studied, the time interval is of the order of 2 microseconds. Subsequent 
consideration snows tnat there is little change in the size of the bubble in this time 


interval, so that little error is involved in treating the explosion as instantaneous. 


(ii) that the gaseous products do not dissolve in the water to any appreciable extent during 
the short period concerned. 


(iii) that the gaseous products at all times assume the form of a spherical bubble, and behave 
as a permanent gas. 


(iv) tnat, to a first approximation, the water can be treated as an incompressible fluid, 
The extent to which this is justified is later considered in the light of the results 


obtained. The assumption implies that there is no Joss of energy by acoustic radiation. 


(v) that there is no dissipation of enerjy by thermal conduction across the face of the bubble. 
Suggested explanation of phenomenon. 


With tnese assumptions it is now possible to see ina general way what happens after the 
explosion. At the instant of explosion a certain amount of jas is instantaneously generated at 
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high pressure and temperature. This immediately begins to force outwards the water in contact 
with it, a motion which is communicated to a lesser extent to all parts of the surrounding fluid. 
The potential energy initially possessed by the gas bubble by virtue of its pressure is thus 
yradually communicated to the water in the form of kinetic energy. By reason of the inertia of 
the water, this motion overshoots tne point at which the pressure in the bubble is equal to the 
external pressure of the liquid. The Dubble thereafter b2comes raretied, and its radial motion 
is slowed up and brought tc rest. The external pressure now compresses tne rarefied bubble. 
Again the equilibrium configuration is overshot, and since by hypothesis there has been no loss 
of energy to the system by radiation or dissipation, it follows that the bubble comes to rest at 
the same pressure and volume as at the moment of tne explosion. The physical aspects of the 
explosion are therefore reproduced, and theoretically this process joes on repeatedly, with 
undiminished amplitude. In practice, of course, energy is lost by acoustic radiation and by 
dissipation, and this causes a prayressive diminution of the amplitudes of the successive pulses. 


The fact that the C.R.0. records show a series of compressional pulses with only small 
rarefactions is readily explained. The peak pressure of the bubble is of the order of 4000 
atmosfheres. The maximum degree of rarefaction of the oubble *hmt can occur is equal to the 
external pressure of the sea (say 1 atmosphere). Thus although compressions alternate with 
rarefactions the magnitude of the latter are small in comparison witn the forner.. 


The fact that the C.R.O. traces show tne successive compressions as isolated peaks, 
separated by long rajions wnere the amplitude appears to be zero, results from the hijh degree of 
asymmetry of the vibrational properties of a bubble when the pressure variations are excessively 
high. In such cases the vibrations no longer show the sinusoidal character of a bubble vibrating 
with small amplitude. Immediately after the explosion the high pressure causes 2 very rapid 
expansion of the bubble. This, in conjunction with tne smallness of the bubble, results in a 
rapid drop in pressure which soon becomes immeasurably small in comparison with the peak value. 
The bubble, however, moves relatively slowly when its size is greater, so that the major part of 
tne time interval between two successive compressions is taken up by the bubble in moving at 
pressures which are insiynificant compared with the peak value. 


Mathematical development. 


The foreyoing description of the expanding bubble is now formulated mathematically. 


The gaseous products of tne explosion forma bubble of radius io and pressure Po the 
radius and pressure at any subsequent time t being r(t) and p(t), or simply r, p. The extermal 
pressure of the sea is P. {t is required in the first instance to determine the variation of p 
and rwith t. This is most easily obtained by writing down tne energy equation for tne system, 
which is jot as follows:- 


Potential Energy. 


This is simply the work Jone by the bubble when it expands from radius F to infinity, 


ise. V(r) = (p-P)aumr* ar (1) 


Kinetic Energy. 


This is the energy associated with the water by ~eason of its radial motion. By the 
conditions of continuity of the medium and spherical symmetry, the radial velocity at a point 
distant y from the centre of the bubble is ie or 


y at 
The total K.E. of the medium is thersfore 


2 
2 
« p (477 y“ dy). 7 = = 27 prer 
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(2) 
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ie 15 
The total energy of the system is therefare 


Vite Kee = 2a7mpr re + (p-P) 4artor = A (a constant). 


The value of A is determined from the fact that at the commencement of the motion when r = To 
f = 0 so that 


A = (p-P) unr? ar 


° 


and using this value, the 2nerjy equation becomes 


- 
pies & (ioe Pitre ar (3) 


This equation can oe integrated when the nature of the dependence of p on r is known. 
It is assumed that an adiabatic law is obeyed: this of course is implied by our pravicus 
assumption that no heat is conducted across the surface of tne Dubble. 


The adiabatic law, pvY = const., gives 


pins ls Ie (4) 


Using this relation, equation (3) becomes 
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This integrates directly and gives 
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This result can now be written 


c/r 
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This equation gives the relationship between r ang t and specifies the radial motion of the bubble 
subsequent to the explosion. The pressure inside the bubble at any instant is furnished by 
equation (6) in conjunction with (4). 


Pressure variations inside the bubble. 


In order to simplify further calculations, a definite value is now given toy. For the 
type of detonators studied experimentally a value y= 1.3 is quoted by the makers. The value 
y = 4/3 is particularly convenient mathematically, and is near enough to 1.3, and has therefore 
been taken. 
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Equation (6) now becomes 
r/r 


ee a= 


witha =P/3 p (7) 
"0 V2 Py ¢ 
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The evaluation of this integral is not possible by ordinary methods. Even graphical methods 
run into difficulties on account of the singularities of the integrand. However, a sufficiently 
accurate method is available on account of the smallness ofa. For the small detonators, a has a 
value of about i Ome and over the early part of the region of integration it therefore plays little 


part. The value of the integrand, in fact, differs from art by less than #% up to the point 
xe 


x= 5, The same therefore applies to the integral, the integrand belng always positive. But 


when x varies from x = 1 to x = 5 the internal pressure of the bubble drops from its initial value 

Po to = = Po . This variation in pressure is probably larger than one is likely to be interested 
5 625 ; 

in, the pressures at sudsequent points being of little sianificance. Hence for practical purposes 


the pressure variations in the early stages correspond to 


Pe seh [= cr, x ax 
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or, expressing this in terms of the internal pressure p, 
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Time intervals between pulses. 


Equation (9) cannot be usea to determine the time interval T between Successive pulses. 
To determine this it is necessary to revert to the jeneral formula (7) and to carry out the 
integration over a complete cycle. In this formula the denominator of tne integrand 


(aa exveixcee 


becomes zero for two positive values of x. One of these values is x = 1. The other is a large 
number, wnich is denoted by x,. The physical significance of these zeros is that they correspond 
to the turning points of the vibrations of the bubble. When x = 1 tne bubble is in its highest 
state of compression and when x = x, it is in its highest state of rarefaction. Furthermore, 

the mction during compression cerresponds completely with the motion during expansion, except for 
sign. Hence, if the integr:) of equetion (7) is evaluated between the limits x = 1 and x = x 
the result will be t = T/2, Hence 


1 


x 

ae it 2 

th Heir Pp = x" 9x = (10) 
i) 
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where xX, is the larger positive root of 


(+a) x=ax' =1 = 0. 


The approximate evaluation of (10) is ayain possible by reasonof the smallness of a. 
Details of this 2valuation are given in Appendix 2, The result is 


= ar - 5/6 
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where 12 


substituting fora this becomes 
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Jt may be shown that the error involved in the derivation of this relation is of the 


order at! i.e. about Y 2 for the uetonators studied. 


Equation (12) was derived on the assumption that y= 4/3, The corresponding formula when 
y has any value may be shown to be 


Teer re) U2 o _ 1-1/3 pil? » 4/3 pe (12a) 


Equation (12a) can be expressed in alternative and more convenient forms as follows. 


The equation of state for the gas in the bubble gives 


mR 6, maIeSEYG 
= = re Py (13) 

where m = quentity of gas in gm. molecules 

R = univers21 gas constant = 8.2 107 ergs. 

8, = initial gas temperature on absolute scale. 
By virtue of (13) the term iP Oe can be eliminated from (12a) with the result 

1/6 
Ta ae T pil? (m Re.) 1/3 pols (12b) 


T can alternatively be expressed in terms of the initial potential energy of the bubble 
Woe For We is tne work done by the bubble in expanding and is 
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From equation (12c) the following cenclusions are drawn. 

1/3 ae by , “ 

5 2 Since, for a yiven detonator, tne successive pulses in 
Practice become weaker, so tnat the potential energy Wy at tne stages of maximum compressicn 
becomes less and less, it follows that T should decrease slowly witn each successive pulse. 
This agrees with the facts described earlier. 


(1) T is proportional to 


(2) In the case of the initial pulse W, may De identified with the total energy of the explosion. 
The interval between the first and socond pulses is therefore proportional to the cube 
root of the heat value cf the charge, irrespective of the nature of this charge. 


(2) Mereterste 
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(3) T varies inversely with the 5/6 power of the total external pressure. Shorter time 
intervals are therefore to be expected if a charje is fired at any appreciable depth in 
the sea. 


Pressure variations outside the bubble. 


Equation (9) shows how the oressure inside the bubble varies with time. This variation 
is not readily measured. What is frequently measured is the form of tne pressure pulse at a 
distant point outside the bubble. The form of this pulse is not the same as that of the internal 
pressure, and the nature of tne difference is now considered. 


At any instant, t, the expanding bubble functions as a source whose strength S is equal to 
the rate at which water is being forced outwirds, i.e. 


nl a 
Sy) at (<a) (15) 


The velocity potential, X, at a point distant a from the bubole is, by the usual formula, 
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No retarded potential is here involved as the medium is assumed incompressible, and the velocity 
of sound is therefore infinite, The pressure at the point a is, tnerefor2, by the usual 
hydrodynamic formula 


N= p Sh +2 pv 


where v is the radial velocity at a 
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The second term on the right hand side varies inversely with a’, and therefor2 rapidly becomes 
negligiole in comparison with the first term which varies inversely witn a. Equation (17) therefore 
simplifies in practice to 


2 3 
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This equation, together with the solution for r furnished oy equation (8), specifies the values of 
II for any time t. Tnis, however, is not = convenient solution, and a more useful result can be 


obtained in the following way :- 


Equation (18) can be written 


eo te lite (19) 


Differentiation of the eneryy equation (3) gives 


Per 6G apie es © Go) (20) 
2 Pp 
Subtraction of (20) from (19) gives 
I =: ape ae 
. (p -P) + 5p re (21) 


Substituting in (21) the value for f jiven by (5), and taking Y= 4/3 gives 


N= f p-P +e ea) x-axt— i] (22) 
a x 
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But 5 
p= 4 from (4) 
x 
=) = 
s r 
° from (5) 
and P= Pest pera 


Inserting these values in (22) 


{ (1+a) -4ax?} (23) 
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In the early stage of the motion, whicn is now considered, the terms a anda@ x~ can be neglected in 


comparison with unity, and then 


3 


i= 2 (9) 
Po Bee 


This is a more useful formula than (18). 


The peak value Tl, of the external pressure corresponds to r = To and is 
Tl, = pe, (25) 
Equation (24) can now be written as 


i = 10 fo} (26) 


so that, using equation (8) 
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which shows how II varies with t in the early stayes. 


The maximum ampl{tude of the rarefaction at a distant point is deducible from the more 
accurate equation (23). From formula (10) it appears that the maxlmum expansion of the bubble 
corresponds to x = X,, where Xs is the larger positive root of 
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and is approximately x, = ai /3 


1 whena@ is very small. The corresponding value of I] is given by 
equation (23) as 


this pamariee Deing superposed upon the existing pressure P, Substituting in the above r = x7 
tN Pl 
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5 =ellyen? (from 25). 


The maximum amplitude of the rarefaction is therefore a fraction 3027/3 of the initial positive 
pressure pulse, 
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Comparison with experiment. 


Experiments made with small 1 3m. detonators have enadDled the foregoing theoretical results 
to be tested in various ways. 


(a) Shape _of pulses. 


Detailed calculations of the form of the external pressure pulses nave been made, and on 
the basis of the results the appearance of tne first two pulses has teen sketched in Figure 3. In 
these calculations, equation (27) was usd in order to obtain tne form of the pulses down to a 
pressure ampl ituge of TT, /100, A separate estimation of the maximum rarefaction being made. 


Fhyure-4 shows a typicat C.R.0. record of a detonator explosion. The receiver employed was 
a smal) 24° quartz hydrophone calculated to have a principal resonance at adout 400 kc/s. and aimed 
to have a flat response at lower frequencies. The receiver was used in conjunction with an 
amplifier having a high input impedance (10 - 20 megohms) and wide band frequency response 
(10 c/s to 100 Kc/s). The deflections on the ©.R.O. records are proportional to the voltage 
variations across tne recelver and therefore, for a perfect receiver, proportional to the pressure 
variations IT in the water. 


In a general way the appearance of the C.R.0, trace ajrees with tnat calculated, as reyards 
the sharpness and isolated character of the pulses. There is one difference, havever; on the 
C.R.0. record the initial pressure ris? is followed after a very short time by a small sharp nejative 
pulse. This effect is more apparent in Figure 2 wnere more amplification nas been used. Here it 
appears that tne negative peak is only associated with the first few explosions; it is absent from 
later explosions where the pressure variations appear to accord more nearly with theory. This 
effect may be due to the failure of the receiver to respond reliably to the very high frequencies 
wnich would be associated with the initial explosions. 


(b) Amplitude of initial pressure pulse. 


Equation (25) enabl€s tne peak pressure amplitude 10 at any external point to be calculated. 
In Appendix | the following data are derived for tne detonators 


oy 3700 atm. Ea 0.62 cms. 


Substituting these in equation (25), absolute values are got for the pressure amplitudes: it is 
calculated, for example, that the pressure at a distance of 10 feet rises to 7.5 atmospheres. 
Experimentally, a value of about 3 atmospheres is obtained at the Same range. Accurate agreement is 
here not to be expectea, for tne calculated value is very materially dependent upon Py and roe reliable 
values for which are not availadle. 


~ fc} The time interval T between the first and second pulses. 
Equation (12b) has been used in order to set a theoretical value for T. Taking, for example, 
-the Gase when a detonator is fired at a depth of 15 feet below the surface of the sea, the total 
pressure P at this depth is found to be 


P = 1.45-atm. = 1.45 10° dynes/cm* 


In adgition, the makers specify for their detonators 


@ = Bi000S 1G. =") 32.732 1k. 
m = 0.0136 corresponding to 300 ccs. of gas (Appendix |). 
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Usiny also tne known values 


= 
" 


8.3 107 ergs/gm. molecule. 


sy 
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formula (120) now gives 
T = 18.6 milliseconds 

The corresponding value obtained by direct measurement is 
T = 17 milliseconds 


By the same method the interval T can be Calculated for the case of a depth charge. For 
this purpose 2quation (12c) is more convenient. Consider for example the case of a 300 1b. charge 
of T.N.T. The heat value of T.N.T. is given as 1040 calories/gm., from which the total energy Wo 
of the entire cnarye is found to ve 5.9 10° ergs. At a depth of (say) 30 feet P = 1.9 atm. = 
1.9 106 aynes/em*. Equation (12c) then gives 


T = 1.2 seconds. 
An experimental value 
T = 0.6 seconds 


has been quoted far a 300 1b. mine exploding at a depth of 30 feet. 


(a) Variation of T with pressurs P. 


As already pointed out, the dependence of T upon P expressed by equation (12b) implies that 
T snould vary witn the depth at which a charge is fired. Values of T for the detonators have been 
worked out for various depths up to 300 feet just as in the example worked out above for 15 feet. 
The resulting values define the continuous curve drawn in Figure 5. To test these values, direct 
measurements of T were carried out at sea down to a depth of 245 fcet. These experimental values 
are set out in Table 1 and are marked by the eircles in Figure 5. These values lie close to the 
theoretical curve, showing that equation (12b) gives a reliable figure for the absolute value of T 
under external pressures P ranging from 1 to 8 atmospheres. 

Tneoretic21ly T should vary inverseley witn ps/6, To test the accuracy with which the 
index 5/6 iS operative the =xperimental values for T and P have been plotted an a logarithmic scale 
in Figure 6. A straignt line of slope -5/6 nas been arawn passing through these points. For 
purpose of comparison lines with slopes —2/3 and -1 nave also been indicated. It is evident that 
the experiment] values discriminate quite sharply in favour of the index -5/6, 


(e) Time intervals between successive pulses. 


AS was inentioned earlier, it is found experimentally that the time intervals between successive 
pulses yet shorter and shorter, and this effect is in qualitative agreement with theory. It is 
now possidle to mak2 quantitative comparison. 


Equation (12a) snows that tne time interval between the first and second pulses is 
proportional to i Pee 3 where ry and Py refer to the initial values of r and p at the first explosion. 
For a given mass of jas, by virtue of equation (4), iG is proportional to ee (assuming y = 4/3) 
So that T depends on tne initial pressure of tne jas according to the relation 


1/12 
ec 
T Py 


But from equations (4) ang (25) 
y/ 
Poe > MI, j 
Po being the internal and ny the external pressure, so that 


Teo jae 


This is strictly accurate only if the vibrations are undamped, I], being then the same for the first 
and second puls2s. For a damped train of pulses it is not quite leyitimate to apply this formula 
to the pressure amplitude for the first pulse; it is more accurate to rejyard the first half of the 


PEFiod sees. 
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period as being determined oy the pressure Nl, of tne first pulse and tne second half as determined 
by the value II, for the second pulse. The time interval can then be taken to be proportional to 
(gee + is Ais a practice little difference is involved, otherwise equation (12a) would require 
correction for damping. The above result can be jeneraliscd for any two consecutive pulses of a 
train arising from 2 single detonator. If Ti. TI, + 1 are the amplitudes of the nth, (n+ 1)th 


pulses and TT Pact the time interva) between them, then 


1/9) 


T c ae ‘> TBI (31) 


nent nti 
This relation has been tested against experimental figures. ReJative values of Nl, 
appropriate to successive pulses have been measured off from the C.R.0. records. This cannot be 
done satisfactorily from one single photograpn decause TL, decreases too rapidly with n to allow of 
accurate measurement over a numc2r of pulses. However, a Series of photographs wer2 taken in which 
the amplification was progressively increased. Thes2 enabled mean values to de jiven to the 
ratios Ti, Ss from various pairs of consecutive pulses. In this way it was found tnat the 
pressure amplitudes cf the first five pulses were in the ratio 


=] 
(=I 
=) 
A 
I 


1.45: 1.29: 1.12: 1.00 
The correspunding values got oy Jirect measurement from Figure 2 are 


1.67: 1.23: 1.10: 1.00 


Ayreement is considered satisfactory in view of the fact tnat complete reliance cannot be placed in 
the amplitudes of the pulses shown in Figure 2. The initial pulses are richer than the late cnes 
in high frequency sound of the order of several hundred Kc/s., and the receiver and amplifier dc not 
necessarily reor:juce them in true proporticn to tne others. This would affect tne calculaticn ef 
T, more than the other intervals. 


Considerations of the assumptions made. 


The foregoing results have been derived on the basis of certain assumptions. These 
assumptions ar2 now considered in the light of tne results obtained 


(a) The compressibility of the water. 


It is legitimate to treat tne water as an incomoressible fluid only in so far as the radial 
velocity of the bubble is small comparea with that of sound in water. From equation (8) it mey be 
shown that the maximum rajial velocity of the bubble occurs when = = 3 » and that this meximum 
velocity is ° 


s /i 
16 12) 


For the smal) detorators this amounts to 2.7 10° cms/second. The velocity of sound is 15 107 cms/second, 
so that the radial velocity is at most 1/6 that of sound. The assumption of incompressibulity is 
therefore quite reasonable as a first approximation when it is remembered that tnis maximum velocity 

is operative for only a relatively short part cof tne sxpansion. 


(b) The finite duration of the explosion. 
It was assumed that the exolosion took place instantaneously, whereas in fact for the 
detonators it lasts aDout 2 micro seconds. Assuming an instantaneous explosion, tne expansion which 


takes place in the first 2,2 secondsis now considered. Equation (8), for small values of t, can 


DE ceeee 
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be written 


Inserting actual values it is found that, after 2 seconds 


Je 
5 


= 1.918. 


(o} 


Tnere is thus very little expansion in this time interval, so that it makes little difference whether 
the explosion occurs at the deginning cf this interval or is distributed over it. 


(c) The radiation 2f accoustic emeryy. 


It was earlier assumed that there was no radiation of sonic energy. Taxing tne solution 
obtained on this assumption as a first approximation, it fs now possible to calculate what energy 
is actually radiated wnen account is taken of the finite speea of sound, c. 


2 
Tne instantaneous flux of sonic energy per unit en per unit time at a range a is fe 
2 
= , Pome A 
Substituting for II from equation (24) tnis becomes 22. Integrating over the surface of a 
(Pcrae 
sphere of radius a, the rate of emission of energy from the bubble becomes 
2 6 2 2 
4 
Wie TP, lio Z Nie ia = 
———, 
ot peor fele x 


The energy omitted in the course of the first pulse is therefore 
XE=eX 
CF te 
Dar = ip 
= ) at 
Wie ee a ( 28) 


where x, has the same significance as in equation (10), 


Putting = = x in equation (8) and differentiating, jives 


oO 


f) 
and substituting this in (28) jives 
By 3/2 x 
c p 1 ax 
Ne aaa Se (29) 
cp oi x Vx — 1 
a 


In equation (29) the major part of the inteyral arises from values of x near to unity. This fact 
justifies the use of equation (8) over the range of integration x = 1 to x = x, for equation (8) 

is valid only over the initial part of this interval (x = 1 to x = 5). The error introduced on 
this account is extremely small, and for the same reason it is quite legitimate, and more convenient 
to write tne limits of integration in (29) as x = 1tox=®, Then 


Wo= 2nVv2 ro ee a 
ape xevx 1 
1 
pe) Ue 
=72V 2 is} + (30) 
cp 


This is now to be compared with the total energy Wo available at the moment of the explosion. 
Taking y = 4/3, this latter by virtue of equation (14) is 477 Ree Po» SO that the fraction of the 


initial! cse~s 


24 = ie 


initial energy raciated in the first pulse is 


= 
We, 7: 1 fs (32) 
W 2V2 c p 

For the small detonators this works out to be 0.43. 


The appreciaole maynitud2 of this figure implies a consiterable degree of damping of the 
vibrations. This fact will affect to som. extent the accuracy of tne expressions obtained for 
p (t) andIl (t). The deviaticns arising will be cumulative and will not impair greatly the 
validity of the formulae in tne earlier stages of the expansion. Tne effect will be to limit the 
range of validity of these formulae. Tne effect on the formulae for T will be quite small (compare 
with this the fact that the period of any simpl2 harmonic vibratory system is little affected py 
quite heavy damping). 


Formula (32) shows that tne damping increases with Py so that the amplitude of tne second 


pulse should become relstively less. It is possidle, tnerefore, that if Po is made larye enough 
the second pulse may be too weak te be noticed in comparison. 
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APPENDIX I. 


Detonator Figures. 


The following is tne information furnished by the makers concerning the detonators used. 
The amount of explosive used is 1 gm., part of wnicn is lead azide. The volume of gas fatmed, at 
N.T.P., is 300 ccs. The initial temperature 6, is 3000°C (= 3/273 x). The effective value 
of y is 1.3. 


The value of Py is not given, but, once the initial volume Yo is known, it may be deduced 
from the equation of state (13). In this equation m is readily determined, for one gm. molecule 
of any gas at N.T.P. occupies 22 litres, so that the 300 ccs. of yas resulting from the explosion 
correspond to a value 


= 22005 = 0.0436; 
22000 
The value of Ve is not given, Dut is estimated to be about 1 cc. Inserting these values in (13) 


gives 
p. = 3700 x 10° dynes/em’, 


The accuracy cf this value d@pends on the accuracy with which we is known. 


. p Mi 
The total mechanical energy of the detonator explosion is, from equation (14), —?—2 


mR a, 
By reason of equation (13) this can be written yet On substituting the values 
for m, a, and Y already quoted, a figure of 1200 Joules is obtained for tne energy of the 
detonator. 
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APPENDIX Il. 


Evaluation of the integral for TI. 


This intejral is 


kK (a) = —— 6 _____-_- 
* Vila) Extinct 


where x, is the larger positive root of 


(1+a)x-ax'-1 = 0 


Tne integral defines a function of a. Tne asymptotic form of tnis function asa~o is 
now calculated. 


When @~ o the value of xy approaches a 1/3 A number x5 is now chosen which is of a 


lower order than Xp but still large compared with unity. This can always be dome, and such a 


number would be x, =a” I where q is positive and less than 1/3. Then K (a) may be written in 
the form 


Xo z xy 3 
kK (a) = ee ee 5 ree (33) 
pV aioe oi weal Sia) = lox ies 
2 


This is now compared witn the function 
- 1/3 


(34) 


It can be shown that, by virtue of the choice of Xo the relative differences between corresponding 


terms of (33) and (34) get less and less as@— 0. Hence the timiting forms of both K (a) and 
Ky (a) are the same. 


The inteyration of the expression for Ky (a) can be carried out. utting sin @=a x3 
in the second intejral, the result is 


Kine) =H ae Pe (xp ea) ieee ceanyce 
1/2 
eanas see sin’? 640, 
wet VGrx 3) 1/2 
“Sin 2 


But since x, >> 1 it is possible to write x, for (x, - 1) in the first term. Then 


2 
D - bY aR or) ane) (Cave ns RE ran 
kK, @) BD ig hye eee) 3) 1/2 
42 sin7t @ oS ) 
+ gan! sin’? @a9-|* sin?/36 a9 (35) 
Oo oO 


But since x, <K< at /3) (< x,) 


2 1/2 ge 1 so that tne last integral on the right hand side simplifies to 


(ea ee 


e346 = 2x29 


Putting weccc 


= 15i= 27 
Putting tnis result in (35) 


Ky @) = 2 43” 2 3/2} -5/6 (36) 


wnere /2 


But if x, is assumed to have the value a4 then 


x3? 


a 


95/6-39 le 


and since q < 1/3 this is a positive power of a, whose value accordingly tends to zero asa—o. 
Thus the first term of (36) finally becomes neglijible in comparison with the second, which 
accordingly represents the limiting form of Ky (a). Hence 


iS (6) > 1 @) - a 75/6 AG Gh) wy 


When a is not infinitesimally small, K (a) wil) differ from it 
estimated that the relative error involved is of the order al = 


limiting form. It has been 


wo 
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TABLE |. 


Theoretical and observed values of T for 


various depths at which detonators are fired. 


Depth Bccaenranne. An Total external Calculated values Observed values of T 
which detonator is pressure P (in of T (in milli- (in milliseconds ) 
fj wee _atmospheres) seconds) 


1.09 23.5 23.5, el 
1.75 15.9 15.2, 16.5, 10.9 


45 2.35 12.4 SHAS Shay) 
65 | 2.95 HP AEG, Ch, Oss! 
85 | 8.9 
105 | 8-4, 722 
125 | | Ge 


6.4, 6.8 


165 | 5.95 a7 
185 6.55 5.5, 5.7 
205 7.15 4.92 5.0 
225 7,75 4,60 4.8, 5. 
aos somes Se = —— — Sas 
245 8.35 { 4.33 4.2 
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Washington Meeting of the American Physical Society in the spring of 1947. 


ie 
5 1 
7 , 
7 
RIMAIE KAD BHT TO AWOLTARS ere 
HORGATNA AITAVARMAY MA YA Ode 
niet @vayaad 
—{ je JH Golydys Sanmeriotel 
7 aol tine » pSasmee 
' 
| 
+| 
| 
| 
een! 
t| 


blipanetal! pdupiiOD oll 14 £301 i eh eo Benke at 
acid wai ite Adal C4 eet) it deagee  a gs hap 
t intsaina Glide Os oe hegre: wvad Kel Magee elt 


ei) Te WeTing BAT yo Deluouneg aa ae 
_ Tid! ba galsge oni af geSiaee ae ae 


THEORY OF THE PULSATIONS OF THE GAS BUBBLE PRODUCED 
BY AN UNDERWATER EXPLOSION 
by 


Conyers Herring 


CONTENTS 

1. Introduction 

2. Homology Rules 

3. Non-Compressive Theory with Spherical Symmetry 

4. Acoustic Radiation by a Spherically Symmetrical 
Bubble 

5. Migration of a Shperical Bubble 

6. Departures from Spherical Shape 

7. The Energy Balance 

Appendix 1 : Pulsations of a Bubble in an Incompressible 
Fluid 

Appendix 2 : Pulsations of a Bubble in a Fluid of Finite 
Compressibility 

Appendix 3 : Calculations of the Rate of Radiation of 
Energy 

Appendix 4 : Effect of Gravity 

Appendix 5 : Effect of Proximity to a Free or toa 
Rigid Surface 

Appendix 6 : Pressure Distribution in Non-Compressive 
Radial Motion 

Appendix 7 : Effect of the Inertia of the Gas on the 
Pressure Pulse 


Appendix 8 : Resume of Ramsauer's Experiments 


39 


54 
59 


64 


i) 


82 


8h 


35 


36 


NOTATION 
A strength of a simple source 
A, Ay, etc. coefficients in expansion of velocity ~« 
of al 

potential 

2) radius of bubble 

a time average of a 

a, radius at which gas pressure equals p . 

of 

eee hide omen mee eee ae radius, and averags 

By. ‘Gin 7a\)) Incomplete beta function 

By> etce coefficients in expansion of velocity = 
potential. 

Cys ete. coefficients in expansion of velocity - 
potential 

a) velocity of sound in water 

oe velocity of sound in gas in bubble 

D distance of receiver from bubble 

E field strength in equivalent 
electrostatic problem 

e charge of bubble in equivalent 
electrostatic problem 

F defined by eq. (9), Appendix 2. 

G potential energy of gas in bubble 

g acceleration of gravity 


distance of center of bubble from 
plane free or rigid surface. 


thermal conductivity 


length of a cylinder; any 
characteristic length 


L order of spherical harmonic 


by = 


77 
p 


Po» Ps , etce 


st 
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momentum 
unit outward normal 
Legendre polynomial 
pressure 


coefficients in expansion of 
pressure (Appendices 4 and 5) 


pressure of gas under static conditions 
pressure of water at a great distance 
from bubble, at same depth as center 
of bubble. 
pressure due to image (Apnendix 5) 
total energy released by explosion 
masses of explosive 
perturbed bubble radius (Appendices 
4 and 5) 


coefficients in spnerical harmonic 
expansion of radius vector of 
bubble. 


distance from initial center of 
bubble, 


radius vector 
period of a pulsation 


period calculated from simplest 
theory 


period for small oscillations 

time 

time of maximum size of the bubble 
volume or molar volume 

velocity 

total energy of the pulsating motion 
ee 


’ 


(Appendix 1) 
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Sei 


a 


, Bis ete. 


a/eanni (Appendix 3) ; 
distance (Appendix 5) 


a/@ @1/8max 


variable of integration (Appendix 1); 

cartesian coordinate (Appendices 
4 and 5) 

defined by eq. (5), Appendix 3 

gamma function 

ratio of specific heats, or quantity 
playing same role in equation of 
state. 

Dirac delta function 

viscosity 


polar angle (Section 6 ana 
Appendices 4 and 5); 
temperature (Section 7) 
radius of a cylinder 
unspecified function 
density of water 


density of water at a great distance 
from bubble 


density of gas in bubble 
divergence of velocity 
element of volume 
unspecified function 


defined by eq. (14) or (15), 
Appendix 2 


velocity = potential 


coefficients in expansion of 
velocity - potential 
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1. INTRODUCTION 


During the last generation or two it has been noticed 
from time to time by different observers that when a charge of 
explosive is set off under water, the sound received by a hydro-= 
phone some distance away consists of a number of sharp "pokes", 
which decrease gradualiy in amplitude and become more and more 
closely spaced in time. The intervals between the pokes are 
greater the greater the charge of explosive and the smaller the 
depth of the charge below the surface; at shallow to moderate 
depths the intervals which have been observed range from one-or 
a few hundredths of a second for detonating caps to around one 
second for charges of severai hundred pounds of explosive. It 
thas been convincingly shown oy Willis? that the periodic 
phenomenon involved is one of radial pulsations of the gas bubble 
produced by the explosion. further investigations of this pulsa- 
tion phenomenon have shown that its interest is not liinited to 
the field of the acoustics of explosive sound: it appears es- 
sential to a detailed understanding of the "plumes" of water 
thrown up over an underwater explosion; in some cases it may have 
an important effect on the damage inflicted by an underwater 
explosion on neighboring structures; it may provide a useful re- 
search tool in the experimental study of explosions and other 
problems in hydrodynamics. Moreover, bubbles formed by explosions 
are not the only ones which may be made to undergo radial pulsa- 


tions of large amplitude: an example is the collapse of cavitation 


See the article by Willis in this Volume, 


eee 
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bubbles after application of a positive pressure; another example 
is the ooservation by M. Hwing and his associates at the Woods 
Hole Oceanographic Institution that multiple shocks are heard 

by a microphone placed near a submerged pipe with a diaphragm at 
one end which is burst bv water at high pressure inside the pipe.* 
Although this article and the others in this volume are concerned 
primarily with explosion bubbles, and although additional factors 
such as surface tension may have to be invoked in applying the 


theory to tiny bubbles? 


, it is worth bearing in mind that similar 
principles govern a variety of widely different phenomena. 

The essential features of the pulsation phenomenon arise 
from the fact that an explosion creates a cavity filled with high 
pressure gas, which pushes the water out radially against the 
opposing external hydrostatic pressure. The high velocity thus 
imparted to the water causes it to overshoot the equilibrium 
radius at which internal and external pressures are equal, and 
when the external pressure finally succeeds in bringing the ex- 
pansion to a halt a contraction sets in, which again overshoots 
and recompresses the gas to a high pressure. This sort of oscilla- 
tion may be repeated a number of times, until the original energy 


has become dissipated in one way or another. At each compression 


Private communication from Dr. Ewing. 


See for example R. S. Silver, Engineering 154, 501 (1942). 
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the high pressure developed gives rise to an acoustic impulse 
which can be heard at a distance. These features of the 
phenomenon will be discussed in detail in Sections 3 and 4 of the 
text, the former dealing with the spherically symmetrical pulsa- 
tions of a bubble in an incompressible fluid, the latter with the 
effect of the finite compressibility of the water, which gives 
rise to acoustic radiation. Mathematical details are given in 
Appendix 1 and in Appendices 2 and 3, respectively. 

In actual experiments with explosion bubbles there are 
always asymmetrical influences which prevent the motion of the 
water from conforming exactly with the spherically symmetrical 
theory just mentioned. The most interesting features of the pulsa- 
tion phenomenon are, in fact, those which are associated with 
asymmetries in the motion, and many of the papers contained in this 
Volume are devoted to these features. If the only asymmetrical 
influence is the pressure gradient due to gravity, the bubble will 
rise; it turns out that the velocity of rise increases enormously 
during the contracted stages, and that appreciable departures 
from spherical shape may also occur in these stages. An additional 
"migration effect" can be caused by proximity of the bubble to a 
rigid body or to a free surface: roughly described, a rigid sur- 
face attracts a pulsating bubble while a free surface repels it; 
these effects may sometimes be more intense than that due to 
gravity. The importance of both kinds of asymmetry in the motion 
is obvious, since the position and characteristics of the bubble 


at the time of its minimum volume will greatly influence the 


Shoes 
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damage which the high pressure accompanying this stage is 
capable of doing to neighboring structures; moreover, the form 
of the plumes sent up by the explosion will obviously depend on 
the way the bubble is moving when it breaks the surface. A the- 
oretical discussion of the migration effects due to gravity and 
to neighboring surfaces is given in Section 5, with mathematical 
details in Appendices 4 and 5, respectively. The mathematical 
methods used here, and those used in most of the other theoretical 
papers of this volume dealing with the migration effect, have not 
been elaborated far enough to provide a quantitative calculation 
of the extent of the departures of the bubble from spherical shape. 
However, some qualitative comments on these departures are given 
in Section 6. 

Experiments on the various aspects of the pulsation 
phenomenon have usually shown a quite satisfactory agreement with 
the predictions of the theory. A notable exception has to do 
with the apparent loss of energy between successive pulsations, 

a loss which occurs in the brief time when the radius of the 
bubble is near its minimum. It has been established’ that some 
as yet unelucidated mechanism of dissipation does away with an 
amount of energy of the same order as the known energy loss from 
acoustic radiation. Some brief speculations on this topic are 


given in Section 7. 


ha. B. Arons, J. PF. Slifka, and A. Carter, J. Acous. Soc. 
Am. 20,271 (1948); A. B. Arons and D. R. Yennie, Kev. Mod. 
Fhys. 20,519 (1948), also Volume I of this Compendium. 
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No introduction to the subject of bubble pulsations 
can be complete without mention of several early papers, theoret- 
ical ones by Lamb and by Rayleigh?, and an experimental one by 
Bamsauer’, which preceded the work of Butterworth and Willis 
presented elsewhere in this Volume. Rayleigh was “suwened with the 
collapse of cavitation bubbles, while Lamb and Ramsauer studied 
only the expanding phase of the motion, and make no mention of 
the phenomenon of successive pulsations: however, their work 
contains the essential ideas of the theory of Section 3 and has 
other interesting features as well. A brief account of Ramsauer's 


work is given in Appendix §&. 
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°H. Lamb, Phil. Mag. 45,257(1923); Lord Rayleigh, Phil. Mag. 
34,94 (1917). 


6c, Ramsauer, Ann. d. Physik 72,265 (1923). 
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2. HOMOLOGY RULES 


Before undertaking a detailed study of bubble motion 
it is worth while to mention a few very general conclusions 
which can be drawn directly from the basic equations governing 
the motion. The motion is completely determined by: 

(a) the three Hugoniot equations at the advancing front 
of the shock wave generated by the explosion’; 
(b) the Euler equations and the equation of continuity for 
the water inside the shock front; 
(c) similar equations for the motion of the explosion 
products inside the bubble; 
(d) the equations of state of the water and the explosion 
products. 
In the stages before the detomation is complete, equations of the 
Hugoniot type at the advancing detonation front must also be in- 
cluded. Now if it is legitimate toassume 
(i) that there is no body-force term in the Suler equa- 
tions - i.e., that gravity may be neglected - and 
(ii) that the pressure in the explosion products is a 
unique function of the density, independent of the 
rate of change of density, 
then all the equations (a) to (d) will be unchanged if all dis- 
tances and times are changed by the same constant factor, pres- 


sures being left unchanged. This means that if (i) and (ii) can 


‘See Volume I of this Compendium. 
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be assumed, the pressure and velocity distributions produced 
by different amounts of the same explosive are identical if 
referred to units of distance and time which are proportional 
to the linear dimensions of the charges. Mathematically ex- 
pressed, if a mass q) of a given explosive produces the pressure 


and velocity distributions 


pie (7 Axsthio a bv Nr, t) 


(t to be measured from the start of the explosion), then a 
mass q5 of the same substance produces the distributions 


1/3 1/3 
(ay) (ay) (ene eae 
ee 77) [el =) 2 oa o(—) 4 ro be ey 1 
(92) (92) sea lar \e seta Bs 


Strictly speaking, it must also be specified that the initial 
shape of the explosive be the same in the two cases, and that the 
behavior of surrounding obstacles or surfaces, if any are present, 
can also be scaled. This rule has long been known and applied to 
characteristics of shock waves; it is equally applicable to bubble 
pulsations, provided (i) and (ii) hold. 

Another homology rule which is approximately valid for 
bubble pulsations results from the fact, which will be demonstrated 
in the next section, that over most of the cycle the motion ap- 
proximates fairly closely to the motion which would be executed 


in an incompressible fluid by a bubble with no gas inside it at all. 


So Bo 
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Of the equations enumerated above, only those enumerated under 
(b) are needed to determine the latter motion. In the absence 
of gravity these equations are invariant under any scale changes 
for pressures, lengths and times which satisfy P}/Po = 
(ig/leaNo/ (ty eal In this approximation explosion bubbles from 
all sizes of charge at all depths execute homologous motions. 
Taylor? has shown that if gravity is not neglected, this homology 
rule does not completely disappear, but reduces to a homology 
over one degree of freedom instead of two. 

Departures from the scaling law (1) can be produced by 
irreversible processes taking place inside the bubble, and de- 
partures from both types of scaling law may be expected if 
turbulence becomes serious in the water. Failures of scaling, 
if properly ihterpreted, may thus be of considerable significance 


in detecting the presence of irreversible phenomena. 


[ete OE Me 2 LG Flees 
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3. NON~COMPRESSIVE THEORY WITH SPHERICAL SYMMETRY 


Let us consider now the simplest possible model of 
the motion of the bubble, by assuming the water incompressible 
and the motion spherically symmetrical. This model, simple 
though it is, turms out to be capable of giving a fairly 
satisfactory account of the radius-time curve under most 
conditions. It is not surprising that it does so, in view 
of the following facts: 

(a) The shock wave advances so much faster than the 

boundary of the bubble that, before an appreciable 

part of the first pulsation period has elapsed, the 
motion of the water has become fairly clearly 
separated into a shock wave region and a "bubble 
region", between which the water is relatively 
quiescent, as shown in Fig. 1 (b).* This empirical 
fact is accounted for by theoretical calculations 
on the form of the shock wave.? 

(b) In the "bubble region" the pressure is never 

large enough to change the density of water by more 

than a few percent. 

(¢) With the possible exception of times very close 


to the minimum of the contraction, the pressure in the 


I Seq the articles by Kirkwood and Brinkley and by Temperley 
and Craig in Volume I of this Compendium. 


*Refer to the end of this article for all referenced figures. 
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gas bubble (and therefore that in the water) changes 
by only a very small fraction of its value in the 
time required for an acoustic wave to be propagated 
through a distance of the order of the radius of the 
bubble. This ensures that the flow in the bubble 
region will keep in phase with the motion of the 
boundary of the bubble. 
(ad) In many cases, though not all, the unilateral 
migration of the bubble in its first period, due to 
gravity or other influences, is of fairly small 
magnitude compared with the maximum radius of the 
bubble, and the bubble remains fairly accurately spherical 
in shape. As will be shown later, this is the case 
when the size of the explosive charge is sufficiently 
small in comparison with the extemal hydrostatic 
prescure. 
The more refined theories to be considered later in this article 
will explain the validity and limitations of the simple 
theory in a more quantitative way. 
We shall therefore assume for the present that the water 
moves radially outward or inward in such manner that the 
amounts of water crossing any two concentric spheres in a 
given time are always the same; if the motion is spherically 
symmetrical this means that the variation of velocity v with 


radius ris given by 
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at (2) 

where a(t) is the radius of the bubble. Under our assumptions 
the total energy, which is constant, equals the kinetic energy 

of the water, plus the potential energy of the compressed gas, 

plus the potential energy due to expansion against the pressure 
P. of the water far from the bubble. The kinetic energy is 


As 
2 
[ap vesrsPar = 27 e a(S} (3) 


The work done against p fs, to within an additive constant 
Xo 


3 


ans PL (4) 
Denoting the potential energy of the gas for the present merely 


by G, the energy equation is 


2 
3 (da)”. 479° 
27 aa STS oe = ‘ 
ea (at) 3 p G(a) W (5} 


where W is constant in time. This equation can be solved for 

= and integrated to get the motion, The term G(a) complicates 
the integration considerably; fortunately however it can be 

shown that for the first pulse ou two the calculated period is 
very little altered by setting G = 0. Ths reason for this is 
that G is appreciable only in stages of the motion when the 
bubble is small, and these stages occupy only a small fraction of 
@ period. A rough estimate of the error introduced by ignoring 
G can be obtained from Appendix 1. For the later pulsations 


the amplitude of the motion jis much less, and eventually the 
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pulsations can be regarded as small oscillations Jn the neigh 
borhood of the radius at wnich the gas pressurs equals the 
sprrounding hydrostatic pressure. For these small oscillations 
Gis essential, but the calculation of tho period is simplified 
by the assumption of small amplitudes. 

In Appendix 1 1t is shewn that when Gs O in (5), the 


pericd of the motion is 


~5/6 1/3 
T, 2 11s5¢ Be” wW / (6) 


This formula has been derived by Wil1is!© 


the comparison of this formula with observation is not complete 
unless a definite value can be inserted for W. From the 
discussion given above it is clear that W will be appreciably 
less than the total energy released by the explosion. 
Theoretical calculations reported in Volume I of this Compendium 
agree with ebservation in assigning to the first pulsation 

of the bubble a value of W of the order of half the chemical 
energy Q released by the explosive, the remaining energy being 
distributed in comparable proportions between energy carried 
off to appreciable distances by the shock wave and energy 
dissipated as heat by irreversible processes at the shock 


front in the very early stages of its motion. A convenient 
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sae the article by Willis in this Volume. 


llsee the article by Arons and Yennie in Volume I of 


this Compendium, or Rev. Mod. Phys. 20, 519 (1948). 


and others. Of course, 
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alternative to deriving W from Q is to derive it from the 
maximum radius aay of the bubble, if measurements of this 
quantity are available. If G(a..,) is neglectea!-, 
ws (41/3) eae) Pp, » and so (6) becomes 
: ot 7 
Be ctieeeonah mi aie (7) 
The corresponding expression for the period of small oscillations 
about the equilibrium radius a, is, according to Appendix 1, 
a (8) 
rs] 733 ios, 1 
where 7 is the ratio of the specific heats of the gas. For 
¥ 21.3, (8) becomes 
zy -# 
3.18 a 
gigas inca) 
Willisl?> has shown that (6) does in fact describe the 
periods of oscillation of the bubbles produced by charges of 
various sizes at various depths. With a suitable choice of 
12 
The rather indirect experimental determination of Gar ax) 
reported in reference 11 gives a value of the order of 0.2W at the 
maximum of the first pulsation, presumably at 500 feet depth; however, 
this value is open to suspicion since it is 50% higher than the value 
obtained in a similar way for the second pulsation, whereas it should 
g 
be smaller. Thus the correct G(ana,) might be as small as O.1W at 


this depth; at the surface, where pe is 16 times smaller, a ae will 


™¢ 
be roughly 16 times larger, and G(ana,)/W will be smaller by 
a factor 1617” = % , if we use Arons' value of 1.25 for the 
effective ratio of specific heats 7. 


135e@ the article by Willis in this Volume. 
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W/Q , constant for a given type of explosive, (6) can be made 
to give results correct to within a fraction of a percent, an 
accuracy comparable to the degree of reproducibility of 
experiments. However, the value of W which one must use in 
(6) to get the best fit to a given range of experimental data 
will of course differ a little from the correct value of the 
energy of the motion, because of the slight effect of gas 
pressure on the period. More refined comparisons of theory 
and experiment than those given by Willis have been made 
subsequently, and are reported elsewhere in this Volume. 

A rough idea of the error involved in neglecting gas 
pressure may be conveyed by quoting the results which one obtains 
by substituting into the theoretical calculations of period 
made by Shiffman and Frieaman!* the empirical value 1.25 
obtained by Arons?? for the adiabatic exponent in the equation 
pv = const. and the value obtaine’? by Arons for the energy of 
the first pulsation. This gives a period which is lower than 
that given by (6) by less than a percent, if Wis interpreted 
as including the total energy of the gas relative to infinite 


adiabatic expansion; the ratio of T to a, is greater than 


aX 
that given by (7) by an amount which varies from about 4% at | 
sea level to about 9% at 500 feet depth. 

Fig. 2 shows a comparison of an observed radius-time 
curve with the curve calculated in Appvendix 1 by integration 
of (5) with G = 0. The observed points were taken by Ewing 


and Crary from a motion picture taken by Hdgerton in 1941 of a 


See the article by Friedman in this Volume. 


5 
A. B. Arons, J. Acous. Soc. Am. 20, 277 (1948). 
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bubble produced by a detonating cap a foot below the surface; 
they refer to the first oscillation. The constant W has been 
chosen to make the theoretical maximum radius agree with the 
observed one; the times of maximum size have also been made to 
coincide. The agreement is reasonably good; however, the 
comparison is not capable of indicating just how accurate the 
simple theory is, because of the deviations due to the presence 
of the free surface, deviations which will be discussed at 
Yength in Section 5. 

In the present approximation the shape of the theoretical 
curve is independent of the size and depth of the explosion, 


there being only the single adjustable parameter a - Thus the 


max 
curve of Fig. 2 is applicable to all explosions, if the 

horizontal and vertical scales are expanded or contracted in 
proportion to a 


max’ 
As the successive pulsations of a given bubble decrease 
in amplitude because of acoustic radiation and other dissipative 
processes, the periods will shorten and approach the value (8). 
If the bubble can be made to remain reasonably spherical until 
the amplitude of oscillation has become small, measurements of 
a, or T, , or both, may provide a check on the equation of 
state of the exvlosion products. 
It is interesting to speculate that the use of 
propellent charges, which give no shock wave, might result 
in values of W/Q approaching unity, with correspondingly more 


violent bubble pulsations. 


54 


An exact calculation of the motion of a pulsating gas 
bubble in a compressible fluid would be very difficult: Lambl® 
has derived a partial differential equation governing the 
variation of velocity with radius and time for the spherically 
symmetrical case, but this equation is complicated and would 
be very difficult to solve. Fortunately, however, the effect 
of the finite compressibility of water on the motion of the 
bubble produced by an explosion amounts, except in the very 
early stages represented by Fig. 1 (a), only to a small to 
moderate correction to the simple theory of the preceding 
section. It is therefore possible to work out the details of 
the motion, as affected by the finite compressibility, by an 
iterative process of successive approximations, taking the 
non-compressive motion as the zeroth approximation. One way 
of doing this is carried through in Appendix 2. This method 
involves transforming the equations of motion of the boundary 
of the bubble into a form in which the correction for 
compressibility is represented by a radial integral whose 
integrand decreases very rapidly with increasing distance 
from the center of the bubble; in this form but little error 
is made if the non-compressive approximation to the integrand 
is used. The result is a differential equation -- Eq. (19) 
or (20) of Appendix 2 e- for the time variation of the radius 


6 
H. Lamb, Phil. Mag. 45, 257 (1923). 
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a of the bubble. This equation is similar to that which would 
be obtained by differentiating Eq. (5) above with respeat to 
time, but contains several additional terms, of which the most 
{important is one proportional to a°(da/at) fap(a)/at] / ec, 
where c is the velocity of sound in water. As this expression 
is intrinsically negative,one might be tempted to interpret it 
as the instantaneous rate of loss of energy by acoustic radiation. 
This is not quite correct, however, although it gives the 
correct total loss of energy over the whole interval when a is 
small. For the fact that the term just written is proportional 
to the time rate of change of the left of (5) does not imply 
that it is proportional, with a suitable constant time lag, 
to the rate of reception of acoustic energy at a distance. 

The equations of Appendix 2 are therefore directly 
applicable only to the calculation of the total energy of a 
pulse and to the calculation of how the time variation of a 
is affected by compressibility. It is easy to show from these 
equations that the effect of the finite compressibility of 
water on the curve of a against t Ss negligible when a is 
more than a few times its minimum value; details are given in 
Appendix 3. Near the minimum the effect may theoretically be 
either small or large, depending on the equation of state of 


the gas in the bubble. Recent experiments. ! have shown that 


wall 13h 


Arons, J. P. Slifko, and A. Carter, J. Acous. 
Soc. Am. 20, 271 (1948); A. B. Arons and D. R. Yennie, Rev. 


Mod. Phys. 20, 519 (1948), also Volume I of this Compendium. 
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with common explosives the total acoustic loss of energy 
during the first contracted stage is never more than a 
fraction (~25%) of the total energy W of the pulsation, so 
that the correction to the motion is small to moderate. It 
might therefore be supposed that the radius-time curve could 
be fairly accurately calculated by the methods of Appendix 2. 
However, this does not seem to be the case: the energy loss 
between the first pulsation and the second is found experimentally!! 
to be much greater than the observed acoustic energy in the 
first bubble pulse, indicating that some dissipative mechanism 
igs acting which has not been taken into account in the present 
theory. As an adequate discussion of this question of energy 
balance requires a knowledge of the effects to be expected 
from migration and asymmetry of the bubble, further remarks 

on this point will be postponed until Section 7. 

Let us now consider the way in which the pressure in 
the acoustic pulse radiated by the bubble varies with time. 
This is most conveniently computed in the way suggested by 
mi1ist®; if a value r, of r can be found which is small 
enough so that the relative change of pressure in time r/c 
is small, and which is at the same time large enough so 
that the linear approximation of acoustic theory is valid 
for r>r, , then the acoustic impulse received at any large 
distance r should have an amplitude given approximately by 


18 
See the article by Willis in this Volume. 
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p(rst) - p= (r)/r) [p(ry,t-r/c) = p,] (9) 


The quantity in brackets can be computed by using non-compressive 
theory for the motion inside rj. The well-known equation which 
relates pressure to velocity for irrotational motion of an 


incompressible fluid is 


= @2f- fy? (10) 
P- P= ( — —v 
a & at 2 
where # is the velocity potential and v s-V¢ is the 


velocity. This expression should give a fairly reliable value 
for the pressure at all distances from the bubble. Inside r) 
we may substitute the non-compressive approximations to v and ¢@, 


viz., 


_ a? da p22 


a 
ie) 


it is then easily shown(Appendix 6) that (10) reduces to 


e 3 
B=. = 2 \pla) - + §(G€) a - $3) (11) 


The maximum of (11) will occur at the time when a is a minimun, 
if the gas behaves at all like a perfeet gas. It is easy to see 
that the pressure given by (11) at the minimum of the first 


contraction, where a is of the order of twice the initial 


min 
radius of the explosive, cannot be more than a fraction of the 
pressure produced au the same point when the original shock 
Wave crosses it. By (9) this implies that the peak pressure 


in the bubble pulse is at most a fraction of that in the shock 
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wave; experiments give a ratio of about one ritth??, 


The situation is quite different, however, with regard 
to the impulse of pressure. Assume for simplicity that r 


is several times a the second term on the right of (10) 


max’ 
will then at all times be negligible compared with the first, 
and we have 


t t t 
D 2 2? da 2 
(p - i) (Chae -f f | (12) 


al 
This will be valid regardless of whether or not r is small 
enough for the non-compressive approximation to be valid at r 
at times near the minimum of gontraetion; it is only necessary 
that the non-comvoressive approximation be valid at t, and to. 
has its maximum value, as shown in Appendix 6, when 


a= 2 Aamax» i.e., when the bubble is still fairly large. If 
we take t, and to to be the times when a has this value in the 
contracting and expanding phases respectively, (12) will give 

the maximum impulse of pressure due to the non-compressive motion. 
Expressing a8 in_terms of more convenient quantities, the 


maximum impulse (12) can be reduced to 


WAG 2 
Maximum impulse 2f pressure = 2 ama, [Peo 
r 


= .34T? p/P “V2 C53) 
r 


This turns sut to be of the order of six or eight times the 


impulse measured in the shock wave by the time the pressure 


also Volume I, this Gompendium. 
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has dropped to 1/e” of its peak value. Observed impulses may 
be exvected to be 20% or 25% less than (13) because the amplitude 
of the second nulsation is less than that of the first. This 
prediction is in approximate agreement with experiment. 19 

In 1941, when thefwo rk described in this paper was being 
done, some of the exverimental records of bubble pulse pressures 
from small explosions seemed to show an oscillatory structure; 
some workers suggested that this was due to radial oscillations 
of the gas in the bubble during the contracted stages, while 
others regarded it as a spurious instrumental effect. <A theore- 
tical analysis made at that tine, and summarized in Appendix 7, 
indicated that the former hypothesis was highly unlixely, and 
subsequent experiments 19 have shown that under reasonably 
symmetrical conditions the pressure-time curve for the bubble 
pulse has a smooth bell-shaned form. 

It must be emvhasized that all the formulas of the present 
section and Anpendices ?, 3, and 6 have been derived only fora 
pulsation in which the motion is snherically symmetrical, 
although generalization to other cases is not difficult. In most 
actual explosions gravity and proximity to surface, bottom, or 
objects will introduce asymmetrical influences. As will be 
shown in the next two sections, these influences have an effect 
on the motion, which, though it may be slight when the bubble 
is large, is greatly enhanced in the contracted stages. Taylor@° 
and others have shown that these effects can greatly modify the 
acoustic pulse given out in the contracted stages. In certain 
Cases, however, it is possible ts balance the asymmetrical influ- 
ence of surface and bottom against that of gravity, and in such 


Cases the theories discussed in the present section should be pplicats 
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5. MIGRATION OF A SPHERICAL BUBBLE 


The motion pictures from which Fig. 2 was constructed 
showed the migration effect mentioned in the introduction: the 
center of the gas bubble was observed to rise slightly up to the 
time of maximum size and later to sink rapidly, with periodic 
fluctuations, through a distance of several inches. Only after 
the pulsations had practically ceased did the bubble rise again. 
The explanation of this phenomenon, interestingly enough, ap- 
peared automatically as a by-product of an attempt to understand 
the deviations of the points of Figure 2 from the theoretical 
curve, in a way which will now be described. 

It will be noticed that the theoretical curve is too 
broad, and that there seems to be a slight asymmetry in the 
experimental curve. Now the theory from which the curve was 
constructed has disregarded a number of factors, of which the 
most important are: 

(1) The gas pressure (responsible for the term G in (5)) 
has been disregarded. 
(ii) The water has been assumed incompressible, so 

that the damping effect of acoustic radiation 

has been ignored. 

(iii) The bubble has been assumed spherically 
symmetrical. 
(iv) The explosion has been assumed to take place in 


an infinite body of water. In the photographs 
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represented in Fig. 2 the cap was only 12 inches 

from the surface, and was so close to a slanting 

steel plate beneath it that the bubble almost 

touched the plate at the time of its maximum size. 
The correction to the simple theory necessitated by (i) is 
estimated in Appendix 1, and that necessitated by (ii) in Section 
4 and Appendices 2 and 3. These quantitative calculations show 
that, as one would expect, the corrections from factors (i) and 
(ii) are negligible when a is near aaa and tend anyway to 
broaden the curve in time, as compared with the simple theory. 
The correction from (iii) can hardly be appreciable in the 
neighborhood of the maximum radius, since the bubble is observed 
to be very nicely spherical at this stage. There remains the 
factor (iv). The effect on the motion of proximity to a free 
surface can easily be predicted qualitatively. The water between 
the bubble and the surface can be more easily given a radial 
acceleration when the surface is near than when it is distant. 
Consequently the stream lines tend to bend toward the surface, 
with the result that for a given a and <2 » the kinetic energy 
of the water is less than the value (3) which applies in the 
absence of a free surface. The potential energy is of course the 
same function of a and Po as in the absence of a surface. 
Thus the effect of the surface is like decreasing the inertia of 
a simple oscillator without changing the spring constant, and so 


it decreases the period. In Appendix 5 this effect is worked 
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out quantitatively by the method of images, and it is shown that 
when the center of the bubble is a distance h_ below the surface, 
the period T(h) is related to the period T(o) in the absence 


of a surface (but for the same Poo) by 


T(h) = Too) (1 - A) + 0(25) (14) 


where a is the time average of a over a complete period. 


Near the maximum, the radius-time curve is contracted in the 


@max 1 
time direction by the factor 1 - Th + o(=5) as compared 
h 


with the curve for h * o. 


The theory of Appendix 5 also predicts that when the 
explosion takes place at distance h froma plane rigid surface 
the period will be longer than in the absence of such a surface: 


quantitatively 
Mn) = Teo) (1 + #5) + O45) (15) 


The qualitative explanation follows the pattern outlined above 
for a free surface. The stream lines avoid the rigid surface, 
so that for given a, a » the kinetic energy is greater than in 
the absence of the surface. Thus the effective inertia of the 


water is increased and the period lengthened. The formula (15) is 
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an asymptotic one which should be a good approximation when h 
is two or three times ae A clue as to how T varies for 
smaller values of h is provided by considering the case h = 0. 
The motion of the water for this case must be the same as the 
motion to one side of an imaginary plane drawn through the center 
of the bubble produced by the explosion in free water of double 


the charge used. Since T is proportional to the cube root 


of the charge, 


5) 
T(O) = T(a@) v2 (16) 


When free and rigid surfaces are simultaneously present 
in the neighborhood of the bubble, the effect on the period, 
though calculable, is not simply the sum of the effects due to 
the various surfaces separately. For example, it is shown in 
Appendix 5 that when the explosion takes place halfway between 
the surface and a horizontal rigid bottom, and at distance h 
from either, the effects of surface and bottom do not cancel 


each other; instead we have 


a log 2 
T = = 
TE ikoo,)) =( 2 ine 
Similar calculations can be made when a free and a rigid surface 


intersect at an angle. In general, when both kinds of surface 


are present the effect of the free surface tends to predominate. 
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A quantitative check of this theory by means of the 
curvature of the a vs. t curve of Fig. 2 at its maximum seems 
out of the question, since the distances involved are not very 
accurately known, and since flow of water around the sides of 
the steel plate and even bending of the plate may have been 


a 
quite appreciable. The factor (1 - foal which would describe 


the narrowing of the curve near the maximum due to the surface 
effect in the absence of a steel plate, has the value 0.86. 

This figure is only slightly less than the ratio of the curva- 
tures of the observed and theoretical curves in Fig. 2; apparent- 
ly therefore the steel plate had a surprisingly slight effect, 

or else the measurements of radius were falsified by bending of 
the mirror with which the photographs were taken, or by distortion 
of the surface. A similar situation exists with regard to the 
period. The experimental errors just mentioned could not falsify 
the observed period, but they could affect the calculated period, 


which is proportional to a,,,. The period calculated from (7) 


AX 
is T,(0o) = .0297 sec., assuming normal atmospheric pressure and 
fresh water (p = 1.00). If only the free surface were present, 
(14) would modify this to Toth) = -026,. The observed period is 
T = -028,,, and the difference between this and T,(h) could be amply 
accounted for by the effect of gas pressure alone, without radiation 
damping or any effect of the steel plate. 

The complete theory of the motion in the presence of a 


free or rigid surface, as worked out in Appendix 5, predicts that 


65 


the bubble, besides being sucked back and forth periodically by 
its image, should be continually repelled from a free surface and 
attracted to a rigid one. In the case of the bubble of Fig. 2, 
the repulsion from the free surface was actually great enough to 
make the bubble sink. As the mathematical details of the theory 
are rather involved, only a rather loose picture of the mechanisms 
involved will be given in the present section; moreover, it will 
be advantageous to discuss first the simpler theory of the migra- 
tion due to gravity alone. This theory, which is worked out in 
detail in Appendix 4, can be described by saying that the bubble 
has associated with it a vertical momentum equal to its velocity 
of rise times (21/3)pa, and that the time rate of change of this 
momentum equals the buoyant force (ur/3) par. This gives webecées 
oe F (17) 
velocity of rise due to gravity ae ie a~ dt 
Note that the velocity of rise becomes enormously accelerated 
during the contraction, when a becomes small while the integral 
remains large. Although Appendix 4 assumes gravity to be a small 
perturbation, so that its conclusions are rigorously valid only 


1 has shown that the 


when the velocity of rise is small. Taylor 
effect of this rise on the motion can be calculated, to a fair 
approximation, by assuming that the bubble is constrained to re- 


main spherical, so that (17) becomes valid at all times. 


21 see the article by Taylor in this Volume. 
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The migration due to a neighboring free or rigid surface 
can be explained with similar concepts. The image of the bubble 
in the surface affects conditions in the neighborhood of the real 
bubble in two ways: it gives to the water there a velocity normal 
to the surface, and it creates a pressure gradient in this direction. 
As is shown at the close of Appendix 5, the migration can be cal- 
culated, correctly to the second order in 1/h, by a simple momentum 
argument. To begin with, the pressure gradient due to the image 
will impel the bubble in the direction of lower pressure, just as 
the buoyancy of the bubble does when the pressure gradient is due 
to gravity. The normal momentum due to this effect can therefore 
be obtained by integrating the product of the image pressure 
gradient by the volume of the bubble, and the corresponding normal 
velocity can be computed. The sum of this velocity and the velocity 
field of the image, evaluated at the position of the center of the 
bubble, turns out to give the correct value of the velocity of 
migration normal to the surface, to order i/n*, as determined by 
the more rigorous calculation given earlier in Appendix 5. This 


velocity is 


2 2 
dh . _ 3aé da L da 
dt ye cu =33 | a” (qe) at (18) 


for a bubble at a distance h from a free surface; if the free sur- 


face is replaced by a rigid one, the sign of dh/dt is reversed. 
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It will be noticed that (18) consists of a periodic 
term and a monotonic one, the latter corresponding to repulsion 
from a free surface and attraction to a rigid one. This can be 
understood qualitatively from the fact that the pressure gradient 
due to the image is most effective, in imparting normal momentum 
to the bubble, when the bubble is large. At this time the image 
pressure gradient is toward a free surface or away from a rigid 
surface. The predominant motion is in the direction opposite to 
this pressure gradient. Just as in the case of the rise due to 
gravity, the velocity of migration due to the surface contains a 
term proportional to the reciprocal of the volume of the bubble, 
which becomes extremely large in the contracted stages. 

In making comparisons of theoretical and observed migra- 
tion rates, one must usually deal with cases where both gravity and 
boundary surfaces are present. To the order of approximation used 
in Appendices 4 and 5, the velocities (17) and (18) can merely be 
added in such cases. The relative importance of the migration 
effects (17) and (18) as compared with the rest of the motion can 
be measured by a ratio such as (dh/dt)/(da/dt). For (18) this 


ratio at any stage is essentially a function of h/a » and is 


max 
practically independent of Poy OF the size of the explosion. For 
(17), however, the corresponding ratio is proportional to 

PEA La x/ Poo» so that the gravity rise is more important the larger 
the explosion or the smaller Poo 


For the experiments of Ramsauer mentioned in the intro- 


duction and described in Appendix 8, the combined effects of 
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surface and bottom would never be more than a fraction of (17). 
If we set t = 5 T in (17) and use the simple theory of Appendix 1 


for the variation of a with t, the right of (13) becomes 


(velocity of rise at a= a) = 0.62 eT 


We may, therefore, expect the distance risen by this time to 


be very roughly 0.15 er if we set a ake 


PEAnax 
= 0.) Sapaane: ax 


(0.0) 
150 ecm. corresponding to a typical one of Ramsauer's measure- 


ments, we find the distance risen to be only a little under the 

figure 10% of ane which he reported. By way of contrast, the 

distance which the Edgerton bubble would have risen by the 

time of the first maximum, due to gravity alone, is only a little 

over a millimeter, or less than 1% of cae 
The siight asymmetry of the experimental points in 

Fig. 2 about the maximum is hard to account for theoretically. 

It is shown in Appendix 2 that the chief effect of the finite 

compressibility of the water is to produce a radiation of energy, 

and in Appendix 3 that only a negligible radiation of energy 

occurs during the time when a is greater than say Amnax/3* 

The calculations of Appendices 4 and 5 show that, to the first 

approximation, neither gravity nor proximity to the surface can 

produce an asymmetry. Moreover, the surface waves produced by 

the expansion of the bubble could not travel an appreciable 


distance before the contraction sets in. A retardation of the 


= 
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contraction could of course be produced by the gradual burning 
of some constituent of the cap which did not explode, but an 
improbably large amount of such material would be required to 
produce an appreciable effect while the bubble is large. During 
the later stages of the contraction the measurements of the 
radius may have been systematically too large, since the bubble 
grew an opaque "beard". Near the maximum, however, the only 
explanation of the asymmetry would seem to be the distortion of 
the pictures by disturbance of the water surface or bending of 


the mirror, as already mentioned. 
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6. DEPARTURES FROM SPHERICAL SHAPE 


In the analysis of Appendices 4 and 5, which has just 
been discussed, the effects of gravity and of nearby surfaces are 
treated as small perturbations on the motion. As is shown in 
these appendices, the perturbed motion is in first approximation 
merely a superposition of radial and translatory motions, without 
any change in the spherical shape of the bubble. Moreover, 
Taylor** has shown that the observed motion of bubbles can be 
approximately calculated, even when the migration is large, by a 
theory in which the bubble is constrained to be spherical at all 
times. However, it is clear that in higher approximations depar- 
tures from sphericity will occur, and photagraphs taken during 
the later war years”? do in fact show that in the contracted 
stages the bubble becomes flattened in a plane, normal to its 
direction of migration, and sometimes develops a mushroom-like 
shape. As this flattening has a significant effect on the rate 
of migration and on the intensity of the pressure pulse, some 


theoretical study has been devoted to it}, The present section 


22 See the article by Taylor in this volume. 


23 see the article "Motion and Shape of the Hollow Produced by 
an Explosion in Liquid" by Taylor and Davies in this volume. 


2h See for example the article of Penney and Price in this 
volume. 
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will be devoted to some qualitative comments on the physical 
causes of this flattening and of finer-scale departures from 
sphericity. 

An easy way to see why a rapidly moving bubble must ee 
come flattened is to consider the non-uniformity in the distribu- 
tion of pressure over the surface of a bubble which is constrained 
to remain spherical. In Taylor's approximation, where the bubble, 
though constrained to be spherical, is free to expand or con- 
tract and to move up and down, it is clear that the average pres- 
sure over the surface of the bubble will equal the gas pressure 
and that the first moment of the pressure will be zero. It is not 
hard to show further that the second moment of the pressure, i.e., 
the coefficient of the second order spherical harmonic in the 
expansion of the pressure at the surface of the bubble, must in 
this approximation be the same as for a uniformly moving rigid 
sphere whose size and translational velocity are the same as the 
instantaneous values for the bubble. This can be verified from 
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Taylor's explicit expression for the pressure’~, in which the 


only terms in cos* @ or sin* 


@ are simply proportional to the 
square of the velocity of migration, independent of radial velocity 
and acceleration. Now it is well known that in the steady motion 
of a rigid sphere through an incompressible frictionless fluid the 


pressure is higher at the front and rear stagnation points than 


“See the article by Taylor in this volume. 
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at the sides where the fluid moves tangentially to the sphere. 

It is therefore to be expected that an explosion bubble will 

flatten if Taylor's constraint of sphericity is replaced by the 

boundary condition that the pressure be constant over the boundary. 
Small-scale distortions of the surface of the bubble 

tend to become greatly exaggerated during the contracted stages. 

This is illustrated by the fact that near the minimum radius 

bubbles usually present a decidedly prickly appearance. The 

phenomenon can be understood mathematically in terms of the treat- 


26 


ment given by Penney and Price” for the motion of a bubble depart- 
ing slightly from spherical shape. Qualitatively, the cause 

seems to be that illustrated in Fig. 3. Here the top curve may 

be taken to represent a small portion of the surface of the bubble, 
as distorted by some accidental ripples. This surface is of course 
a contour of constant pressure. As we go away from the surface 
into the water (down in the figure) the contours of constant 
pressure must become smoother, as shown. This means that the 
pressure gradient must be numerically greater at the “*troughs" 

of the ripples in the figure than at the crests. If the pressure 
is higher in the bubble than a short distance outside it, as is 

the case in the contracted stages, the troughs will be accelerated 
downward much more than the crests, and the amplitude of the 

riples will increase. If on the other hand the pressure gradient 
is in the opposite direction, as it is when the bubble is large, 
the troughs will be accelerated upward relatively to the crests, 
and the ripples will be leveled out. 


26 see the article by Penney and Price in this volume. 


7. THE ENERGY BALANCE 


It has already been mentioned in Section 4 above 
that the energy lost between suacessive pulsations seems to 


be considerably greater than the acoustic energy radiated. 


This is illustrated in Fig. 4, which shows, on a smaller scale, 


the successive pulsations of the same bubble as Fig. 2. The 
energies of the first two pulsations are roughly proportional 
to the cubes of the maximum radii, hence are in about the 
ratio 1:0.31 . As a check, the kinetic energies shortly 
before and shortly after the first minimum appear to be in 
about the same ratio. Although no acoustic measurements of 
the bubble pulse were made for this explosion, it seems quite 
certain from other cases in which such measurements have been 


taken~" 


that nowhere near 70% of the energy of the first 
Oscillation could have been radiated acoustically. Several 
processes may be considered in an effort to find a cause 
for this additional dissipation: 

(1) Turbulenee. It has been noticed that for some 
Cases, where the bubble is migrating rapidly the non-acoustic 
@issipation of energy is of the same order of magnitude as 
that which would be expected for the dissipation in the 
turbulent wake of a uniformly moving solid sphere of the same 
size and velocity as the bubble at its minimum, in a time 


of the same order as the duration of the contracted stage. 


Since the Reynolds number for such cases may be of the order 


27566 for example A. B. Arons and D. R. Yennie, Rev. 


Mod. Phys. 20, 519 (1948), also Volume I of this Compendium. 
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jig 107, it is certainly worth while to examine seriously the 
possibility of turbulent dissipation. However, there are two 
considerations which make it seem unlikely that this is the 
principal cause of the energy loss. In the first place, there 
is to the author's knowledge no evidence that the disappearance 
of energy is significantly less serious for bubbles which do 
not migrate than for bubbles which migrate rapidly; since one 
expects turbulence to be much less serious for a stationary bubble, 
a large energy disappearance for such cases would probably have 
to be attributed to other mechanisms. In the second place, it 
is questionable whether turbulence could develop quickly enough 
to vroduce a steady-state rate of dissipation in the very short 
time covered by the contracted stage. For there are no solid 
boundaries to helv start the turbulence, and a calculation of 
the stresses due to viscosity in the velocity field of Taylor's 
theory shows these stresses to be negligible in comparison with 
the hydrostatic pressure. 

(i1) Cavitation. It is just possible that the pressure 
a short distance above a rising bubble may be low enough to 
produce a cavitation. However, even if this should occur for 
a rising bubble it would not explain the energy loss of a 
stationary bubble. 

(1411) Transfer of heat from the compressed gas to the 
water. Loss of energy through trermal conduction can easily be 
shown t> be negligible if the motion of the gas in the bubble 
igs non-turbulent. If an appreciable portion of the energy of 
the gas is to be lost by conduction, the drop in temperature be- 


tween center and boundary of the bubble must be distributed over 


ar E 
) appreciable fraction of the radius a. In such a case the 
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flow of heat outward in one period has the order of magnitude 

wef 02. KA® dt (19) 
where K is the the nial A onduetawey of the gas and 4@ the 
difference in temverature between the center of the bubble 
and the water at the boundary. The ratio of (19) to QorwW 
becomes smaller the larger the explosion. However, it is 
easily verified that (19) is entirely negligible as compared 
with the total energy Q or W, even for the smallest explosions. 
It seems unlikely that there can be any appreciable departure 
from adiabatic conditions, even when convection inside the 
bubble is taken into account. 

(Av) A lag in the achievement of therval equilibrium 

in the gas as it is compressed. If such a lag is present the 
work done by the water in compressing the gas will be greater 
than the work given up by the gas in re-exnanding, and the dif- 
ference will be manifested as an irreversible heating of the 
fas. It is not unlikely that such an effect exists , especially 
since soot particles and possibly water droplets may be present 
in the gas. However, if this is the predominant cause of the 
energy loss, the unbalance in the energy equation sought to depend 
strongly on the scale of the explosion. For the dissipation 
due to the lag inequilibrium should become very small when the 
duration of the contracted stage becomes either very short or 
very long compared with the time required to establish thermal 
equilibrium in the gas. To the best of the author's knowledge, 
no such dependence on scale has been noticed; however, there 


is not a very wide range of charge sizes for which accurate 
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measurements of bubble sizes and acoustic pressures have been — 


made. 


APPENDIX 1. PULSATIONS OF A BUBBLE IN AN 
INCOMPRESSIBLE FLUID 


We have to integrate the energy equation (5) of 


Section 3. This equation is 


eTeae (32)"+ 4qee PaotGla) |e W (1) 


Consider first the case where the potential energy G of 
the gas is neglected. Solving (1) for dt and intozrating 


we have for the expanding phase 


ihe oe S iasey (2) 
W 2 3 
epee ec 3,90 4 


where t,, is the time of maximum size. (It is convenient 
to choose the maximum as origin because the approximations 
of this simplified theory are most nearly fulfilled near 


the maximum.) Putting 


vous = = 2 4T Poo (3) 
8nax a | 


we have from (2) / f at Z, 
ae vA -% y (2 
gh gk x ane w pieces 


Sey ear 


The most convenient way to svaluate the intecral for values 


tr -t = (4) 


of the lower limit different from zero is to transform it 


into an incomplete beta function. If we set 


Zee-% Vil - y> (5) 
we have ys 42 (1-2) 


3 ya 
dzz ¥. Re IS 60 that 


Ve 
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= 
xs 
& 
ts 


(28)- 3, (28) 


; ae a 
where Bx (m,n) Sees ax is the incomplste beta 
© 


function. Now in the range from 0 to 1/2 the factor 


=i} 
(1-2) ” varies quite slowly, and 1t can be quite satis- 
factorily approximated over the range of integration by 
a varabola. By this :eans the curve shown in Fig. 2 
wes constructed. The redius-time curve is thus 
bisqace: s 
Bees “a = Ws ¥V, fs 

tm ~ t s\ErR eRe Wo (BR - By (7) 
where 2 is given by (5) and (3) and B, is to be read from 
Pigs 5S: 

The period is obtained in the present approximation 


by setting 2 = 0 in (7) and multiplying by two. We have 


: (5)|* 
= @a- x@p- EEL 
3 


so the period is 


tL sas 4 
T 2 1.135 opi wi (8) 
° 
Let us now consider the other extreme, that of 
smell oscillations about the equilibrium radius a, . If 
the pressure-volume relation for the gas is 


IF 3% 
pa = pa, ay (9) 
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where ® is the ratio of the specific heats, we may set 


a Ve 6a a,P* 3 
Gs wf, p@aV -s tr Bice 2 2) a (10) 
We 


If we set x = a, the kinetic energy term of (1) 1s 


ame ax 
ae &) = 


If we expand the potential snergy terms in powers of 
Ho 
(x = x)» where X, = a”, we find 


2 
Potential energy = constant + se TO Pook pan oe (12) 


From (11) and (12) the limiting period for small oscillations 
comes out as 

T= oT eme/e5 RAL: garenas, (13) 

247 OPoo X “%/o5 far 

No detailed calculation of the period for inter- 
mediate cases will be attempted here. The order of meg 
nitude of tne deviation from (8) caused by gas pressure 
can, however, be estimated as follows. Since in (13) the 
radius a, is the mean of the maximum and mininium radii for 
the small oscillations, it is tempting to rewrite (S) in 
terms of the mean of the two radii Bt nee and 0. If this is 


done by putting 


ayet = 
Smeen = 5% max * & WT 8max Poo = W » 
and if in (13) we take Y= 1.4 to cet a numerical value, we 


find from (8) and (13) respectively 
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To = 1.829 Roar te (14) 
sha. 66)¢-pe ete an (14a) 
Tey mSeO70 pea, (15) 


Thus, the coefficient of the mean radius in the expression 
for the period varies only slightly from infinitely large 

to infinitely small amplitudes. A numerical calculation 
made by Professor Kennard gives the result that for @ 2 1.4, 


Snax = 5.9 @nin ®& 2.07 a, ’ 


“4, te ~ th 
HW) So BiG &o) ae Teese 3) 1.9650 De ges 


Thus, for large amplitudes (14) gives a better approximation 
to T than (14a), while for small amplitudes the reverse is 
the case. 

A calculation of the form of the a vs,t curve 
takings account of gas pressure could be made as follows. 
For small a and reasonably large amplitudes, the second 
tema of (1) could be nerlected or treated as a small 
correction; the integral for weenid then be reduced to 
an incomplete beta function with indices involving a. 
For large values of a, the term G(a) could be regarded as 
& small correction, and another tractable integral obtained. 
It is hardly worth while to carry out the calculations for 
small a, however, since when the amplitude of motion is 
large the a va.t curve in this regicn will be influenced 
by dissipation (see Sections 4 and@ 7). : The calculations 
for large a will be briefly sketched here, in order to show 


that the effect of sas pressure on the outer parts of the 
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motion is slight. The correct refinement of (2) is 


te 
aaa - vi a da ES Beara 
a 


MUEe eo ~ 2Po 3 Gla) , (emax) 
Bre” Srp mex)” 3° - tretare 


we may treat the last two terns under the radical as small 
compared with the remaining ones and so replace the integrand 
by the first two terms of its expansion in powers of these. 
Setting W - G(aax) = ST pio Smax we have, on making the 


sane substitutions as before, 


/ 
3 beycde rae & /P2Ed ag! 
Omax) xo— | | LSE» ef = (LS) 9 07) 
Puc y yi = y 2 (wv -1) aes ley > 


J 


tr - & 


where y, = 2 Biaaes » The first term in the brackets would 
give the motion as previously calculated. Tho second can be 


evaluated with sufficient accuracy for values of y near 1 by 


setting 
3-3 
eyed bea (a1) 4 Oe) (ey) ese 
1-y? 2 


and then introducing the variable z defined by (5). The 
details will be omitted here, since we shall only need the 
order of magnitude of the ratio of the second term of (17) to 
the first when y is near 1. This ratio is asymptotically 
e’ /2, which is small for the value of y, (~ 0.4) 

which characterizes the first pulsation. 

It should be remembered that & becomes large almost 
instantaneously after the detonation, so that the influence of 
G88 pressure does not increase the time taken by the first ex- 
pansion in the way that it increases the time of the ensuing 


contraction. 
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APPENDIX 2 PULSATIONS OF A BUBBLE IN A FLUID 
OF FINITE COMPRESSIBILITY 


In this discussion we shall start from the 
equation of motion of a viscous fluid, although it will 
tur out that the effect of viscosity on the pulsation 
of a spherically symmetrical bubble is negligible. The 


Stokes-Navier equation is 


2¥ .¥-v7- ores aie ao a = 
tt yee ea a (1) 


where the symbols have the meanings explained on the 
notation sheet. For spherically symmetrical motion we 


have for the radial components of the various terms 


vv : O— (L y*) 
Ve Vv Or (3 v ‘ 
ad ° a ree 
Sd ° ov 2 Ov 
Vv H BIE POI wen, 
V ea r r r~* 
and so (1) becomes 
Ov OL 2. 40073 av v je - 1 Op 
aon cee a © oF 


Let us intecsrate this equation on r, at a civen instant of 
time, from the surface of the bubble to infinity. The order 
of mapnitude of the effect of the viscosity term is not 
likely to be much influenced by assuming that 5 is 
constant for all stages of compression; this simplifying 


assumption will therefore be made, since this term will 
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turn out to be negligible anyway. It will be convenient 
to separate the intesrated equaticn into terms charac- 
teristic of incompressible motion and terms involving 


VV = 1 2 (r*v) 26, say. fccordingly, we note that 


x or 
5 ” ne. 
2 | ae 
[ ar = (& (r*v)a(-1/,) - r OY + r 2° ar 
a a aa % 
5 
dia Ov tv Ov 


Tea 


i see _ fap ¥ 
a 28 _ - a Nis oO i / da 
age * aE ae) jor St (ewe ede 
ria 
4m fav 2 are 
v v 5 
a 2) ar oor € : 
r=3 rss 
or finally, 
oo 
da 3 aa) da ,( 
ada ga)j -a 
ae +B \ at ae T+ [P28 ary 4m 6 (a) 
a 3e 
ret (ee) 
Sba% dp (3) 
rea e 


This equation should be valid even for rather early staces 
of the motion, when the shock wave front has advanced only 
a few times the initial bubble radius. This is because the 


sterting equation (1) is valid right throuyh the shock 
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wave front. In the intorpretation of the right side of (3) 
we should remember that, strictly speaking, p is not quite 
the sase function of @ in the shock wave front that it is 
elsewhere, because heat is being seneratod in this rerion 
by irreversible processes. In practice we may Ignore this 
complication, however, as the extra pressure due to this 
heating is neglicible. If tnis is done, the richt side 

of (3) will be a known function ef the pressure at r «= a. 


-oreover we have 


=a ep ence Pa ream geno 
O 6; - 5 = wade (4) 


Psa 7 et Pee 


a 
ited 


where ¢c = (2By" ts the velocity of sound in water. Thus, 

if va assume that the oressure is «miform throughout the 
bubbles, so thet p(a) is a known function corresponding 

to an adiabatic law, (3) will beceme an ord meny differential 
equation for e(t), except for the torn fx ee dr TED 

shell now try to transform this term. 

An inspection of (3) shows that the only terms 
which can be responsible for a dissipation of energy are 
the last two on the left, since all the others are un- 
changed when the sign of s is changed. The first of 
these must account for the energy radiated away in the 
form of sound. fs hint on Low to evaluate this term is 
provided by considering the special case in which the 
anplitude of the motion is smail enough so that the 
ordinary acoustical theory can be used. In such a case 


a 


G will chey tha wave equation and,sinecs only outzoing 


waves satisfy our boundary conditions, we may write 


ro(r,t) = f(t -=) ’ (5) 


where c is the velocity of sound in water. We then have 


oo oo 
[c# dr = -c / 2(®9) ap s cac(a) (6) 
a Oe Ras 


For the large anplitudes with which we are chiefly con- 
cerned the acoustical theory on which (5) is based is of 
course invalid. It will be shown below, however, that 
for large aiplitudes of motion the integral on the left 
of (6) can be represented by the same torm, cac(a) , 
plus other terms of lesser importance. 

Let us start by taking the divergence of the 
Euler equation (i.e., of equation (1) without the viscosity 
terms) and then cifferentiate with respect to time. The 


result is 


Dios lly) af 3 
Spee ota 5 v4 3B) (7) 


Now 2h ee = e[ -ec-¥.7¢| 


For simplicity it will be assumed that c is not appreciably 
chanced under the compressions to be encountered, so that 
it cen be treated as a constant in the differentiation. 
This approximation is only bad at the start of the first 
pulse, a stage which we have already sxcluded from the 
present treatment because at this stare the pressure cannot 


be assumed constant throughout the ¢as bubble. For constant 
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c, (7} becomes 


a 
oy a = 
ooo V lo* ¥. vice ¢ = ¥. 3E (8) 
1.e., in the present case of spherical symmetry 
aro) 29(ro) 
x ay 
Joes ha’ oe = F (r,t) , say. (9) 


Let us multiply the equation (9) by an arbitrary function 
3 [e+ Gn) and integrate on t from -~™to 0 and onr 
from Yr, to 00, where r,< r,- (The function & will play the 
role of the "Dirae celta function" used in quantum 
mechanics. ) 

On integrating by parts and taking o and F as 


vanishing at t s ce or at r < oo, we obtain 


f f27GEe ave s, atdr of a dr - [38] dr 
° wT, “€=0 ee ted 
+f “{ 2¢s) 5] * at - [ro 38 oS ool fiw (10) 


But Oi ~ Ce =<: O and 


ot* ms c 4 


in the third integral on the left we can use 3t Fc ge ? 
so that (10) becomes 


j pees eaized] se PF.) ar +er,o° (75,0) § (Zz?) 
PY, 


Oo 


co 
fer 2 
jhe Ee) 5 re 38 dt af [ese (11) 
rst, r Co 


° 
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Now let us specify that $§(x) be differont from zero only 
in a very narrow range about x = 0, and that J 8 (x)dx = 1. 
As we make 6(x) narrower and narrower the last two terms on 
the left of (11) will eventually vanish, while the rest of 


the equation approaches 


° 
c = pene 22) | S of (r,-ct,t)dt (12) 
ted — oo 


Ps? 


Integrating (12) on r, gives now, for t = 0 


oo a=) 
[2 &) ar = wciar [fr -ct,t) dtdr, (13) 
- So 


a a 

The double integral on the right represents the correction. 
to (6) necessitated by the fact that the amplitude of motion 
is large. It can be approximately evaluated by inserting 
for F a function obtained from the non-compressive approxi- 


mation. ‘ie have from (8) and (9) 


cd z 
F.erV @ = —— (14) 
where 
$ = ¥.[ ctv aoe¢ = 
Now > 
peeice ale Monee | 
¢ Vlog = Cimdp V) C=eser VP 
= 
=~ oe -V.0F 
so we have d = -2v 2 = ea OLN. (15) 
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Since v in the non-compressive approximation varies inversely 
as r’, $ will die off very rapidly as we go away from the 
bubble, and the chief contribution to the double integral 

in (13) will come from values of (r= ct) very close to a. 
Therefore, there can hardly be a very large error intro- 
duced by using the non-compressive approximation to v in 

the evaluation of this integral. Also, we may note that 

at Ke, most of the variation in during the integration 
on t is due to tne change in the argurent (r,- ct), and 

very little to the change in the argument t. Thus, we 


may set 


Roy et,t) = F(r - ct,0) +t F(r, =-ct,0) (16) 
end gauge the adequacy of the approximation by the smallness 


of the effect of the second term. We have 
° 00, Oo t) a9 
8 /_ co avr, S a/r 
oo co 


(r-a) F (r,0) ar - see (nea) Ble, 0yae (17) 
a a 


ole 


Using (14) the first of these interrals becomes just 

= $(a,0) » The second can be evaluated using (14) and (15) 
with the non-compressive approximation to ve. The details of 
this will not be given here and we shall merely state the 
result. It is that the effect on the motion of the second 
term of (17) is rather less than that of the first during 
the first contraction of the bubble. Both terms are largest 


for the stazses near that of minimum radius, although the 
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first vanishes at this radius. The effect of the second 
term may be larger than that of the first just after the 
explosion takes place, but the present analysis is pre- 
vented by other reasons from applying to these stages. The 
larger the radius of the bubble, the smaller the effect of 
the second term compared with the first: a numerical cal- 


culation cives a value of about .05 for the ratio of the 


second term to the first when = 5 e Since the first 


&max 
term itself is not very important, we shall drop the 


second term and write (17) as 


co -o 
Me - ct,t) dtar ~ © $(a,0) 
& /-co 
a@f--x&[e@] oo 


We are now ready to solve (3) by using (18), 
(13), and (4). The last term on the left of (3) can now | 
be seen to be entirely negligible, since the principal part 
of the correction to the non-compressive approximation is 


the term cag(a) in (13) : we have in fact, in c.g.s. units, 


aa 7/10" ~ while ca ~10° to 10’ . We thus write (3) 
d*a , 3/éa ae a “(ge sete) se 
eae t (ge) a 7% Pee W-S) (19) 


Now the left side of (19) is 


90 


while on the right we have 


Yr» co 


zz 
= Sp pla) -Po . [p(a) - Po} 
S Die aCe ar a ee pte Ba f 
rea Co ERISA. 


where ee is the density at infinity. The second term is 
negligible for all stazes of the motion except those 
immediately following the explosion, so we may write (19) 


in intecrated form as 
sy, de, a da 
3/da\ (1. 4 dt p(a) - Pp a_ dp(a) at x 
é (3) ( 3 B). f [emen tea ah co) 
oo 
anax = 


The equation (20) is the extension of the energy equation (5) 


or Section 3, to wnich it reduces as cc, 


The factor (a - 2 - on the left of (20) has 
merely thse effect of making the curve of a acainst t 
asymmetrical {i.e., of making the contraction slower than the 
expansion), without however producing any dissipation of 
energy. Since sewe for all those stages of the motion 
which we ere considering here, this factor is rather unim- 
portant. The dissipation of energy arises from the term 


in & on the right. For we have 


‘a a-a 
3 fa 
/ 2a dp(a) 2 3 da\ dp(a) 
7 8nax Ze *Bnax 


Since ge <0, this term is negative end becomes ever 
creater in magnitude in the course of time. The effect of 


this dissipation on the motion is discussed briefly in 


Appendix 3, where it is shown that only a negligible 
amount of energy is radiated when the bubble is larse, 
but that at the first contraction an appreciable 
radiation of energy may take place. 

Before concluding, it should be mentioned that 
the preceding analysis disposes of an objection which may 
be raised acsainst the simple theory of Appendix 1. The 
objection is that for a certain range of depths the 
pressure jump at the shock wave remains freater than po 
for a large part of the period of the first pulsation. 

It is therefore not immediately obvious that the motion 
of the bubble will be the same in the actual case ag in 
the non-compressive approximation, for which the pressure- 
radius curve of lisure 1 would be replaced by a monotonic 


curve with asymptote po. 
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APPENDIX 3 CALCULATIONS OF THE RATE OF 
RADIATION OF ENERGY 


In this Appendix the rate of radiation of energy 
from the pulsating bubble will be calculated on the assump- 
tion that the rate of energy loss is so snall that it has 
a necligible effect on the course of the motion. This 
assumption will turn out to besomewhat rough near the first 
minimum or two, but the calculations here will at least 
indicate tne order of magnitude of the energy loss. Our 
starting point will be equation (20) of Appendix 2. As 
explained there, it is a fairly good approximation to 
neglect the Se /e on both sides, so we write the equation 


as 
> C . 3 
er ea°(3) iy (rt) - *) 47 a*da 2 an & ada (1) 
max &max 


The left of (1) differs only by an additive constant from 
the left of equation (5) of Section.3 of the text: it thus 
represents the kinetic and potential energy which would be 


present for the motion of a bubble in an incompressible 
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fluid with the same a and . There cannot be much 
error involved in assuming that the amount of energy radiated 
during the contracted stage is equal to the total change in the 


right of (1) during this stage. 


The right of (1) will be evaluated by inserting 


the value of da which would obtain if there were no 


at 


dissipation. We shall consider three extreme cases: 


(4) Small vibrations about the equilibrium radius By. 
This case provides a check on the starting 
formule (1), which should yield the same result 
as the usual acoustical theory for a simple 
source, 


{ii} Near the maximum radius for vibrations of 
any amplitude. 


(111) Near the minimum radius, for vibrations of 
large anplitude. 


In all three cases we shall assume for gimplicity that the 


pressure-volume relation is 


3243 3U IO 


(4) From (1) and (2) the energy dissipated in one 


cycle is 
4 3X, 
~ 477 ép jda\” 3 127 % (3 4a >» 
40 6 sp ie) edt = ered ey (38) a’ at 


which in the limit of very small oscillations is 


6T ¥ peo da \* 
Cc Cee (3) T, 


MAX 
woere T, is the period. At the same time the total energy is 


areas (38h ® 


max 
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so that the fraction of this energy lost per cycle is 


Doo 
SDieots y 
PE eeS it e737 Me Ris (4) 
e c8, c 
by (13) of Appendix 1. In the usual acoustical theory 


the energy radiated by a simple source in one period is 


TT Te 
tT. Ts 


where A s 47a” ae) is the "strength" of the source. 
max 
The ratio of this to (3) is easily verified, by using (13) 
of Appendix 1, to be the same as (4). For P,, 2 1 atmosphere, 
214, 621-5 x 10° cm/sec, (4) comes out to be .086. 
(ii) In the neighborhood of the maximum radius let 
(Siena) ~~ Bt~ (5) 


where the time t=O is taken as the time of maximum radius. 


The negative of the right of (1) is then asymptotically 


To a Me 
127 Fee (BL Nee (26t)” at 
@) 
oe > 
= 1s 7 ines baat Bee (Ome x” e) 
= c ara max £ (6) 
The kinetic energy is 
beatae 
21 e a ge wate ay a oe) (7) 
and the ratio of (6) to (7) is 
3x Y Pee. 3 
2 Bpo fa, \ t = 3.c6y-—e-(2 \ & (8) 
es Snax | °max Emax} To 
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by (14) of Appendix 1. The quantity (3) represents the 
> 
fractional change In $e produced by the dissipation, 
7 

as compared with the ideal motion of Appendix 1. This 
change is neslisible in the neishborhood of the maximum 
radius, since for &=2 1.4, p,»,= 1 atzosphere, 
c= 1.5 x 10° er/sec, *| 2-21, (8) reduces to 
8max 3 
“4 t+ 
3.4 x 10 T° 

(111) For large amplitudes of motion we may ipnors poo 


in the neighborhood of the minimum radius, and thus obtain 


from equation (1) of Appendix 1 
da -.¥W-¢ 
Yet eas 


where G = W (“e2) Fe (10) 


(9) 


Using this and (2), the richt of (1) becemes 


vr 
127% Pmax &min ye is 
Se ae l-x dx (12) 


where x = = e Wwe want to find out how much energy is 


radiated ae Re the entire portion of a cycle when 

the radius of the bubble is small (we have seen that the 
radiation is negligible at other times). To do this let 

us take the limits of the interfral in (11) to be 1 and %© 
(the exact value of the upper limit is unimportant) and 
multiply by two. The resulting interral can bse expressed in 
terms of gamma functions, and dividing (11) by W we have 


finally 
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Yel ~ 
On ay Yer’ (3/2) fis ras Prax Amin 
total energy = teen) © Ss an eye (12) 
radieted  \siss 
If we set - 
wo. 40 S31n Pmax 
Por aa Sea) ee 
{12) takes the more convenient form 
| Pmax 
Fraction _ 60 Cioart epee 27-2 3) Jee Ss (13) 
radiated =~ Bly -L ie 
oe (33 
The coefficient of “nas ec has the values 
ne Coefficient 
mais le 
bats 3.0 
2.0 5.8 


It must 
exactly correct 
because we have 


produced by the 


be remembered, Of course, that (13) will not be 
even for a spherically symmetrical motion, 
ignored the modification of the motion 


radiation and by other dissipative mechanisms. 


When asymmetrical influences are present, the radiated energy 


may be very much less, as Taylor” 


has shown, because the 


bubble will not shrink to so gmall a radius. 


ese 


See the article by Taylor in this Volume. 
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APPENDIX 4 EFFECT OF GRAVITY 


Whenever the radius of the pulsating bubble is 
small endugh compared with the height of the column of 
water necessary to produce pressures Do, we may expect 
the effect of gravity on the pulsations to be small. Ac- 
corcingly let us expand the.velocity potential ¢ and the 
shapes of the bubble in powers of ¢. Choosing the initial 
position of the center of the bubble as crigin of coordi~ 
nates, we may denote the radial distance to a point on 
the boundary of the bubble by R( @), where 6-4 is tha 


engle with the vertical. we thus set 


@ (eeu) = Of Q, cr eecve (1) 
Pp (r,t) = or (AL a= eecee (2) 
R(O,t)- = alt) + 6R,(6 ,t) + coe (3) 


Taking py to be the pressure at infinity in the plane z=0O, 


the equation of motion is 


az 
2 oe (vey = Ee re 


Qt Sa) 

ana the first order part of this is 
ad, pe 3 2, g e. = Pe =o 
ot Bre tor a) Tt 2 (5) 


To integrate this we must use three additional relations: 
aes - 
(1) Since V7 3) = 0, tre expansion of p, in 
spnerical haruonics must have the form 


eee B,cos © C, Pz feos 0) 
C= LEIS TR ECAC RATE pe A ie 
, Ye is z zz } v4 ‘ 6 ) 


98 


provided there are no obstacles or free surfaces 
nearby. 

(44) The boundary condition which p, must satisfy 
4s determined by the fact that p(R) is a fixed 
function of the volume V of the bubble, indepen- 
dent of g. Thus, to the first order in ¢g 


Daren o (et) en | SBe] + ep, (a,t) 


- av o(a t) 
p, (ast) + °(5-), Spelt, t), 


from which 


P, (a,0,t,) = = 2 1 oV Spe(a,t) 
ge] nts Go) 


= 


(111) Since 


we have 


a a T a” 
sl 2 da A, , 2B,cos§ 
ay og nla teeta 5 OS 


The procedure is now to substitute (6) and (7) in (5), and 


to use (8) to express A,, B,, +e... in terms of the coef- 


ficients in the spherical harmonic expansion of Rye If we 


let 


mou = rey) P, (cos 6) 
Reo 


(7) | 


(8) 
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(2) 


the differential equation which results for R, will be 
homogeneous when doi, so that the solution which satisfies 


© @ 


20, Se =o at t=0 (start of motion) (10) 


will be simply ©. O. The same will be true when ¢. O, 


since the second term on the right of (7) is proportional 
(0) 


to R, . Thus we have only the equation for Vee 1 to con- 


sider: this equation is 


au, _ aa; 25, C) 
ee dt) +.dt. 733; S area apes 
rsa 
at 
or, using (8) and the relation (38) = ers ’ 
EQ) ¢) 
d = 
Bee ts eS = «a (11) 
This integrates to 
t 
aa) - 2 
Sone a dt (12) 


The equation 


R= a+ en ene @ 
means that to the first order in g the bubble is displaced 
upward by the amount gR @) » without change of size or shape. 
If one is interested only in the relation (12), a much 
simpler derivation can be given. Consider the momentum 
of the water contained in a large vertical cylinder of 
radius § and length L rs » With center at the origin. 
This momentum is 


v Bee ac ates Ge 


bubble cylinder 
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where n is the outward normal in each case. As LS 
the second surface interral soes to zero. If we take the 
origin of coordinates at the instantaneous center of the 
bubble, the evaluation of the first surface integral is 
simplified: we have R,=0 at the given instant, so that 
to the first order in ¢ 


B, z 47 
lim M, =¢ ff & cos OdS = “3 Pee, 


Loco 


3 CG) 
= e eg a 


Srl. 
2) 
by (3). Now the time rate of change of uy is equal to the 
total gravity force acting on the water in the cylinder, 
pilus the total pressure force on the ends, plus the momen~ 


tum entering across the surface. In the limit L-—»ce the 


last contribution vanishes, and the first two five 


dim iz = 400 og 
Lo3e dt 5 8 C8 


Lquating (13) to the time integral of (14) gives (12). 
At the maximum of the first expansion the value 
‘ 
ah t : da. 
of aE Ocan be obtained by substituting the value of AG 
from Appendix 1 into (12): disregarding gas pressure, the 


result turns out to be 


( 
B Ed = a00.62ini eT, 
8*8 ax 


The value of gr? at this stacse is obtained, as to order of 


magnitude at least, by multiplying half of (15) by To/2. 


(13) 


(14) 


(15) 


The rise of the bubble during the first expansion is thus 
proportional to Te, and tho ratio of the distance risen to 
Qnax Proportional to T. The rise is therefore negligible 
for small explosions, but considerable for large ones. 

A conspicuous feature of (12) is that the rise 
is enormously accelerated during the contracting stage, 
because of the a in the denominator. This is an illus- 
tration of the general instability of the contracting 
stage. Even for rather small explosions, the velocity 
of rise will probably become so great during the con- 
traction that the approximation of treating the gravity 
correction as small will break down. It is certain, 
however, that a very rapid vertical acceleration will 
take place, which will tend to create turbulence much 


sooner than it would be created in the absence of gravity. 
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APPENDIX 5 EFFECT OF PROXIMITY TO A FREE 
OR TO A RIGID SURFACK 


Let the center of the gas bubble at the start of 
the motion be a distance h beneath the free surface of the 
water, or alternatively a distance h from a plane rigid 
surface. The water will bet reated as incompressible, and 
gravity will be neglected, since it is easy to show that 
the first-order effects of the surface and of sravity are 
additive. we shall be interested in two effects due to 
the presence of the surface, namely, the change in period 
and the rising or sinking of the bubble. The complete 
theory, which is similar to that of Apperidix 4, is rather 
complicated; however, the calculation of the effect on 
the period can be made quite sinply, snd this will bse 
given first. 

The boundary condition which must be satisfied 
at a free surface is that the pressurs p must be constant 
over the surface. This means that the velocity potential > 


must satisfy 


hiayey (9 si = 0 


ot 
on the surface. Since f is of order 1/r, where r is the 
distance from the center of the bubble, the retio of the 
second tern of (1) to the first will be of order 1/n® as 
bc. It is not hard to show that this ratio is quite 


amall when h is even a few times a so that it will be 


max? 
cood encugh for cur purposes torsplace (1) by the condition 


(1) 
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a =50 on the free surface (2a) 


Alternatively, we must have 


ae ua .0 on the rigid surface (2b) 


where n is the unit normal to the surface. It wlllbse 
convenient to picture ¢ as the electrostatic potential 

due to a charge (end, if necessary, a set of multipoles) 
located at the tnitial center of the bubble, in the presence 
of (a) a grounded conducting plane, or (b) a plane boundary 


of a medium of dielectric constant zero. The total "charge" 


of the bubble is 


e--+ 1. ake ‘e 1 av 
= aT ff ° Up das = = ; (3 
BEbotS iy 4 


surface 


ne 


where V is the volume of the bubble. As is well imowm, the 
field due to the charges induced on the plane in case (aj is 
the same as that produced by an oppositely charged mirror 
imase of the charged bubble: the lines of force (stream 
lines in the hydrodynamical problem) accordiagly look as 
shown in Ficure 6 (a). Similarly in case (b) the ficld 
produced by the polarized dielectric is the same as that 

_ produced by en image with the same sign of charge, and 

the lines of force are as showm in Figure 6 (b). Now the 


kinetic energy of the hydrodynamical problem is 


wie C (7h) ar, 


entire 
fluid 
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which differs only by a constant factor from the electro- 


a fff wor ate 


of the electrical problem. The change in the latter when 


static energy 


the bubble is brought from infinity to a distance h from 
the plene is equal to the work done in this operation. If 
h is a few times larger than the radius a of the bubble, the 
field E acting on the bubble, due to its image, when it is 

a distance x from thea plane, can be taken as t 9*/4x*, with 
the upper sign in case (a), the lower in case (b). The 


work done, therefore, 1s 


-h. 
+ Ae ae 
— FEA ES = TPL 
— 09 
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Any redistribution of charge (normal velocity) on the 
surface of the bubble, and any alteration in thse shape of 
the bubble, due to its proximity to the surface, will give 
a contribution to this work which is of higher order in l/h, 
and negligible if h is several times a. The work (4) is to 
be compared with the electrostatic energy e~/2a of the 
bubble when it is.spherical and at an infinite distance 
from the plane. Thus, to the first order in 1/h we have 
for given V, = ? 

Kinetic energy in = eae Kinetic energy 

presence of surface ~ (1t+-sp-) x (in absence of (5) 

surface 

where the upper sign is to be used for a free surface, the 
lower sien for a rigid surface. 

The motion of the bubble in the presence of the 
surface is accordingly given to the first order by multi- 
plying the first term of (1) of Appendix 1 by the factor 
(1 = oy): and integrating the resulting equation. This 
equation may be written simply 


ask) (By. rR) (6) 


(R is used rather than a for the radius of the bubble, since it 
will be convenient to use a(t) for the radius in tre absence 

of perturbing influences.) The form of the function f(R) 
cannot depend on h, since both the total energy, and the 


form of the potential energy function, are indepencent of h. 
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If we set 


R(t) = a(t)+ PER (t)+ Sz, Rl(t)e ee es (7) 
the first order part of (6) is just 


er 
— a fda da dR, = df 1 aii, Nee GONG 
7 S(BreoBMs Se sho ede 


an 
= 2R, SEE (8) 


Since R,=6 at the start of the motion, which we take at 
t=0, the solution of (8) is 


. da a at (9) 


Now R,/n & ia simply the time interval by which ths 
curve of R against t lags behind the curve of 4 against t 
for a fixed radius. The value of this quantity after one 
complete cycle represents the amount by which the period 
is shortened because of the surface. Thus, we nave to 


the first order in 1/h 
T (bh) = T (co) (1+ gq) (10) 


where @ is the time average of a, and where the upper sign 
is for a free surface, the lower for a rigid one. 

When there are two or more plane surfaces near 
the bubble, their effects on the motion are not simply addi- 
tive, even in the first order. In some cases the combined 
effect can be calculated rather easily by the imace methods 


of electrostatics already used. For exanple, consider a 


bubble halfway between the surface and a horizontal rigid 
bottom. The field between these two planes in the equivalent 
electrostatic problem is that of the sriginal charge e and 

an infinite set of images, as shown in Fig. 7. The two 
nearest images give equal and opposite contributions to 

the potential at the bubble, and thus cancel; however, the 
next two images both have charge -e , so give a negative 
contribution. The potential at the bubble due to the infinite 


set of images comes out to be - aa log 2 , which differs 
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only by the factor log 2 = 0.69 fromthe value - $F which 
we would have if the bubble were a distance h from the 


surface in infinitely desp water. Thus for this case 


tere T (co) (1 - B82 ) 


If, on the other hand, the bubble were between two parallel 
infinite rigid surfaces, its kinetic energy when expanding 
or contracting would be infinite; for this case T=coo in 
the non=-compressive approximation. 

In the discussion so far, nc account has been 
taken of any displacement of the center of the bubble, 
or of any deviation from spherical shape,due to the proxi- 
mity of the surface. Following the ideas used in Appen- 
dix 4, let us set 


$ (Ft) 2 &, te z >, ale Ke P an © ee (11) 
p (r,t) = pt é Py oh HP ws (12) 
R(6,t) s a(thteérthre 9-7! (13) 


where R is the distance from the origin (taken at the 

initial position of the center of the bubble) to the 
boundary of the bubble in a direction making angle 6 

with the z axis, which we shall draw fromthe origin toward 
the surface and normal to the letter. The equation of motion 


is 


2D Le2 @ Griptape 
= 5 (7 9) eC (14) 


er oe = 
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and the first and second order parts of this ere 
ag, 2 do oon 2 
not: * “vox OF a aa 


= c (16) 


As in Appendix 4, we use three additional relations to 
intesrate these: 
2 
(i) Since VY >,.= 0 , the expansion of p. in 


spherical Harmonics must have the form 
t 


{ “ A Be 
= — n " t 
p_ Pe $, m par te yt (<a. + atx) cos 8 


/¢' fs 
+ (—S +c r*] Pp. (cos 8) + (17) 
r? n= cos geese af} 


where the terms in n'y Bis Cis ecces PEpresent 
the field produced by the image of the bubble in 
the surface. The potential gp" at the orirfin cue 
to this image is + Sr correct to the second 
order in l/h, where e is given by (3) and where 
the upper sign is for a free surface, the lower 
for a rigid one. Similarly, the gredient of the 
image potential at the crigin is, to the second 


order in l/h 


Oe \n a Bue 
(35) “ 4 ner 
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and, in general, the k*} derivative of cg" at the 


origin is of order ee Thus, we have | 
" az " iil 
-—a da = = - | 
aL na aa aE 9 B - Cy = oe eee 10} (18) 
W ” u 
x BR —a da a 
ho = O, 4o = + Z at 9 Cy = 86 008 = 0 (19) 


(14) To order 1f/h”, the pressure at the boundary 


of the bubble is 


2 HORS 
p(R,t) = p,(a,t) + (R, /o + Rf”) = 
ges R, @ 
P. Pp 
An ae + p, (a,t) —— ~ (20) 
Dee gene Sates /a+ oe tp, (20) 
! 
Also, to the first order in i/h, 
(0) 
' a Ra 
p(R,t) = p (a,t) t+ 47a -2. SS 
iz a dp | 
I ae ~at (21) 
h at / 
where R45 the spherical average of R,. Since 


! 
at the boundary of the bubble 


dp,, is oP, da OP, 
abi) = %e F dete anne’ 


(20) and (21) give 


Sues | 
p(a,9,t) > i se | (22) 
—ps6 


into this we may insert p, froz (14) which is, 
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Pa Ries 1 a a da al ada )~ 
—- = SS Sos —— - Seed —— 
e e rat | * at ee te dt | (25) 


We shell not be interested in the spherically 
symmetrical part of Bo if we anticipate the result 
to be proved below that R, is spherically symnetri- 
cal and remember that p(R,t) is constant over the 


surface of the bubble, we have from (20) 


= 2atSr symmetrical (24) 


pila, 8,t) 2-R oe ee Seber lcelty 
r=a terms 


(iii) In the equation S 2. 34) let us 
r=R 


insert 
<= (2) 
Roe Re Ra Py (cos @ ) (25) 
Lio 
~%® Obtain, as in Appendix 4, 
(0) 
aR - 2 da © a, 
iby OO ais eh Se 
(1) (26) 
aR -_2 da .¢) , fen! 
Rabe) gan + (3 = 5") 
) 
BLOG ee re ' 
5 ata gaan +(Sh- a) (27) 


To obtain the differential equations for the ro“ £) 


we first insert (18) inte (26) and solve these equations for 


Ays 5 etc. In this way the expression (17) for ?, can 


iy) 
©) an), 0, ana te 


If this is now inserted into (15) and the right of (15) ex- 
6) 


pressed in terms of R,’, and of a and its derivatives, by 


be evaluated in terms of the R, 


(22) and (23), a set of second order differential equations 
for the rl) result. All the equations will be homo- 
geneous except that for k=; since at t=0, R= St =0, 
this means that 

@ 


R, 0 for (>0 (28 ) 


ror f«0 we obtain the equation 


(0) 
da aR! Ga da da da) _( 
EE geen aah ans” -6 S28 +088 a” 


3 z Zz 
=i = (8) +E at ae (23) 


It can be verified that (8) is an integral of (29), so that 
the solution (9) cbtained by the simpler method is checked. 


Another check on (29) is obtained by notinc that the left 
side reduces to zero if we set a. ga » corresponding 
to a shift in the starting time. 

The same procedure can be used to get the dif- 
ferential equations for the r& using =(19), (27), (17), 


(16), and (24). For f>1 the resulting equation is homo- 


of. fe) for hor (30) 


Zz 


geneous, so 


For eee have on collecting the terns 
A) (i) 2 
aR Sai Oa kai: Se a zh 3 3a 
a dt = ee} ae = due Z a aay i a a — (31) 


af 0 


\at 


1.6.0, / 
1. poke ae o 4 / 306 
ax dt Tie 


which when integrated by parts gives 
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©) 3 zda 3 +/a “3 
aR 2 sige ts e a) a 
\ 
fe) 
(+) ~ (3 3 — : “ 
Ry = gy (# (t) peas ae $ “os &, at" (33) 
pe 5 wy kat 


We conclude that as far as the second order in 
fh, the effect of the surface is to change the pericd of 
the motion (first order) and to shift the center of the 
bubble a distance Be eee the surface. This latter 
displacement consists of a periodic part and a monotonic 
part. The periodic part represents a sucking of the bubble 
back and forth by its image: the velocity at the origin 
doe to the imace is t e/4n*™ - ft a B/an 3 the first term 
of (32) is three times this because the bubble acquires a 
dipole moment just sufficient to keep the pressures constant 
over its surface. The monotonic second term of (32) is 
negligible compared to the first in the limit of small 
velocities, although not for the velocities encountered 
in explosions. This term, like (12) of Appendix 4, con- 
tains a” in the denominator, and thus illustrates the in- 
stability of deviations from spherical symmetry during the 
contraction. The ratio of the monctonic part of the velocity 


@) 
4, She > due to the surface, to the gravity torm gf i of 
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Appendix 4, is (Ages 
Ed 
surface term | = 
gravity term’ 
gh” 


The integrals can be evaluated for t=T, by the methods 
of Appendix 1, in the approximation which neglects gas 


pressure. The results are 
To 
a 
“/da\ at = 0.30 /a2 = 
[<a ; € “max 
0 
3 4 
je dt - 1.14 fo Wis 
(@] 


co 


so thet the ratic is 


surface term - 0.20 Pe o max 
eravity term 7 e gh h 


For small explosions in shallow water or close to a rigid 
surface this ratio can become appreciably greater than one, 


so that the bubble can, for exemple, sink instead of rise. 


It must be reriembered of course that when h is as small 


as two or three times aj, the rate of drift given by (32) 


becomes so large during the contraction that it can by no 


means be regarded as a small correction to the motion. 


Nowever, (32) should give the drift fairly well over the 


sreater part of the first period, so the qualitative con- 


clusion that a bubble will rise or sink in a siven experi- 


ment is probebiys safe. 


(34) 


(35) 


(36) 
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In conclusion, it will be shown that the Ry 


satisfying (31) can be represented as a sum of the 
displacement due to the pressufe gradient produced by the 
image, and the mass motion produced by the image. The 


pressure gradient due to the image is 


ae oe so | pla) = 2. 6 8) Jt ods) (37) 


Equating the time rate of change of the normal momentum 
(compare (13) and (14) of Appendix 4) to the buoyant effect 
of this pressure gradient would give a value z for the 


coordinate of the bubble in the z-direction, satisfying 


a (etea P| = - AWa’ opi, (38) 
at > dtw 3 Sar 


In combining this with (37) we may eliminate p(a) by the 


differentiated energy equation (5) of the text--1.e., by 
Eq. (19) of Appendix 2 with c set equal to infinity <= viz., 


pla) - - [233 5 +3(2)°] 


The result is, to order We 


2 2 
d 3 dz | 4 cl 
ae ESO ee ae (a2) 
= at =: ate Tt (=) (39) 
Now as was stated above in the paragraph following Eq. 
(33), the velocity field due to the image would, in the 


absence of the bubble itself, cause a velocity of motion 


dz /dt in the z-coordinate of the water at the position of 


116 


the bubble center, where 


— + 0(43) , 
a ii 


whence, to order 1h, 


4 2 2 
d_),3 dz a dra 5 /da (40) 
2° a * ae [8 aoe Gé) | 


Adding (39) and (40) gives 


ala 


1 {s .3 da 9 .2/da\?] 
ae : at ies : ] he ; : s 


~ 


Comparison of (31) and (41) shows that to this accuracy C2 ey) 


satisfies the same differential equation as Ro) yn? ° 
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APPENDIX 6 PRESSURE DISTRIBUTION IN 
NON=COMPRESSIVE RADIAL MOTION 


The Euler equation for radial flow is 
duis Tey, CP ot Fale UG)ae) 
Geo gab or eG or (1) 


Integratins this from r to infinity and writing 


Ln <) 
p s [ve so that v = - 2. (2) 
r om 


we find, asswnaing e constant 


é » Og ve 2 
PTS Oe ar :) 


For non-compressive motion outside a bubble of radius a 


we have 
a* da 
Visa at (4) 
e 
so that Ss 
db - a da 
eee (5) 


Substituting (4) and (5) into (3) gives 


Banaue 2a @eN. ea das: 
Bote = Hae 2ee (4) 7 Gece (aE (6) 
Setting r«=a gives 
da. 3 aa \G 
Pla) = Pos @8 Geet Se (#2) (7) 
and solving (7) for da and inserting in (6) gives finally 


atx 


Ein) = pi = 5 [Pte = pt £ ($8) (2 5) (8) 
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It is obvious that the maximum value of (8) will 
occur when a is less than the radius at which se isa 
maximum, but it is not immediately obvious that (8) is a 
maximum when a is a minimum, since in this region increas- 


ing a decreases p(a) but increases ga, However, if we 


at 
3 
assume p(a) to follow an adiabatic law pa =~ constant and 


neglect the Pas term in oquation (1) of Appendix 1, we have 


£@) ee 


W 3 G (ais) = — = Ls an (10) 


Tf (9) and (10) are assumed it can be verified that (8) 


increases with decreasins a all the way down to Bnin? 
whenever 0 >1, as is always the case for perfect gases. 
If r is large enough so that the last term of (3) 


can be nogrlected we haves 


| is - Py.) at we L£ ER (11) 
t 


The maximum of (11) will come when t end a are two times 


for which a* da is a maximum, in the expanding and 


contracting stages respectively. From equation (1) of 


Appendix 1 we have, neglecting G, 
Pp 
- 2 ru (12) 


This is a maximum when 


W a 2 PS 3 8 Poo 3 
Bar else ae eee 
iee., when & = 2 &max (13) 
This maximm value of (12) is 
Pp % -§ -¥, 
2 00 $ % 3 3 p ¥- 
SG Smax (2 = 290) 202 ee 


Insertion of this into (11) gives 


maximum impulse _ 4 2 
of pressure = 2 eae VC Poo (14) 


119 


120 


APPENDIX 7 


EFFECT OF THE INERTIA OF THE GAS 
ON THE PRESSURE PULSE 


It seems unlikely that oscillations of the gas in 


the bubble, 


i.e., non-uniformity of the pressure in the 


bubble due to the inertia of the gas, can cause any 


appreciable wiggles in the pressure pulse emitted during 


the contracted stages. The reasons are as followa: 


(1) 


The pressure gradient at the outer edge of the 


gae shere is 


2p = a’a (1 
(37), =a Te ate 


where, is the density of the gas. The 


equation of motion of the gas can apparently 


be satisfied by a velocity distribution 
approximating a uniform contraction or ex~- 
pansion combined with a pressure distribution 
which is roughly parabolic in r with the slope 
(1) at the boundary. For such a distribution 
it is easy to calculate the fractional ceviation 
of p (a) from the pressure pp which the gas 
would have under static conditions at the same 


volume: the result is 


2 
p(a) =P E oe tps ay (2) 
Ls SP oat 
At the minimm radius, for example, 
d"a (a) 
ali a (eq. (19), Appendix 2) 


at 


(11) 


faa2 ) 


29 


so the second term in the brackets is essentially 


5 


initial stages of the explosion. Thus a motion is 


» which is negligible at all times after the 


possible for which gas inertia is negligible, al 
though it may not be the motion which actually occurs. 
We might suppose the gas to oscillate in one of its 
normal modes, with an amplitude that increases as 

the radius gets smaller. Now the lowest normal 

mode of a sphere of gas has the Periods Uren small 
amplitudes) 1.408/¢ where eo 1s the velocity 

of sound in the gas. Near the minimum radius 

the gas is hot, so that e is high, and the 


period of the gas oscillation is rather small even 


on the scale of the avs. t curve at this stage. 
We may, therefore, expect the efficiency of the 
water in exciting such an oscillation to be small. 
If the amplitude of such a normal mode of vibration 
is to increase greatly as the bubble contracts, the 
normal mode cannot lose much of its energy to the 
water in a period. But if little energy is lost in 
this wa} the effect of the gas oscillations on the 
sound received at a distance in the water will be 


small, 


Lord Rayleigh, Theory of Sound, #331. 


121 


122 


APPENDIX 8 RESUME OF RAMSAUER'S EXPERIMENTS ~~ 


In the experiments of Ramsauer mentioned in the intro- 
duction, the objective was to obtain measurements of the radius-time 
curve for the first expansion of the bubble. Ramsauer worked with 
charges of one or two kiograms of guncotton at depths up to 9 
meters, at a place where the total depth of water was 12 meters. 
The charge was suspended near a submerged iron framework which 
carried a number of rigid electrodes. Electrolytic currents 
flowed to each of these electrodes from a single electrode 
some distanc@ away. When the expanding gas bubble from the explo- 
sion reached any particular electrode, that electrode became iso- 
lated from the water and the current in the circuit to which it 
was connected ceased. Measurement of the time of cessation of 
the current in the circuit of each electrode thus gave a point 
on the radius-time curve of the bubble. Only the expanding 
phase of the motion was studied, and the difficulty of supporting 
electrodes rigidly close to the explosion prevented measurements 
from being taken at less than about a quarter of the maximum 
radius. 

Ramsauer found the variation of ap,, with depth and 
charge of explosive to agree nicely with the prediction W = 
49a Max of the simpbe theory, with W=0.41Q. This is in 
fair agreement with values of W/Q found in recent work for 
other high explosives. He also attempted to check the energy 


equation (5) by using his measured values of da and some calculated 
dt 


50G_ Ramsauer, Ann. d. Physik 72, 265 (1923) 
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values of the gas energy G(a); however, his measurements of 
velocity are not very accurate, and the assumptions from which 
he obtained the equation of state of the gas may be consider- 
ably in error. Plotting the left side of (5) as a function 
of a he drew the conclusion that about four-fifths of the 
quantity (Q-W) represented acoustical energy radiated in the 
stages 34 ae while one-fifth represented dissipation due 
to viscosity and thermal conduction in the later stages of 
the expansion. Very little weight can be given to this, 
however, because of the uncertainty in both the kinetic and 
potential energies. Ramsauer also concluded that the tempera- 
ture of the gas at the end of the exvansion was 160 °C., go 
that none of the water formed by the explosion could condense. 
This conclusion of course rests on the validity of Ramsauer's 
assumptions regarding the equation of state of the explosion 
products. 

Ramsauer noticed that at maximum size the bubble ex- 
tended about 10% farther, measured from the initial center of 
the explosive, in the horizontal direction than in the down- 
ward direction. This rising of the gas bubble is to be 
expected, of course, and is in approximate quantitative 
agreement with the theory of Section 5 and Appendix 4. Another 
incidental effect was observed which-if real is a little puzzling: 
Qngx Seemed to be slightly decreased by placing an equal volume 
of air in the tube which contained the guncotton. 


124 


*uCcCTxeI SBABM HOCUS 
e pue uoTSed eTqqnq e cyUT ucTsOTdxe JeyeMIepunN 


ue fq peonpeud souequnystp 9uy je ucTyededes “*T “St¥ 


JOvLS y3aLv7 (q) 3OVLS ATYVa (D) 


iy 
NOIS3Y NOID3u 

SAVM 3188nNag 
YIOHS 


ALIDOT3SA YO 3YNSS3Yd 


I xfpueddy jc (L) Iba) uiGay: 


125 


paqgnduco eAINO [BOTJaAICcayy 94 puBe fYUAdep yoo;J 
auc ye deo Sut yeucyep efq paonpeud stqqnq eu4y jC 


UCTYES ING YSITJ 8YU. ACJ OAINO OUT J-SNTped PoAtasqgo 


NWOVad AG3SAYX3SEGO + 
O=9 HLIM 
AYOSHL JAIDWIS 


SSHONI NI D 


126, 


Fig. 3. Contours of constant pressure beneath a ripply 


surface which is undergoing a normal acceleration. 
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Fig. 5. Plot of the incomplete beta function B28) ° 
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VERTICAL MOTION OF A SPHERICAL BUBBLE AND THE 
PRESSURE SURROUNDING IT 


G. I. Taylor 
August 1942 


* * * * * * * * * 


Summary. 


The upward motion of the spherical hollow which is formed in water by an explosion is 
discussed on the assumption that the spherical form is preserved. Ouring the expanding stage 
the buoyancy of the hollow gives a large amount of vertical momentum to the surrounding water. 
During the contracting stage this momentum is concentrated round a rapidly diminishing volum. 
An intense concentration of yertical momentum is thus produced in the neightrourhood of the 
vertical line through the charge. The pressure at points aDove the charge and near this line 
rises to considerable values owing to two causes:—- 


(a) When the hollow is near its greatest contraction at the end of its first oscillation 
its centre is nearer to points vertically above the seat of the explosion than it was 
at the time of the explosion (but further from points on the level of the explosion). 


(b) The pressure due to the combination of vertical motion and expansion on the secand 
expansion is in certain circumstances large. 


For comparison with observation, the maximum displacements to be expected ina 
rectangular plate 6 feet x 4 feet x 0.173 inches attacked by 4.65 1b. of T.N.T. placed 
(a) 14 feet below the plate; (bd) 14 feet away horizontally are calculated. They are found to 
be 4,3 and 1.5 Inches respectively. The observeu displacements were 4.35 and 1.15 inches. 


Though complete dynamical similarity is not possible when charges of varying. sizes are 
exploded under water, yet in certain circumstances dynamical similarity should be very nearly 
attained. It is shown, however, that there are large ranges of depth and charye weight which 
could not be explored even approximately by model experiments unless the experimental apparatus 
were so constructed that the atmospherical pressure above the water surface could be reduced, 


The radial motion of the water near the seat of an explosion has been studied by many 
writers. Recently Conyers Herringx has analysed the small change in shape which the expanding 
spherical hollow suffers owing to the varyiny hydrostatic pressure in the water due to gravity. 

He showed that during the period wnen this effect is small it merely displaces the sphere vertically 
without changing its shape. This vertical motion may be regarded as being due to the vertical 
momentum given to the fluid surrounding the spherical hollow by the floating power of the Water 
ie omentum associated with a spherical nollow of radius a moving with velocity — gz is- z 

(3.7 pa? ye st » z being the depth of its centre and p the density of watery fe rate at which 
upward momentum is communicated by the floating power of the hollow is 37 pa g, so that 


ag = -5 oe (a? 2) 
or - = 3 | adt (1) 


Starting with a very small at t = 0, the time of the explosion, it will be seen that during 
the early stages while a is increasing rapidly — dz/at is less than 2gt, i.e. the hollow moves 
upwards more slowly eae it would if a were constant. On the other hand, during the period while 
the hollow is large [ a? a“dt acquires a consideradle magnitude so that when the bubble contracts, 


AND aeoves 
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and a becomee small, ff aut becomes much larger than at so that ~ dz/dt becomes large compared 
with 2gt. Thus the centre of the bubble will be displaced upwards at a rate which rapidly 
increases as a diminishes, in fact the analysis by wnich Conyers Herring shoved that the hollow 
is displaced upwards rapidly ceases to apply. Herring describes this rapid increase in 
displacement as an "illustration of the general instability of the contracting stage". 


Though instability would probably prevent the hollow from remaining approximately spherical 
during the contracting stage, yet photographs of the bubble from the explosion of a detonator by 
Edgertond have given measurable radii over rather more than 2 complete pulsations, so that the 
hollow appears to remain sufficiently coherent for this time to pulsate as though it were spherical. 

This experimental result encourages one to pursue the subject further and to calculate 
what the motion would be if the bubble were constrained to be spherical by some kind of constraint 
which absorbs no energy and no inertia. (1) is stil) applicable. The other equation which must 


be satisfied is that which ensures constancy of energy. The kinetic energy of the water 
surrounding a sphere of radius a is 


27 par (| . soos]. 


(no terms containing the product ie 0 ae appear) 


so that the equation of energy is 
pe es Scale. Ron | ale 
37 pa(gz) + 2m pa | a + 37 pa 7 = w-— G(a) (2) 


where yoz is the pressure at the level z so that z is measured froma point 33 feet above the sea 
surface, W is the totai energy associated with the motion and G(a) is the work which the gas would 
do on the walls of the bubble if expanded adiabatically from radius a to infinity. 


Reduction to non-dimensional form. 


For convenience of calculation (2) may be reduced to nomdimensional form by means of the 
length L which is defined by 


- {ye 
Lies) (3) 
Setting a = a°L, z= z°L toate WE (4) 
3 


a', z' and t* are nomdimensional and (2) and (1) can be written 


6 Ne 2 

da = i G(a) de iidzie 2. = 

oo = = i Se pete — eee 5 
dt’ 277 a’ W 6 dt’ 3 (5) 

d 2 ia 

2 3 , 

— ay a‘-dt 6 

at’ a’ is (6) 


It will be seen that if G(a) could be neglected compared with W, (5) would be nomdimensional 
so that the complete range of solutions of (5) and (6) would only involve the one variable parameter 
which is introduced aouring integration, namely z’., the value of z* at the level of the explosion. 
For this reason it is necessary to estimate the value of G(a) WM. 


Value cf Glab/W., 


The ratio G(a)/w can be calculated from the adiabatic relationship for the gaseous products 
of the explosion. Using the adiabatic relationship Calculated by H. Jones and Miller for T.N.T, 
it is found that below a pressure of about 300 atmospheres the gases expand according to the law 


pv = constant = (4.725 x 10°) (a39.3)*25 = 7.830 x 10° (7) 


WNETE .wmee 
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where v is the volume of 1 gramme of the products of combustion. 
By definition 


: Vere 
G (a) Meer (if pv’ = constant) 


“ 
= 
< B 
a 
< 
" 


9 
7.83 x 10 -0.25 
35 Vv (8) 


ly 
2 
. 
< 
ua 
u 
= 
. 


where M is the mass of explosive. 


Since Mv = 37 a (8) may be written in the form 
0.25 
10 M - 
G(a) = 2.189 x 10°° M (9) 
[3] 


The measurements of the period of the first vibration of bubbles formed by T.N.T. explosions# 
show that W = 0.5Q approximately, where Q is the total energy released, which for T.N.T, may be taken 
as 880 cal. per gam. Thus 


W = M(0.5 x 880 x ¥.2x 107) = 1.85 x 102% (10) 
Thus 0.25 
G(a) — M 
= 1.183 (11) 
W [3] 
1.25 
The corresponging formula for p is p = 1.308 x 10° [3] dynes/sq.cm. (12) 
a 


G(a)/W may be expressed in terms of p only; thus eliminating M/a> from (11) and (12) 


1/5 
G(a) = a 1/5 : : 
= 1.183 = 0.0177 p where p is expressed in dynes/sq.cm. 
W 1.308 x 10 
or S(a) = 0.281 pt/s where p is expressed in atmospheres. (13) 
Ww 


The exponent 1/5 is merely the value of X wheny = 1.25, 


Conditions under which Gla)/N may be neglected. 


It is clear from (13) that it is only when p is considerably less than atmospheric pressure 
that G(a)/W could be neglected, When the bubble is formed at moderate depths the pressure is less 
than atmospheric pressure over a great part of the period of oscillation. It is during this period 
that the greater part of the upward momentum associated with the rise of the bubble is acquired. 

It is useful, therefore, to solve (5) neglecting G(a)/W when one is concerned with the vertical 
motion. It is necessary, however, tc remember the limitations involved in making this simplification, 
The results will certainly be very inaccurate near the point of minimum radius, but they serve to 
bring out certain points which are important in considering whether it is possible to make mode} 
experiments to explore the motion of the bubble. 


Calculation neglecting Gla)/W. 


For purposes of calculation (5) may conveniently be written in the form 


2 2 
da’ = A epee dz" er (zieenze )- 2 Fae (14) 
[ 2m ae 6 [=] 3 © give 10 


whe re zy is tne value of z" at tne depth of the explosion. This equation, together with (6), 
can be integrated step-by-step for any given value of z*,. In the early states when the bubble 


NS goeno 
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is smal) the first term in (1%) is much greater than the others so that (14) may be Integrated 
approximately giving 


ce 
t’ = : Jom atl? = 4.0025 at2/? (15) 


Substituting for a‘ (6) becomes 


Fo 
=e GUC ee (16) 
che i 14 


which may be integrated ta 


' Oe EEA 

Zonas ii ‘i (17) 
2! S 2Eo 
Eigen et 


Using (16) and (17) up to t' = 0 05 and subsequently solving (14) and (6), step-by-step, 
the results for z‘, = 2.0 are shown in Figure 1. The radius of the bubble, the height of its 
centre and the level of its highest point are shown. 


It will be seen that the bubble at first rises slowly but that its centre jumps rapidly 
through a height about equal to twice its maximum radius during the short period while its radius 
is only half the maximum radius. 


The minimum radius is given by a* = 0.211. This seems strange, because if the vertical 
motion is neglected the approximation in wnich G(a)/W is also neglected implies that the bubble 
collapses completely into a point; there is, in fact, no gas pressure to ‘prevent this collapse. 
When the vertical motion is taken into account the collapse is (theoretically) prevented by the 
fact that at a certain minimum radius the whole energy is concentrated in the flow due to the 
rapid vertical motion of the spherical hollcw. 


Similarity on varying scales. 


Since Figure 1 is nomdimensional it is possiole to assign to it any desired linear scale. 
The scale is, in fact, determined only by W and for any given explosive this appears to be 
proportional to M. Thus for T.N.T. the unit length is, from (3) and (10), 


\4 10 Fa 
L = “| | ee ieee Care (18) 
ge ge 


when M is expressed in gm. of explosive and L is in cm. 


The depth below a point 33 feet above the sea is in this case 2L. Thus Figure 1 represents 


a single series of explosions in which a of water + 33 feet is fixed. 


charge diameter) 


A set of scales of depth and the corresponding positions of the sea surface fn relation 
to the explosive are shown at the side of Figure 1. Scales are given for M = 2200 1b., 300 1b., 
10 lb., and 1 oz. It will be seen that the level of the sea surface is well clear of the bubble 
through the greater part of the motion for M = 2200 1b. at 103 feet and 300 Ib. at 50 feet depth 
and that these two explosions might therefore be expected to yive similar pressure distributions. 
Tne 30 1D. charge at 14 feet would give a similar bubble during the greater part of its expansion, 
but near its greatest expansion it would be above the surface and similarity would break down. 
It is evidently impossible to place a cnarge of less than 30 1b. in water so as to give a regime 
which is similar to that produced by the two larger charges. On the other hand, if it were 
possible to reduce the atmospheric pressure to less than 33 feet of water, small-scale models could 
be made; moreover Dy using the correct pressure a model experiment could be carried out which would 
represent either of the large explosions. Tnus if a 1 oz. charge were exploded at a deoth of 
10.0 — 2.4 = 7.6 feet below the surface of water and the air pressure above the water surface were 
reduced to that of 2.4 feet of water, the resulting bubble would (in the present approximation) be 


Similar sence 
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similar to that of 2200 1b. exploding at 103 feet, Similarly a 1 oz. Charge exploding at a depth 
of 10.0 — 4.0 = 6.0 feet below the surface would be similar to a 300 Ib. charge at 50 feet if the 
atmospheric pressure above the 1 oz. charge were reduced to 4.0 feet of water, 


Conditions when the bubble is near its point of greatest contraction. 


The approximation in which G(a) is neglected in comparison with W does not give useful 
results near the point of minimum radius. To investigate phenomena which depend on conditions 
near this point it is necessary to use (5) instead of (14). The calculation must then refer to 
one charge and one depth only, though it is still convenient to use tne non-dimensional form (5). 
As an example a charge of 4.65 1b. exploded at depth of 20 feet is chosen, because in an experiment 
made under these conditions effects were produced which might be attributed to the effect of gravity. 
In this case the value of L is 4¥5 cm. or 14.6 feet, and z' = “ppp = 3.62, and t’ = 1.47t 
when t is expressed in seconds. 


For convenience in calculation (11) may be exoressed in terms of a’ and L by the formula 


Gla) = 9.0377 (0+25 44-0475 (19) 


and when L = 445 cm., this gives 
3) = 0.0815 at70-75 (20) 


Figure 2 shows the radius and depth of tne centre at time t after the explosion. In the 
experiment above a box containing an air—backed plate was placed at a depth of 6 feet, 14 feet 
above the charge. This is shown in Figure 2, 


Effect of vertical motion on maximum pressure. 


When the effect of compressibility and of vertical motion is neglected the maximum pressure 
in the bubble occurs when G(a) = W and from (11) this will be found to correspond with 


Me -4oe 
As (1.183) = 0.51 and 
fy =) 4e308 140" (OnG%)---> = sees x 40° = 863/-athioss (21) 
When M = 4.65 1b. = 2100 gm, 
a3 = as = 4130 so that a = 16.0 cm. 
and a'= geo = 0,036 (22) 


It will be seen that the effect of the vertical motion is to prevent the high pressure 
associated with this very small radius from being formed. Thus in Figure 2 the minimum radius 
will be seen to be a’ = 0,120, which is 3.3 times as yreat as that which would occur in the absence 
of gravity. The pressure corresponding with a = (0.120) (445) = 53.4 cm. is only 5.0 atmos., so 
that this effect on gravity is to reduce the maximum pressure in this case in the ratio 100:1, 


The amount of energy radiated in the form of a compressibility wave during the perlod of 


greatest compression depends on the Prax the greatest pressure. Conyers Herring and Willis have 
developed formulae giving for the proportion of W which is radiated the formula 


F = Fraction radiated = A [“px fe (23) 


where A depends only on’ and c is the velocity of sound in water. For y = 1.25, A = 1.87, so 
that (23) would give as the fraction radiated 


ee 
fp = 1-87V 5.63 x 10 
1.44 x 10 


= 0.31 (24) 


136 Hide 


if the effect of gravity is neglected, 


1.877 5.9 x 108 | Ae (25) 
1.44 x 10 


or F 


according to the calculations illustrated in Figure 2. 


If the same charge had been exploded at a greater depth the bubble would not have expanded 
to sc great a radius; it would therefore not have risen so much and F would have been greater. 
It would be interesting to repeat the calculation for the same charge for a range of depths, i.e. of 
values of 2's 


Pressure distribution. 


Tne pressure in an incompressible fluid due to the motion of an expanding or cantracting 
sphere when the centre moves with velocity U in a straight line is obtained from Bernouilli’s 
equation. The velocity potential ¢ is 

2 3 
ava 1 Ua 
Go SG se cos 9 
at sees 


where @ is the angle between the radius vector r and the direction of motion, 4 written for da/dt, 
¢ referred to axes which move with velocity U so that the pressure is given by 


2 = oe - 1 Oe ee as (26) 
Pp Ox 2 


where u and v are the velocity components referred to fixed axes and o¢g/e t is the time rate of 
variation of d at a point wnich is fixed relative to the centre of the sphere and therefore moves 
with velocity U. O@/dx is the space rate of change of ¢ in the direction of U. The velocity 
components u and v are radial and tangential, so that 


2 Gch. ec va? 

u = -<¢ = ee + > cos 0 (27) 
od Bcd eh ee : 

v= == s¢ ae 5 Usin@ (28) 


2 3 
and = @€ = “ces@=v sing = ae cos@ + oa (cos* @ - 5 sin? 6) 


2 ae 2 5 3 
BP - gz 2aa+ ad, 1 S (al + su) cosO + Ss u? (cos? 6 = 3 sin? @) 
p r 2) r 
4 5 6 7 
1a 2 a Vecal 2 2 Bh ener 
=| = ane aU cos@ + = US (cos° @ + ¢ sin® @ 29 
E pot as ri ia gtd, So [2 


This may be expressed in terms of the nanm—dimensianal variables defined in (3) and (4). 


tard o2ger 2 
Apa zz) = Zadve tates glial (a'l' + 58'U") cos @ a! Ayr? ner 
ne = 2, os 6 + cae cos 0 - 5 sin 
gol re 2 e a) 
Tite oo poe 
Al are 4 [=] Atu'cos@ + 2 [=] ut? (cos? +4 sin? 6) 
PAA Teel Tr 2 re 
(30) 
® « dz SU a eeOa we pe aus d? U 
where US = — = = ——, 4 js S , and Ue is or —- 22. 
dt® Wgk dt* dt* at’? 


(30) is now expressed in a form suitable for computation. 
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Pressure at fixed point vertically above an explosion. 


In some experiments carried out recently, in which a rectangular air—backed stee) plate 
0.173 inches thick and 6 feet x 4 feet sides was used, it was found that a charge of 4.65 1b. 
fired at a distance of 14% feet vertically below the plate (which was then horizontal) produced a 
displacement whose maximum value was 4.35 inches. A similar plate held vertically was dished so 
that the maximum displacement was only 1.15 inches when the charge was fired at the same distance 
(1% feet) but in the same horizontal plane as the plate. This very large difference cannot be 
accounted for by considerations based on the pressure waves which have been measured by piezo~ 
electric gauges, for no great differences have been detected in the pressure waves at points over a 
sphere centred on the explosive. 


It was to account for these experimental results that the present investigation was made 
and the values of charge weight and depth used were taken to correspond with those of the experiment. 
The expression (30) for calculating pressure contains some quantities which were not necded in 
calculating the radius and vertical velocity of the bubble. The accelerations “sf and U" have to 
be calculated. This was done graphically, plotting the values of A* and U' against t*. The 
initial (nonmdimensional) height of the plate above the charge was 0.97 (i.e. 14 feet/L). At each 


value of t' values of a’, 4", 4%, U', U' ana r* (= 0.97 - 2") were tabulated for a ranye of values near 


the time when the bubble was reaching its minimum diameter (i.e. at t’ = 0.408), 


Setting these in the expression (30) the following values were calculated:- 


TABLE 1. 


0.380 0.407 to | o.u41 0.426 | 0.432 
0.409 
(mean 
value) 


t (seconds) | 0.ase | 0.272 | 0.275 eine 0.280 | 0.283 j 02290 0.293 


P (plate) 
atmospheres) 


(i.e. 10° dynes/ 
sq.cm. ) 


These values are shown graphically in Figure 3. 


Comparison with pressure during the early stages of the expansion o 
the bubble, 


The maximum pressure in the pressure wave is known from piezo gauge measurements. An 
empirical expression representing approximately by results of these pressure measurements is 


p = vem 
where Po = 4.6 x 109 2/37, (31) 
n = 7.5 x 10% 2/3 


Py being expressed in dynes/sq.cm., M mass in gm. of T.N.T., r distance in cm. from the charge. 
For a charge of 4,65 1b. n= 5.86 x 10? seconds and Dy 138.5 x 10° = 138 atmos. at a distance 
r= 14 feet = 426 cm. This pressure is very much larger than the maximum pressure calculated for 
the later pressure rise illustrated in Figure 3, but its’ duration is so small that it is difficult 
to show it in a diagram of the scale of Figure 3. The attempt is made, however, on the left hand 
side of the figure. The pressure falls to 10 atmos. in time given by ,~5.8 x Ch OL 072 
= 73 072, 


i.e. In time 0.5 milliseconds. If this exponential fall in pressure were continued it would fall 
to T of an atmosphere in a little over a millisecond. In fact this does not happen, the pressure 


falls wecee 
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falls rapidly till it is, say pth or pth of its maximum value and then falls comparatively very 
slowly. This gradual decay of pressure is shown in most piezo gauge records and was particularly 
noticeable in Hilliar's early measurements. It must evidently be associated with the motion of the 
water round the expanding bubble and can be treated as associated with radial flow of an incompressible 
liquid. 


In the early stages when the bubble has not risen appreciably under the action of gravity, 
the formulae derived by neglecting U, U and the variation in z in (5) may be used. If G(a)/W is 
neglected, i.e. if it is assumed that the whole kinetic energy is given to the bubble at the instant 
of the explosion and the work done by the subsequent expansion of the gases is neglected, the equations 
are then those used by Rayleigh in discussing the collapse of a spherical cavity and by Ramsauer and 


others. In the early stages of such an expansion, i.e. in a time after the explosion which is small 
compared with the period of the first expansion and contraction of the buoble, the term 2/3 z’ in (5) 
may be neglected compared with (da'/dt')“. (5) then assumes the form at?/24 = 3M 277. Inserting 


this value in (30) the leading term (i.e. the term which is greater than all tne others except close 
to the bubble) is 


1/2 -1/2,, 
DiS e ache rey, = ls E ] = ole a a' = —+—, (32) 
gol = fr" dt" & Gendt V27 2V 27 Ge 4m rta' 


In terms of t' this becomes (see (15)) 


Jim LY i} 
SPU eee ee [2] tr/5 = g.0798 te M/S pent (33) 
gol 4m r 5 


Restoring the dimensions (33) becomes 


3/5 12/5 pols -1 


p - p, = 90-0798. 9° " pL r (34) 
where p, is the pressure at the depth of the explosion. 


Putting g = 981, g2/° = 62.37, 0 = 1, (34) becomes 


p - p, = 4.98 [12/5 4-4/5 4 (38) 
In the case corresponding with M= 4.66 1b. T.N.T. where L = 445 cm., pi2/s = 2.265 x 10° so that 
(35) becomes 

p= p, = ti31 x 7 y4/5 ,-t (36) 


At r= 14 feet = 426 cm, this is p— p, = 2-655 x 10% «4/5, at time t = 0.005 seconds t~“/® = 


69.5 sc that p — p, = 1.85 x 10° = 1.85 atmos.; at time t = 0.010, p —- Poe 1.07 atmos. 


A better approximation is found by extending the solution of (5) back step-by-step towards 
the time when the bubble is small, using the expression (11) for taking account of the gas pressure. 
The pressure is then given by (30) but it is found that the vertical motion may be neglected so that 
the simplified expression 


2 2 4,2 
Bie gy = cakesiiacd 2 ty fack aa) 
p r 26 


may be used. When this calculation is carried out it is found that the minimum radius a_ is attained 
at a time which is actually earlier than the origin of time used in the step-by-step calculations 
already described. This is because in starting the calculations the conditions at the beginning of 
the explosion were not required, all that was required was a knowledge of the energy W. The way 

in which this energy was communicated to the water to give it radial motion was immterial so far 

as the motion during the first contraction was concerned. When, however, it is desired to calculate 
the pressure round the bubble in its early stages the exact instant of explosion has to be determined, 
because otherwise it is not possible to get any idea of the way in which the shock wave pulse is 
related to the subsequent pressure distribution due to radial expansion. This question is a difficult 
one in any case. If the water were truly incompressible the pressure would jump to its maximum value 
instantaneously at the moment of explosion. Actually the compressibility delays the first rise in 
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pressure at distance r from the explosion till a time which is approximately r/c seconds after the 
explosion, c being the velocity of sound in water. Till some better method is discovered a fairly 
good approximation can be made by imagining tnat at time r/c after the explosion the pressure pulse 
arrives at radius r and that the preesure jumps to P. and then falls according to the empirical law 
(31) til) it reaches the pressure which would exist at that time and radius if the water had been 
incompressible. The subsequent pressure is then calculated by the methods described above. 


This proposed method is shown in Figure 3, where the pressure pulse and the subsequent slow 
fall due to the radial flow are both shown on the correct scale for a radius r = 14 feet from the 
charge. It will be seen that the two curves cross. It is assumed that the actual pressure 
distribution is simply determined by whichever is the greater of the two. This method, though 
necessarily inaccurate near the time when the two curves cut, is possibly not far from the truth 
over the min part of the range. The virtual parts of the curves where the shock wave pressure 
is small compared with that due to the radial flow and vice versa are shown dotted in Figure 3. 


The results of using the step-by-step process and calculating pressure from (30) are shown 
in Figure 3. This calculation must be regarded as provisional and liable to modification when 
better methods have been developed. It is included here in order to show the order of magnitude 
of the pressures to be expected at 14 feet from the 4.65 1b. charge after the pressure pulse has 
passed. 


Effect of calculated pressure on plate rigidly held at its edges. 


Pressure wave. 


The effect of tne pressure wave of the form p = Po ent on a steel plate which is free or 


elastically supported has been discussed in my note "The pressure and impulse of submarine explosion 
waves on plates". |t depends on a non-dimensional number € = pc/mn, where m is the mass of the 
plate per sq.cm., c the velocity of sound in water, 9 the density of water. For plates of thickness 
0.173 inches m= ,173 x 2.54 x 7.8 = 3.43, For a charge of 4.65 1b. T.N.T. n= 5.86 x 107? and 

c = 1.44 x 10° cm./second so that € = 7.2. 


In the above mentioned report the case where water will not sustain tension is worked out. 
It is found that with tne above values of € and n the plate will part from the water after time 


= ane = 555 x 10n> seconds (38) 


n(é — 1) 


. 
and that its velocity will then be 


€ 
: 2p eral 8 = 
ao eAS = —2(1.385 x 10°) 7.74161 = 1138 x 107 cm. /second 


3) 
mn (3.43) (5.86 x 10-7) (39) 
The kinetic energy per c.c. of the plate is then 
ee, ee = 3 (7.83) (1.38)? x 10° = 7.45 x 10° ergs/c.c. (40) 


If the water can sustain some tension at the surface of the plate this energy would be 
reduced. If the water could sustain internal tension though not at the surface of the plate, no 
further energy would be communicated to the plate. If, however, the water cculd sustain no 
internal tension, drops would be projected from the water on to the plate and further energy might 
be conmunicated to it. 


Dishing of plate. 


The time during which the high pressure (initially 2 x 138.5 = 277 atmos.) is acting on the 
plate is short compared with the time taken by the plate to come to rest in its displaced position 
under the action of plastic and elastic stresses. For this reason tne aynamics of tie plate Can be 
treated separately from that of the water on the assumption that a velocity of 1.38 x 10? cm. /second 
is instantaneously given to the plate. In an analysis in which | hope to publish shortly the dishing 
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of a rectangular plastic plate under uniform pressure, py acting on one side, is studied. Though 
the distribution of the plastic strain in the plane of the plate is not uniform the plate behaves, 
so far as displacement normal to the surface is concerned, like a soap film or membrane with uniform 
tension. This uniform tension is related to the yield stress measured ina tensile test by a 
factor which differs according to whether v. Mises’ or Mohr's theory of plasticity is used and 
varies stightly with the ratio of length to breadth of the plate, but with a plate for which length/ 
breadth = 3/2 v. Mises’ theory gives a result which is 1.8 per cent too small and Mohr‘s 4.5 per 
cent too big as compared with a rough theory which simply assumes that the plate behaves like a 
membrane stretched to uniform tension Pd in all directions, where P is the yield point of the steel 
and d the thickness of the plate. 


Using this theory for a plate whose dimensions are 2b x 4/3b (b is 3 feet in the particular 
plate to which we are now applying the analysis) | find the folluwing formulae:— 


pp? 
Maximum displacement h = 0.179 (41) 
- b2 
Mean displacement y = 0.0870 3 (42) 
so that y/h = 0.485 (43) 


The energy absorbed by the plate during its displacement is 


E, = [ 8.76 P(y)2 d/o? ] (area of plate) 


so that work done on unit volume of the material of the plate is 


Wo = 576 7 Pi? (ua) 


Time taken for displacement to reach maximum. 
Ue ELA UT GN SANNA SUES AO EA LL 


The vibrations of a membrane stretched with tension Pd on a rectangular frame of dimensions 
and 2b, have been studied by Rayleigh who showed that the period of the fundamental Is 


= s=es= 
; Ps DF db, 
P oy + DS 


where Os is the density of the membrane. A plastic sheet is like a membrane during the time when 
it reaches its maximum disptacement it only recovers by the amount of elastic recovery which is in 
the case here considered small compared with the plastic displacement. Thus a possible movement 
of a plastic sheet is identical with the first rer iod of the analogous elastic membrane. Thus 
if the plastic sheet is given initially the normal velocity distribution corresponding with the 
fundamental period it will come to rest in time 


2d, 


2 2 
7 = [8 Ei a2 ite (45) 
P Dy Dy 


In the case of a plate 6 feet x 4 feet and density 7.8 this time of displacement T Is 


T 2.07 x 10°? seconds if P is 30 tons/square inch 
(46) 


2.54 x 1077 seconds if P is 20 tons/square inch 


or Le 


This time T is marked on Figure 3 so that the relationship between it and the durations of 
the pressures may be understood. It will be seen that T is very long compared with the duration of 
the pressure wave but that the duration of the long continued pressure assagciated with the expansion 
and vertical motion of the bubble is longer than T. 


This is convenient for it necessarily implies that it is justifiable to use the method of 
the report “The pressure and impuise of submarine explosion waves on plates" in discussing the 


displacement .soe. 
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displacement due to thc pressure wave. The pressures duc to the succeeding bubble expansion can, 

so far as their effect on the plate is concerned, probably be considered as though applied statically, 
though this is not quite certain because the pressure due to the first contraction of the bubble 

does rise in time less than T. 


Comparison of calculated and observed displacements, 


The average energy adsorbed by the plate per unit volume must be equal to the average kinetic 
energy per unit volume given to it by the pressure wave. From (44), (43) and (0) therefore, 


5.76 (0.485)? n2P/b2 = 7.45 x 10° ergs/c.c. 


Using P = 20 tons/square inch = 3.09 x 10° dynes/sq.cm. and b = 3 fect = 91.4 cm., | find 


nh? = 44.5 sqecm. or h = 3-6 cm. = 1-5 m. (47) 


The observed value for the plate in the experiment was 1.15 inches 
and for a similar plate but with R.0.X./T.N.T. as explosive it (4s) 
was 1.41 inches 


In the case of these two experiments the plate was set vertically with the explosive at 
the same level. The bubble might be expected to dreak surface before again contracting in both 
cases so that the subsequent pressure due to the contraction and second expansion would not be 
expected to appear in any case, but even if the plate and explosive were at such a depth tnat it 
would occur, it would not produce an effect comparadle with that which occurs between t = 0.275 
seconds and t = 0.30 seconds when the plate is placed horizontally 14 feet above the explosive. 


The effect of a static pressure applied to the air—backed plate is according to (41) to 
produce a maximum displacement 


2 2 
h = 0.179 2 = 0.179(36 x_ 2.54) = 4.10% x 107° p Cin. 


Pd 20(1.54 x 10°) (0.173 x 2.54) 


where P is taken as 20 tons/square inch and d = 0.173 inches. Thus the plate would be dished 
1.104 cm. per atmos. of applied pressure. 


Since the plate has already been dished to 3.8 cm. by the pressure wave, it will be seen 
from Figure 3 that the pressure due to the kinetic wave which follows immediately after the pressure 
wave and which has a maximum pressure of about 2 atmos. cannot increase the dishing and is therefore 
ineffective in doing further damage to the plate. 


Plates, which were placed in a horizontal position 1% feet above the charge, were, according 
to the present analysis, subjected to a long continued pressure which was calculated to begin at 
about t = 0.275 seconds, rise rapidly to a sharp peak, drop to about 11 atmos. and then fall off 
gradually till at about t = 0.30 or 0.31 seconds it is again only one or two atmospheres. 


The conditions determining the thickness and intensity of the pulse at t = 0.278 seconds 
(when the bubble reaches its minimum value) are not likely to be in fact as they are described in 
the theory, because the bubble in collapsing will probably be far from spherical. It may well be, 
however, tnat tne large and lony—continucu pressure which occurs oétween t = 0.278 and t = 0.30 
Seconds, i.2. during the second 2xpansion, will be produced in the actual explosion because there 
is a strong tendency for the bubble to become spherical while expanding®. It will be seen in 
Figure 3 that a pressure of 9.4 atmos. is maintained for a duration of T = 2.5% milliseconds. 
Thus the maximum displacement of the plate is likely to be at least equal to 


h = (1.108 x 10.0) = 11cm. = 4.3 inches 
The observed maximum displacement was 
h = 4,35 inches 


This close agreement is almost certainly purely accidental. 
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The observed maximum deflection with R.D.X./T.N.T. was 5.46 inches, but the plate was at 
13 feet instead of 14 feet and R.0.X./T.N.T. is a more powerful explosive than T.N.T. alone. 
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Introduction, 


When an explosive charge Is detonated under water the resulting bubble, as It grows In size, 
rapidly approaches a spherical form. The degree of stability of this spherical form is a matter 
of some Interest, especially In view of the fact that the bubble may contract again, as both 
photographic and acoustic obscrvations show. In the case of small charges several pulsations may 
occur, and there Is evidence of at least one complete oscillation ocing possible with a large charge, 
On the other hand, for 2 very deep explosion, where no dome or plume appears, what finally reaches 
the surface is not a gas bubble but an emulsion of gas and water; this suggests tnat the bubble 
has departed so greatly from the spherical form that it has entirely broken up and disintegrated. 


The mathematica) calculatlon of the changing form of the bubble would present considerable 
difficulty even if there were no uncertain factors in the problem. A start can, however, be made 
by considering the case of small deviations from the spherical form, and investigating the tendency 
of these to increase or decrease as time proceeds. In the calculations which wil) now be described, 
a first order perturbation theory is developed for a nearly spherical bubble expanding or pulsating 
in an infinite incompressible fluid. The radius vector from the centre of the bubble to its 
surface Is expressed as a constant plus the sum of spherical harmonic components of different orders 
n, the coefficient of each component varying with the time. Thus the departure from accurate 
sphericity at any moment Is measured by the magnitudes of these harmonic components. 


a harmonic component of order n is found to contain a quasi-periodic time-factor of the 
formC, e" ff (t)+C,¢ % f (-t), where f(t) is a periodic function having the same period T 


as that of the pulsation of the oubble, r, is a certain (complex) constant, and C, and C, are 
arbitrary constants determined by the initial conditions. The order of magnitude of the function 
f(t) at any moment is roughly proportional to the reciprocal of the radius of the bubble; 
consequently, in the case of large pulsations, i.c. Intense explosions, the non-sphericity is 
greatest when the bubble is small. Also, in virtue of the exponential factor Ant (A, contalns 
In general both real and imaginary parts), the non-sphericity at any stage, say at the minimum 
size, increases with each pulsation, indicating that the spherical form is ultimately unstable. 


The harmonics of high order are found to increase exponentially at first, and then oscillate 
In magnitude. The higher the order n, the greater is the initial magnification, Hence any needle 
Shape Imperfections on the charge will become highly magnified as the charge explodes, This may 
be the explanation of the prickly appearance sometimes observed In photographs of the early stages 
of submarine explosions. 


The conclusions which can be drawn from these calculations are, however, restricted by the 
general condition that the perturbation must be small and it ts clearly desirable to extend them so 
as to avoid this restriction, 


Basic assumptions. 


Taking the mean centre of the bubble at time t = 0 as origin, and assuming that the 
departure from sphericity is small for all times to be considered, we write the radius vector R 
to the surface of the bubble in the form 


@ 
R= a(t) + 2° o,(t) 5,6, 4), =] 0, | (a < €) (1) 


where sy is a surface spherical) harmonic of degree n, and € is a small quantity of first order,. 
S, may be supposed analysed into zonal and tesseral harmonics in the form 
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= 2— 


Seca ae (@) cos (m+ Yann (2) 


mEo m,n Fan 


but it should be noted that the time factor b(t) depends only on the degree n of the harmonic, and 
not on m 


The volume of the bubble is the integral of PB over a unit sphere, which to the first 
order is equal to 47 a?/3, in virtue of the orthogonal properties of the harmonics Sys 


We assume that the bubble is filled with an almost massless perfectly elastic gas; pressure 


waves in this gas are neglected, so that tne pressure p at any instant is uniform throughout the 
bubble. Assuming the usual adiabatic relation between pressure and volume, we have 


pay =p ana” (3) 
where P Is the pressure and ay the mean radius at time t = 0, 
The motion of the surrounding fluid, since it is generated from rest by pressure, will possess 


a velocity potential ¢, say. Assuming the fluid is incompressible, this potential satisfies Laplace's 
equation and is therefore expressible in the form 


= catty) += cM alt)s 6.8 (4) 
G rei 3 Oa 


We shall assume that the surface harmonics S_ In (4) are identical with the corresponding harmonics 
in (1), and that the time factors 8 (t) in (4) are of the same order of smallness as the DA's in (1). 
These assumptions are justified by the consistency of the subsequent analysis. 


The leading term on the right of (4) is separated from the others because it corresponds 
to the case when the bubble is accurately spherical, for which the solution is known. 


Spherical harmonics of negative degree only are taken in the expression for d, Decause the 
velocity, and therefore also ¢, vanishes at infinity. 


The pressure in the fluid is given by the hydrodynamical equation 


P= h+N-4 (graf? + F(t) (5) 
p 2 
where 1) is the potential of the extraneous forces, limited in our case to gravity, so that 


N= = gz. 


The arbitrary function F(t) is determined in the present case by the conditions at infinity. 
Taking the pressure at infinity at the original level of®the bubble to be constant and equal to Q, 
we have, since @ tends to zero, 


F(t) = Q/p (6) 


Substituting for p from (4) into (5), and retaining terms up to the first order, then gives for the 
pressure p in the fluid at distance r from the origin, 


A 2 B (n#1) & B 
a = eae a - er S, (7) 


Boundary conditions. 


The conditions to be satisfled by the velocity and the pressure at infinity have already 
been considered, We now investigate the conditions to be satisfied at the surface of the bubble. 


The condition to be satisfied by the velocity is that its normal component at the surface 
shall be equal to the normal component of the velocity of the surface as determined by the expression 
(1) for R. These normal components are, to the first order of small quantities, equal to the 
corresponding radial components, and hence, to this order of approximation. 
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aa? (1-204 50594 aS (n+ 1) BS, (2) 


. . 
at+Zos. 
on retaining the terms as far as the first order only. 


Since (8) is true over 2 complete spnere, we have on equating coefficients of the 
corresponding harmonics 


al =a 1A b, = - wane (ne ahem? (9) 


or, solving for A and EPo 
Ae De eas D, neers oJi(n+ 2) (10) 


— n 


The remaining Doundary condition is thet the pressure is continuous across the surface of the 
bubble. This requires that the values of p as given by (3) and (7) sha Tl be equal when r= 2. 
Substituting from (3) and (1) in (7), and using (10), we find, to the first order, 


{ Pla Ja” - ghip+ sa 8, = 22+ 3 2? 


+f bef - Zo, +3ab,+an }s (14) 


The differential equations for alt) and 5, {t) 


Since the spherical hamaonic expansion on the right of (11) is the expansion of 2 constant 
over a complete sphere, we heave 


aaa oe = (0 2.7% 9 "p2”, (12) 
gab,+ab, = ae (33) 
and (1-n)2b,+ bo +ad = 0, n> 2 {13} 


Equation (12) agrees with the known result shen the duDDle is accurately spherical, and it 
may be solved to give 2(t) in terms of ®, 2, andy. Sudstituting this valve in (18), we odtain 
the differential equetion to determine b(t). Equation (13) integrates immediately 
= t t 4 
‘fs b, fo) {a(o)}? 

; St 3 2 at (14a) 


c a ip 7 


The first part of this expression is Herring’s forma (8) for the rise of the bubble due to gravity; 
the second pari represents the effect of an initial velocity. 


Except for the case when 9 = 0, the solution of (12) sakes a(t) 2 periodic function of t, i.e. 
the bubble oulsztes. Consequently the equation (1%) for a is one in which the coefficients are 
periodic functions, the period (T, say} ing equal to that of the pulsation of the bubble. Fron 
Floquet"s theory cf such equations, it is known that the general solution is crdinerily cf the form 


5 = Ce f(t) + ces ¢(—t) (15) 
were cy and C5 are arbitrary constants, ano f(t) is a periodic function of seriod T, Tne constants 


A and the function f(t) are determined by the periodic coefficients of the equation. 


When, however, the equation possesses 2 periodic solution, say 9(t) (corresponding to 


to 


A= 6) the general soiuti-n is not of the fons (15); the second solution g(t) is net pericdic but 


Satisfies 2 functional equation of the type 
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When A ts purely imaginary, Dy will be the product of two perlodic functions of different 
periods; if it Is not purely imaginary, DA will ultimately increase to large values. Actua?ly 
X is found to be small and purely imaginary for smal] pulsations of the bubble, |,e, when P is 
nearly equal to Q. For other values of P/Q it is complex, except when n= 1, when it is zero, 
Hence in general the perturbation is unstable. 


The calculation of the mean radius a(t) of the bubble, 


Before proceeding with the solution of (14) for Da» it is convenient to consider the 
function a(t) which determines the coefficients appearing in (14), 


Writing 


2 
= = r 
a alaas x cytla, where ¢, 


= P/p (16) 


the equation (12) has a first integral of the form 


eo 2 2 
(2) aC = sgh (0? 0% Hot GF) (27) 
fe) 


and a further integration gives 


cf MED) | eae 
1 


Ch 
ty - 1) Pto(am? - 1)} 


(18) 


Values of this integral for a small range of a have been given by Lamb(1) for the case 
Q= O0andye= 4/3, In this case the motion is not, of course, periodic but a continually lacreases 
with t(or x). 


When Q is not zero, a is periodic; i.e. the bubble pulsates. The perlod Tye measured in 
terms of x, Is equal to twice the interval In x between the two singularities of the integrand in 
(18). One of these Is at a= 1, and the other is ata = Gir Say, where a, is the ratio of tho 
maximum radius to the minimum radius. 


The evaluation of the Integral in (18), when P/Q is large, hos been discussed by Butterworti /2) 
Willis(3), and Herring(4), but their methods and formulae are only applicable to the accurate 
determination of a as a function of t whena is near unity, and to the determination of ala, asa 
function of (T-t) whena is neara.. Their results are in fact equivalent to first approximations 


to the integral between 1 anda near the singularity a = 1, and to the integral between a and an 
near the singularity a = ane 


An extension of these reults, which enables a(t) to be determined with any desired accuracy 
over the whole period, is readily obtained. The analysis is greatly simplifed when y= 4/3, and 
as this is probably a fair approximation to the actual case, onty this value of y will be consIderc", 
Most of the investigations referred ty above have also dealt only with this value of y. 


When y =4/3, the expression (18) can be written in the factorised form 


fee Be 2S 1 fs a8 aS ieee ae (19) 
pa, vi ih Vari) V{i-9 (2 + a* + aM (3°)} 


from which it will be seen that a, is the positive root of 


a+a%+a = 3P/0, (a) 


Since Se Q, tris root is greater than unity, and for large P/Q, its value is arproximately 
(3P/9)~'“. An expression for the root in the form of a power series, sultable for all P/Q > ols 
can be obtained by a simple |‘eration method; this gives 


1 2 B 
Cer I 00006 (214) 
a 2 Fane Sa, ia ee 
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here 
‘ a,? = 3P/9 (22) 


Since Q(@ + a+ a4 /3P is less than unity fora <a, we can expand the second factor 
in the denominator of the integrand in (19), and obtain 


f 
r3 
Stee ee ig Sat tat+e) +2 aS CEN BS con lh SIG? 
x 7 Diem | ap (a+a° +a’) a, (at+a’ +a’) 
1 


When Q~ 0, By AO and the above reduces to the first term, which is Lamb's result. tn 
the general case it will be seen that x can be evaluated in terms of Integrals of the type 


ROSaGaaS _ 3) 2 zs 
ea 2 a@- 1) e, @ A) 


where 
1 1 2 4 
py (2) = d+ gaze ear alq- 1) 2+ ee + ae zt (24) 


The series for x obtained in this way is convergent when 1 <a <a,» and is useful for calculation 
over the greater part of this range, Whena=a_ the sertes is divergent, and to obtain values 
of x in this nelghbourhood we first consider 


m 
= = ot a 
: ae V2 V{a- -a +a, (as? = 1)} ” 


a 


which, on putting y = ofa. reduces to 


: 3/2 


eee ee 
Xm ¥ 2 V{(1 + ay) = 4 = 


3 
ai Cn Se Sey 
m 


On taking out a factorV (1 — y) from the denominator and expanding the remaining factor by the 
binomial theo-em, we obtain 


1 


alg eal 3/2 y oe 1 
Xe = Xe a a a 1+ a7a Fas fe Gl (25) 
2 Wine ea” (1- y’) en Vs ear ae : 
a 


which is equivalent to tne result obtained by Herring, and may be evaluated in terms of the incomplete 
beta-functlons. Now both the expressions (23) and (25) are found sufficiently convergent for 
calculation over a common range of values for@., Hence by taking a suitable value of a, say 

a =a’, in this range, X,, may be calculated from the sum of the two expressicns (23) and (25); x can 
then be found from x = ye (x. - x) for other values ofa>a'’. 


The above formulae are especially useful when P/Q is large or moderate, if P is nearly 
equal to Q the pulsation should reduce toa simple harmonic one of small amplitude. On writing 


Bea ot +e) an = tte, le smal) (26) 


it is easily seen from (20) that € = > Substituting (1+ €) fora in (9), and neglecting 
terms beyond the first order, we obtain 


Bes dg 1 umf 8 7 
moos ey! Zee 2) | PeLOMe eee a 
R ¥{ (§) - €-§) } : 
so that 
a= 1+&2 1+ § (1- cos 2x). (27) 
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It will be seen from this expression and from (1%) that for small pulsations, the period 


is 77a, V (plP). 


The equation for b(t). 


Tne equation (14) for b, is reduced to the normal form by writing 


y= abe, (28) 
which gives 
“ * 2 
Fe Lioep Bay » 
Substituting fora from (12), and for a from (17) with y = 4/3, we obtain 
2 
2 a ” 
fy ={ 2) ¥ = Flxdy, (29) 
dx cy 
where 
F(x) = (un + Ha - an (1+ BI a? - Hae (30) 
The following properties of this function are easily verified. 
(i) F(x) is periodic in x, the perlod bg ing the same as that of a, and therefore ranging frum 
am for smal) a, to approximately a,* for large n° 
(ii) F (0) = (n+ $) (1 - O/P). 
(iii) F(TP2) = (n+ 3) a - Qa,*/F). Hence, when the bubble reaches its maximum size, 


F(x) is negative. When P/Q is large, its value is approximately -3(n + 3) Oe 
(iv) F(x) is zero for only one value of a between 1 anda. When AQ is large, this value 
cf a is approximately (8n + 1)/6n and thus lies between the narrow limits 13 and 4 for 


all n. 


(v) F(x) has maxima when a = 1 anda=a_, and has a minimum when 


Zab + 5n (1+ Qa (sn+1) = 0. 


For large P/Q, this minimum occurs approximately whena = (8n + 1)/5n, and Its value is 


approximately n 5n 
~ 2 (tn F 1) 


(vi) In the case of small pulsations, on substituting from (27) in (30) and neglecting terms 
beyond the first order, we have 


F(x) = (n+ ) € cos 2x. (31) 


Most of the above properties are shown diagrammatically in Figure 1, which refers to the 
two extreme cases, P/Q large and P/Q= 1+ €, € small. As P/Q decreases from large values the 
two minima shown In the figures move together, eventua ly obliterating the maximum ata = a, and 
tending to the simple cosine function (31) for small pulsations. 


Solution for n = 1. Motion of bubble in absence of extraneous forces. 


The first harmonic term b (t)S, in (1) simply represents a displacement of the bubble, without 
change of form and of amount b, (t) along the axis of the harmonic. Hence the solution when n= 1 
gives the motion of the bubble in the absence of extraneous forces. 


The solution in this case is easy, and dces not require the preceding analysis. We have 
from (13) with g = 0, (compare also 14a) 


b, = 5, (0/0, (32) 
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which shows that the velocity of the centre of tne bubble varies inversely as the cube of the 
radius of the bubble, and therefore increases greatly as the bubble contracts. The motion is in 
fact the same as that of a particle, whose mass Is variable and proportional to the volume of the 
bubble. 


If we write 
B, = da(t)/> (0) (33) 


and regard 8. as a function ofa, we obtain from (32) and (17) 


da {a a + (y~ 1) 80 @F- 1) } 
where 
as Bul Bode Sve) a 
by (0) scx 2 
Hence 
da 
B,{a) =) tice © aVer> a Y 4 ly — 4) mt 9 an? -1)) (3.6) 


1 
and A, is therefore an inverse-periadic function of a. 


When y = 4/3, the integral may be evaluated In exactly the same way as the integral in 
(18) for x. For values of a near unity, we find an expansion in powers of Q/P of the form 


2 ; k 
Bla) = rec 2 tan? V(a ~ 1) + 39p7! Wa - 1) 1+ ala - 1) + sola - 1) 2000] 
(37) 


while froma near a, 
Ayla) = Bla) + £2¥3 Via - a) (38) 
m 


The graph of @~ 1 as a function of a is shown In Figure 2, for the case when P/Q = 10", 
and corresponding tc any initial velocity. When the initial velocity is zero the curve shrinks 
up to the straight line G= 1, corresponding to the obvious fact that the centre of the bubble will 
remain in any displaced position unless it is given an initial velocity. 


Nature of the solution for large n. 


An interesting question, but one difficult to answer satisfactorily without mechanical aid 
such as the differential analyser, is that of finding numerical solutions of @9) for large n. 
What In fact one would like to know is whetner Initial small Irregularities on the surface become 
bigger or die out as the motion proceeds, There seems no doubt that any irregularity limited 
initially to a small solid angle is unstable, and that the instabillty increases rapidly as the 
initial solid angle decreases. Perhaps the prickly appearance of the bubble in Edgerton's 
photographs is a manifestation of instability of the type now under discussion; at least there seems 
no more probable alternative. It may be noted, however, that the photographs do not show any pits, 
Dut only needics, whereas the theory in its present form indicates both equally. There is clearly 
a close formal similarity between the Instability of very small irregularities on the surface of 
the bubble and ripples on the free surface of water, as the pressure wave strikes. A theory of 
the magnification of these ripples has been developed by G.I. Taylor. 


The function F(x) as defined by (30) has as its dominant terms, when n is large, 


F(x) = n(uave’- 3a7) 
so that (29) becomes 


2 


=: ny(4a~® - 3a”) 
x 
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The coefficient of y on ReH.S. Is positive in the range 1<a< 4/3, and is negative for 
a> u/3, Hence for large n, y increases exponentially in the range 1<a < 4/3, and thereafter 
oscillates. The interval between successive zeros, as n is varied, decreases Vike Wn. The 
ratio of the maximum value of y and the value of y ata = 1 Is of the same order of magnitude as 


x 
t) 
X = exp {Vv n. V(uavo- 3a7°) dx} , 
() 
where Xo is the value of x at the zero of the integrand, Replacing the integrand by an approximate 
expression, obtalned from 
GS ae iz 
x = (1+ 22/3 + 27/5) ¥ (22) (Lamb's substitution) 
it will be found that 


xX = exp { 4vni9}. 


If n= 10 the magnification X is 4.09, if n= 100, X is 85; and if n= 4000, xX Is 1,300,000, 


Solution for small pulsations of the bubble. 


The solution of (2) in a simple form can be obtained for any value of n in the case of 
small pulsations. Although this theory is clearly not applicable to real bubbles because surface 
tension, which would now be relatively important, is neglected, we give the theory because it may 
indicate some features of the more general motion. 


From (26), (29) and (31), the equation to determine y is now 
2 


= (n+ 4) € cos x (39) 


which ts a degenerate form of Mathieu's equation. Since € is small, we seek an approximate solution 
in the form 


y = At Bx te f(x). 


On substituting in the equation and retaining only first order terms we find 


t(x) = =r (n+ 9) { (a + Bx) cos x + B sin 2x}, 
so that 

y = (a+ 8x) { 1-¢ (n+ 5) € cos 2x} +f (n+ 5) € B sin 2x (40) 
Since y = al? Do B, = const. y an3!2 where a is given by (27); hence B, can be reduced to the 
form 


B, = (a' + Bx) { 1-4 (n- 1) € cos ax} +g (n+ 5) € B* sin 2x (41) 
This result may be checked when n= 1 from our previous calculation. We have 

By = Bir) ar? = Bir) (1 - Ze (1- cos 2x) }, 
which on integration gives 

B = 1+ const. { (1 - ge) x+ Ze sin 2x }, 


which agrees with (40) when n= 1. 


At any value of @, a measure of the nomsphericity associated with the harmonic S, Is afforded 
by the ratio b fa; this divided by its initial value is equal to 6, la, which Is found from (41) 
by dividing by a, as given by (27); this gives 


By 


aces 
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8, 


pe (at + atx) f 1- J} (n= 2) € cos 2x} + § (n+ 5) € BY Sin 2x (42) 

Hence the perturbation associated with =" may be regarded as a smal} oscillation of period T, 
about a mean value which Is continually increasing with t (or x). When n= 2, the amplitude 

of this small oscillation is constant, but when n> 2 the amplitude also increases with t. The 
greater the value of n, the greater is the amplitude of this oscillation. This is i)lustrated in 
Figure 3, where the graphs of Bla. and B,/e. for two pulsations of the bubble are shown. 


When A, is Initially zero, the constant B' in (41) is zero, and the perturbation is simple 
harmonic, the amplitude being proportional to (n- 2). 


The solution of the equation (39) can also be obtained in the form (15). Adopting Hill's 
method of solving Mathicu's equation, we seek a solution of (39) in the form 


_ ay & ix 
y=e = ce evi", 


r=-0 


In which one coefficient, say Coe is aroitrary. 
Substituting in (39) and equating coefficients of Vike powers of e” to zero, we have 


A+ 2ri)*? ¢ 


Ses int ae (cat Sra) = % 


for all positive and negative integral values of r. 
Eliminating the c's gives an infinite continuant equated to zero to determine A. This 


continuant is a limiting form of Hill"s determinant (Whittaker and Watson, Modern Analysis, 1920, 
p.#15) and on neglecting terms of order higher than the first, we find 


h = £i6//2 were 6 = 3(n+ J) €, 


and ce ='c) 4" 4 Oc, co =1Cl5 bay OlE-). 


This leads to a real solution of the form 


fo = [+r cos Be + 0° sin Be] Caf (n= 2) cos ax } (43) 


For small x this agrees with the result (41) provided B'sB" = GM/2, a small quantity of the first 
order, The apparent difference in the two results for other values of x is due to the fact that 
they are both approximations to the first order In €, and it is possible for the ratio of the 
arbitrary constants to have any order of smallness. Thus if A*/8" is assumed to be of the first 
order in €, a further term in e? would be required to be retained in the coeffictent of e2 ix In 
the absve sclution, to ensure that all the terms retained are of the same order. ThIs would give 
a term correspending to the sin & term in (41), 


Without going further into these refinements, it will be seen from (43) that, provided the 
condition that Bd (a - 1) remains smal} is not violated, the perturbation can be regarded as a 
quasi-periodic variation of period T in which both the mean value and the amplitude have a slow 


periodic variation of period Gtkas Up 


Solution for the general case. 


In the general case where Q/P has any value < 1, and n is any positive integer, it is 
convenient to derive an equation for B in terms of a, and solve this instead of dealing with the 


equation (29) directty. This method is somewhat analogous to Lindemann's treatment of Matheiu's 
equation, 


Since a is periodic int, DA will be a multi-valued function of a with branch points at 
a=a, and a=a. Denote the value of b. in the half=period = Tet <5 T by b _, which is 
then a single-valued function of a. Thus aaa is the value of D, during the first xpanslon, 


DF 2 the value during the first contraction and so on. 
, 
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Considering any half-perlod, and changing the independent variable in (1%) to a, we 


obtain 
Putting 
Bees Ol ane (45) 
and using (17), this equation becomes 
iB Tee ic oie lates 90 1 juts. 4 a Maa ae (46) 
da* a the Sia a 2 


where the suffix (n,s) is omitted from GB for the present, and 


aS SBityastNte ame GY oe 
ec 2 a?-a +o (y-1) @? -1) Gel 
o = Q/P. (48) 


When Y = W/3, the equation (46) reduces to 


2 ce 
at -4oat+ (i+ 4oja-1 eBta ~oa'+ ($+ $o)a-1} 0-5 
AnH 
$A (na) (Sites (Cy ecelmy2 B= 0 (9) 


The general solution of this eqiation is required for the range i<a<a_. It may be noted 
that whena— 0 the equation reduces toa Lam equation, and can be transformed to Legendre's equation 
for Pa (n) by the substitution 7 = V (1-a), but m r and 7 are all complex or imaginary. 


The equation tas regular singularities at the origin and at infinity, and also at the four 
zeros of 


-370'+(1+40)a-1, 


i.e. at 
Ql =etnuaay Wats Gace a) taille toed). 


At the four latter singularities the indicial equation is the same, viz. 
2u(u-1)+p = 0, 
so that the exponents relative to any one of these singularities is 0 or $ 


Hence two fundamental solutions of (49) can be obtained in the forms 


B 
B 


Ragu (z) Sm OAL #mNIZ TANS enone 


° 1 2 
212; (2) 


(50) 


1/2 2 


A 
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+A 


Aya 3 2 + eevee 


where Z=@-—-Q1, and a; is any one of the above four singularities. 


By considering the positions of the singularities in the complex plane, it can be seen that the 
series expressions (50) relative tom= 1 (i.e, with z=a-1) are convergent for z <1, i.e. for 
a < 2, and the series withz=a- a, are convergent for z <a, - 1, i.e. for the whole range (except 
for a = 1) over which the solution is required. 
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The recurrence relation between the coefficients in (50) is found to be 
(rea) (area) WALg, = {- unr? + (nea) L} A, + {= (rH1) (2r-4) p + (nmi) (943.0) } AL, 
~ (r-2)(rot) 300 k2a, 4 = (m3)(2r-3) 6 k Ang - 2 (r-u)(r-2) 7 Any, (51) 


where k = 1 or a, as the case may be, and 


k=a k =a, 

lL = 3(2ok"- (3 +0) k +2) = 3¢-1) = Baia eae 
m= 300k" ~ (18 + 60) k + 6) = 30-1) = 22 43 (82) 
p2 DoW -3-o © 0-3 * 2000, -3-¢0 


By taking r any positive integer (including zero) In (51) and taking B_- = 0 for r > 0, we obtain 
the coefficients of the first series in (50), and by taking r equal to half an odd integer we obtain 
the coefficients of the second series. 


It will be noted that the approximations toB near a= 1 and neara = a, are respectively 


B= a, {1+ (mi)@-1)} + a, Via = 1) (53) 
B= ar {1-5 @,- 2) + Ary, V(a, - a) (54) 


In the numerical case worked out (corresponding to Cee 30.732) it was found that the above 
series were only suitable for calculation in the regions a@ = 1 to 145 when za =i, anda= 10 
to 30.73 when Zz =a, — De Hence to supplement these series, the Taylor expansion 


B= C+ C+ te +usesecesh, G2i= a sak (55) 


of the solution, relative to any ordinary point z = k, was obtained. The recurrence relation for 
the coefficients of this expansion is 


(r+ 2) (r+a) (hk?) Cy = (rea) (2r+4) (Lk) Ch, + Cum? + (nea) gh c, 


+ (r-1)(2r-1) (=p) + (mt) (943.0) C._y + (1-2) (r-1)(-300 Kk) Cho 


+ (1-3) (2-3) (~6.0 k) Cp, + (r-4)(r-2)(2 0) Cy (56) 
where 
h = 20k = (6+ 20) k+6 
(57) 
q = (9+30) k= 12 


and 1, mand 9 are given in (52). 


The relation between 6, . and fi, Orr 
a ES 


The abcve expressions give B 5 asa function of a (with two arbitrary constants) over any 
half—period. If s is odd, B, 3 corresponds to an expanding phase, and B 41 tO the succeeding 
contracting phase. To obtain the relation between these B's we have the Conditions that B and B 
are continuous ata = aj» The vatue of B is given by 


. y 
pee a Pee BU oat ee lata) (58) 
da da a 


= ech/s 
= to’ Ga 2) ola, say, 


and the positive or negative value must be taken according as we are considering an expanding or 
contracting phase. 
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Hence, if whens is odd, we write 
= o j S 59 
Ons ~ Bos Iq (2) vi Bi yays Y (n a) jyq(2)» Ce On ( ) 
Ba, ses a Bo sti Ip(2) Bayz, sea V(O_ ~ 2) j,,(2). 


where On(2) and jm (2) correspond to the two fundamental solutions in (50), the continuity of B 
ata=a_ requires 


B =) 8 (6) 


9Py,s = ieee a' (2) + Bi /2,s a, - a) jt(z) - rte ay Im(2) } 


and therefore 
| : eae 
ene Fe y2,5 Im(2) dla) asa-a, 
Similarly 


E 


1 1 -~ 
[Rea 81/2, s¢1 jn(2) ¢ (a) asa a 


so that the continuity of B ata=a_ requires 
8 = of 
1/2,s 1/2,S+1 (61) 


In the same way the continuity cf 8 and B at a= 1 determines the relations between 


Bats and Pnvaea when s is even. Writing 
n,$ Aas 9, (2) AG ~ 1) i,(2), BIG oe 
(42) 
Ba ser = Ao,ses 91'2) * Aina sea Va - 1) j,(z) 
we find 
Aowsn) SOWSed (63) 
and Atlas > Ayy2,st1 (64) 


The solution when P/Q 2 104, n= 2 

The case when P/Q is large Is of most Interest in connection with underwater explosions, and 
the above result has therefore been evaluated for the sec,nd harmonic term, with P/Q = 10", The 
second harmonic S, includes (among others) the deviation which deforms a sphere into a provate or 
oblate spheroid. It wil) be assumed that this deformation exists at the Instant of the explosion, 
and that its velocity Is initially zero. 

When P/Q = 10", the value of the maximum radius is found to be 

a, = 30.73, (65) 


and the period of pulsation of the bubble is 


T = 0.056 a, (T In sec. and a, in cm.) (66) 


These values are of the same order as those observed for T.N.T. and similar explosives. 
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Wnen P/Q is much greater than 10°, the compressibility of the water will be important during 
the (short) time that a is near to 1, and will give rise to a radiation of acoustic energy and a 
consequent decay of the pulsations. This effect is ignored in the present calculations. 
Nevertheless the result may be expected to indicate what happens during the greater part of a 
pulsation and particularly whena@ > 2, for whena@ has reached 2, the pressur will) have fallen to 
a value of order 1079 or less. 


The method adopted in the calculations was to determine first two fundamental solutions of 
equation (49) for B, 5 38 8 function of a, using the expansions (50) and (54). These solutions, 
denoted respectively by 94 and (a - 1) Jp were chosen to satisfy the conditions, 


Oh Me =1¥e) (0 ata = 1 (67) 


Wa - 1)j,= % ae Es ations (68) 


and thus correspond to the expansions given in (50) when a= 4, and Ay ai, Myo = 1. Their 
values were determined from (50) for the range a = 1 toa= 4.5. These solutions were then 
extended by analytic continuation over the range a = 1.5 to a= 10 by means of Taylor expansions 
of the form (54) relative to the points k = 2 and 6. For the remainder of the range, a = 10 to 
a=a, the solutions were Continued by means of the expansions (50) with z=a— as The various 
expansions used have certain common regions, where their convergence is sufficiently rapid for 
calculation, so that a number of checks on the results could be made, The values of 94 and 

Via ~ 1) j, found in this way are given in Table |, 


TABLE I. 


1.080 


Apart from the variable a, the functions g, and J, depend on two parameters, o (=Q@/P) and n. As 

far aso is concerned, the values of g, an jy given in the table are unaffected up toa = 2 by taking 
any value of o not greater than Cie and they are not affected by more than about 1% up toa = 6, 
Increasing a to 10 ~ does not Change the values up to a = 3 by more than about 1%. Consequently 

the early part of Table | will give a fair approximation to the solution of equation (49) for 

values of a from 1 to 3 (and possibly as fer as 6), for any value of P/Q likely to arise im connection 
with explosions. On the other hand, altering n has a great effect on the values of 3; and Jy as 

is obvious from the aporoximate expressions (58) for B neara= 1. 


The determination of 8 during a Contracting phase, following the known variation during 
the preceding expanding phase, is determined, as shown above, by expressing-B in terms of the two 


fundamental solutions 3, and Va, - a) Jn Hence the values of these solutions froma = 9 to 
@=a@_ were alsc calculated and are shown in Table |. 


The relation between the two pairs of fundamental solutions in Table | is fcund to be 


Dy = teens 
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is = Vla_ -a) j 
On 2 cle ee -08625 la, a) i (69) 


(a -1)j, = -.3583 9, - .@esiVla, - a) j, 


The relation between the pairs of arbitrary constants appearing in the alternative 
expressions for 8 is obtained immediately from (63), for if 


Bla) = By Im * Byj2¥ (a, - a) tert Ayj_¥la - 1) jy 


and 94 and jy are expressed in terms of Im and in by (69) we have, on comparing coefficients of 
Im and IE in the resulting identity, 


By = = 4434 A, - 3583 Ayye 
(70) 
Bi y2 = — 08625 Ay — 20266 Aap 
Conversely 
a = 1.393 By ~- 18.76 Bayo 
(73) 
Ai yo = = 4,516 8, + 23,22 Bae 


Since the initlal velocity of the deviation is zero, we have 


Bas =i, Boe =) sO} when! <a = de 
Now if 
Boy = 4 nt Aaya ¥la- 1) ye 
then 
Bie = 1PA ghar tA ( 4 jy +¥(a~ 1) 5") a 
2,1 @ i V/2 |, (omen! 1 
Ame 014/| 
5 142 3, iS Aieq\y EES Chr al, 


Hence the above conditions require 
ARS and A = 0, 
that is, the value of B during the first expansion is given by g, in Table |. 
The coefficients Bo» Bie in the alternative expression for 6 are obtainable from (70), 
and the coefficients in the corresponding expression for B are thus obtained by simply changing 
the sign of Bayo as in (61). The coefficients for the succeeding expanding and contracting phases 


are then obtained by successive applications of equations (58) — (61) and (70), (71). Their values 
for the first two pulsations of the bubble are given in Table Il. 


TABLE Il, 


Expansion 


Contraction 


1.000 0 = .4u34 


= Aopshy + 4.006 = 24434 
- 2.237 = 4,006 +2427 
| + 8.997 -17.910 | 42.427 


It will be seen that the values of A, correspond to the successive values of 8 at a = 1, and the 
values of 8B, to the successive values of 6 ata = an: 


The secce 
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The graph of 8 as a function of a during tne first two pulsations is easily constructed from 
Tables | and il, This is shown in Figure 4. It will be seen that the variation of 6 during the 
second pulsation is generally of a similar nature to that during the first pulsation, but the sign 
is changed and the amplitude is increased. 


when @ is regarded as a function of t, It should be expressible in the form (15). It is 
easily verified that for any function of this form 


coshAT = g(A (t+ 21) +B (t)) /B (t+ 7), 


so that A is determined by any 3 values of B separated by intervals of T. Taking the values of 0, 
T and 2 as given by A, in Table II, we find 


coshAT = = 2.06, 


whence 5 5 = 3.95, or A = (1.38 + im)/T. (72) 


This shows that eventually (if the pulsations could continue) the perturbation & increases 
four-fold in absolute magnitude and changes sign during each complete pulsation. In this sense, 
therefore, the perturbation is unstable. 


At any value ofa the departure of the bubble from sphericity is measured, not by 6, but 
by Bla. This implies that the non-sphericity greatly decreases during the expanslon. At the end 
of the first expansion we have G/a = — .443/30.7 = — .015, or adout 1.5% of its value initially, and 
of opposite sign. 


When G/a is regarded as a function of t, it decreases very rapidly at first, due to the rapid 
initial Increase of a. It remains small and changes very slowly during the relatively long period 
that the bubble is large, but it incraases very rapidly (in absolute value) when the bubble approaches 
its minimum again. These changes are i¥lustrated in Figure 5, which shows G/a as a function of t 
during the first two pulsations. It is evident from this figure that any small disturbance of the 
bubble when it is large (e.g. due to gravity) would lead to very great changes in its shape when it 
contracts again. 
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(2) Butterworth, "Report on the thecretical shape of the pressure time curve and on the 
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(3) Willis, "Underwater explosions. Time interval between successive explosions", 1941. 
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Summary 

Approximate solutions are presented for the equations of motion of the gas bubble produced by 
an underwater explosion, as given by Professor G. |. Taylor. The equations enable the most important 
features of the bubble motion to be computed approximately with comparatively little labour. In 


addition graphs are given which are based upon the approximations, and which enable most of the quantities 
to be read directly as functions of the depth for various charge weights. The effect produced on the 
bubble motion by changing the charge weight or the depth of the charge may be easily seen from these 
approximations, which should assist in an appreciation of the relations which arise when the scale of 

an experiment is changed. 


Introduction. 


Professor G. |. Taylor has treated the radial expansion and vertical motion of the bubble of gas 
formed when a charge is detonated in water®. He has developed equations which require to be integrated 
step by step numerically and has shown that exact scaling for different charge weights is not possible, 
so that the numerical integration must be repeated for different values of the charge weight and the 
depth, The following note puts forward approximate solutions to these equations which enable most of 
the important features of the bubble motion to be computed with comparatively little labour. In order 
that these equations may be readily available they have been listed at the beginning of the note, with 
an explanation of the symbols used, but with their derivation omitted. Although the numerical constants 
for T.N.T. have been employed throughout, the methods of approximation used are applicable to any 
explosive. 


As in the Report "Vertical motion of a spherical bubble and the pressure surrounding it", free 
or rigid surfaces have been assumed remote enough to cause no disturbance to the motion. Their 
perturbing effect as given by Conyers Herring is discussed in an Appendix. 


The non-dimensional form of tke Equations. 


The basic equations of motion of the bubble are used in the norm-dimensional form given by 
Professor Taylor. In the list of formulae below, and in their subsequent derivation, some of the 
equations are best left in this form. To convert to real quantities all non-dimensional lengths 
must be multiplied by the length scale factor L, and al) nomedomensional times multiplied by AS, 9g 
being the acceleration due to gravity. For T.N.T. the value of L is given by 9 


L (feet) = 10 m2 


(1) 
Where M is the charge welght in lbs. L is plotted against charge weight in Figure 1, 


To avoid confusion non-dimensional quantities will be denoted by small letters, while capital 
letters will be used for dimensional quantities (with the exception of the symbols g, and £ the density 
of water). Nonmdimensional equations will be labelled as such. 


Park | ssccee 


Vertical motion of a spherical bubble and the pressure Surrounding it. G.1!. Taylor. 
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PART I. 


Summary of Approximation Formulae. 


Two non-dimensional variables define the size, position and motion of the bubble at any time t, 


vizi- the radius of the bubble a and the depth z of the centre of the bubble measured froma point 
33 feet above sea level. 


A parameter c appears in the equations, in thcir nor-dimensional forms, which is related to 
the potential energy In the gas; the value of c for T.N.T. is given by:- 


1 


© = 0,075 Mee (2) 


where M is in lbs. 


The period of the first oscillation — T (seconds) 


3 
oe 4.32 : (3) 


25 


where 25 is the depth of the charge in feet below a point 33 feet above 
sea level. 


% js the charge weight in lbs, 
The period is the time taken for the bubble to expand and contract again to its minimum radius. 


At a distance d nomdimensional units from a free or rigid surface the period T is altered to 
T' where 


=F 0.21 
Es GLE so) (R.H.S. nomdimensional) (3a) 


where the upper sign is for a free surface, the lower for a rigid surface, and 
a, is the maximum radius (see equation (4)). 


The maximum radius of the bubble —- a 
Se ae ae ee 


ae = be as (tere ates )  (nomdimensional) (4) 


25 being the non-dimensional depth of the charge at detonation; an is 
plotted in Figure 2 against Zo: 


The vertical momentum constant - m. 
The non-dimensional constant m is involved in several equations and is given by: 


m = ———™___ (noredimensiona)) (5) 


At a distance d nomdimensional units below a free surface or above a rigid surface the 
vertical momentum constant is changed to m' where 


5) 8 
m° = m(i= 0.52 <2 = )  (noredimensional) (5a) 
d 


This value of m' must be used in all subsequent equations involving m If the surface effect 
is appreciable in the case considered. 


Ut) opoorid 
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The total vertical momentum of the water surrounding the bubble. 


During the period when the bubble is near Its minimum radius at the end of the first oscillation 
the vertical momentum of the water is approximately constant and equal to 
7 


1481 2 m bs.feet/second. (6) 


where L is the scale factor in feet and m is nomdimensional. 


The minimum radius of the bubble - a, 


3 ( 4) um 2 


a 1-cay") = -s-m (non-dimensional) (7) 


1 


Equation (7) must be solved graphically. Using equations (5) and (4), a, has been plotted in 
Figure 3 against the nomdimensional depth z,. 


The pressure wave emitted by the collapsing and expanding bubble. 


During the period when the bubble is near its minimum radius a pressure pulse is radiated 
outwards with the velocity of sound. For points not too near the bubble the peak pressure Be Qb./ 
square inch), the total positive impulse | (1b.-second/square inch) and the duration of the positive 
pressure pulse D (second) are given by the following formulae:— 


RP 3 
1, = (1 = 2a a) (R.H.S. non-dimensional) 8 
0.434 L “TT ay 2 ) 


where R is the distance in feet from the point to the centre of the bubble. 


The right-hand side of equation (8) is plotted against ay, in Figure 4 for a number of charge 
weights, Using Figure 3, Pe may be tabulated for various charge weights and depths and is given as 
a function of the depth in Figure 5. 


2 
jag Ww 
The impulse | ae (9) 


R76 
25 


The impulse | is plotted in Figure 6 against charge weight M. 


The duration OD = 0.218 T 
1 


0,94u M2 (10) 


or C = 5 
76 
“Oo 


The maximum vertical velocity of the bubble - U_ feet! second. 
eS ee a ee a eae SS 


u m 
1, = (R.H.S. nomdimens ional) (11) 
11.34 L ay? 


Un is plotted against the depth in Figure 7. 


The rise of the bubble at the end of the first oscillation — h. 


At the point where the bubble is at its minimum radius it has risen a distance h (non— 
dimensional) above the point where the charge was detonated 


1.19 
3 (non-dimensional) (12) 
2 zr.) 
° 


= 
w 


The rise h is plotted against Zo in Figure 8. 


At a eteee 


ae 
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At a distance d non-dimensional units below a free surface or above a rigid surface the 
rise h is altered to h* where 
an 70 ) 
sree 


ne? St fp (1-% (non-dimensional) (12a) 


Agreement of approximations with exact solutions. 


Recently the full numerical integration of Taylor's equations has been carried out for a few 
depths and charge weights, covering the range of nomdimensional depths from 1 to 4, and charge weights 
from 2 to 400 1bs, Comparison of the above approximations with these figures, and with some 
unpublished figures for a 1-oz. charge at 6 feet depth shows that the agreement over the whole range 
is satisfactory. The period of the motion and the maximum and minimum radii agree within 1 to 5 per 
cent, the maximum vertical velocity and the rise of the bubble within 5 to 10 per cent, and the peak 
pressure within 7 to 20 peY cent. 


PART II. 


Derivation of the Approximate Solutions. 


Taylor's equations of motion of the bubble, when expressed in their nomdimensional form, 
are (1): 


CEN as a-9)-3(@)’ -32 
ot 27 a AWS SG Wee 


(non-dimensional) (13) 


Wis the total energy of the motion, Ga the potential energy of the gas in the bubble 
at radius a. For T.N.T. Taylor expresses the potential energy term (2) 


&a = cad 
= (14) 
where c¢ = 0.075 M 


Ouring the numerical integration of equations (13) by a step by step process it is noticed 
that at different stages of the motion some of the terms in the equations either remain sensidly 
constant or become negligible in comparison with tne remaining terms. The following approximations 
arise from these observations. 


The maximum radius of the bubble - on 


Ouring the pugse half period of the bubble the vertical motion remains small, so that in 
equation (13) the term 3 z remains substantially equal to 2 > (the initial depth), while the 
= # term is negligible. The maximum radius of the bubble is obtained by setting = =0 in 


equation (13) simplified by these assumptions 


aue = Try (t - ca,~#) (non-dimensional) (4) 
its Gocco 
(1) “Vertical motion of a spherical bubble and the pressure surrounding it". Equations 5 


and 6,  Taytor distinguishes all non-dinensional quantities by dashes, which are omitted 
for convenience. 


(2) Above report. Equation 19, The exponent 2 is strictly true only for T.N.T. 
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The period of the oscillation Tf 


In the step by step integration of (13) it is observed tnat the time T taken by the bubble 
to reach its minimum radius at the end of the first oscillation is within a few per cent of twice 
the time taken to reach the maximum radius. It is also found that omission of the term & in 
integrating (13) causes very little difference in the time taken to reach the maximum radius, 
although the actual value of the maximum radius is quite considerably altered. The value of the 


non-dimensional half-period s is accordingly obtained from 


da 
7: I ies { yEx (non-dimensiona)) (15) 


where the integral on the right is taken from a = c to the maximum value of a. 
The value of this integral has been given by Lamb (1) and Conyers Herring (2). The result, expressed 
in the nomdimensiona) variables used in this: note is: 


1.135 ; 
X= ees (non-dimensional) (16) 


3 
a) 


This value of the period (3), converted into real units, is 
Bt 


4.32 2 
= (3) 
75 
Oo 
The vertical momentum constant - m 


In the step by step integration of equation (13) it is found that the non-dimensional 
quantity [ aot becomes substantially constant when the budDble has contracted to about a half of its 
maximum radius, and remains constant up to and beyond the time when the bubble radius is a minimum. 
This constant value may be put equal to m, and is proportional to the vertical momentum of the water 
surrounding the contracted oubble. It can be shown that the vertical omentum in 1bs.feet/second 
units is given by 

7 
Vertical momentum = 1481 L* m 1bs.feet/second (6) 


A knowledge of the value of m enables several) quantities associated with the motion of the 
bubble to be calculated, so that an approximation to m is desirable, \t is clear that the value of 
m depends mainly on the radius time-curve when the bubble radius is large. An approximate 
evaluation of m may be made if it be assumed that the effect of altering cither the depth z_ or the 
Charge weight (i.e. the parameter c) is mainly to alter the maximum radius and the period a the 
motion, without appreciably altering the shape of the radius time curve, at least in that portion 
when the radius is large and the vertical momentum is mainly acquired. This is equivalent to 
assuming that the radius time curves could be superposed in this region if the length and time 


scales were adjusted to make the maximum radius and period agree. Mathematically, this assumption 
is that in the equation: 


(a; Sy a) (nomdimensional) (17) 


the function f (t } is independent of depth and charge weight. 


UGE. once 
(1) Hydrodynamics. H. Lamb, p.114, 
(2) Theory of the Pulsations of the Gas Bubble Produced by an Underwater Explosion. 
Conyers Herring. 
(3) The period may de expressed in a form valid for any explosive. If A be the energy of 


the motion in calories per ofamiot Papiasives M the weight of the charge in lbs. (3) becomes 
eh Ie) 
T (seconds) = Se 


% 
2 


(3a) 


This expression enables A to be calculated from experimental measurements of the period T. 
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The final justification of this assumption is that the results to which it leads are in 
reasonable agreement with the exact solution of equation (13). Hence 


atx 2 
= 3 . 3 t t 
in = ip a dt = twa, Se t(z,) d(¢,) 
op il = ka, tx 
, 3 
or using (16) . kan, (non-dimensiona)) (18) 
7 5 
5 
20 


The constant k' may be obtained from any one step by step solution of the equation of motion 
of the bubble (13), and its value is about 0.70, leading to equation (5) 


0.70 a? 
m= 5 (non-dimensional) (5) 


iJ 


Zo 


The minimum radius - a, 


{In the geighbourhood of the minimum radius the term 32 in equation (13) is negligible, but 


the term 3($) must be included. As shown in the last section te may be written (when a is near 


the minimum radius) 


OZ —dimensi 
5 3 (non-dimensional) (19a) 


and the equation of motion of the bubble becomes: 


da = 1 ie 2 
ot fe agar (lca Ne 375 (non-dimensional) (19) 
The minimum radius ay is given by setting e = 0, yielding 
2 


ay? (1- ca, *) = 4a (non-dimensional) (7) 


The pressure wave produced by the collapsing bubble. 


During the period when the radius of the bubble is near its minimum value, pressures are set 
up in the immediate neighbourhood of the bubble which give rise to a pressure pulse propagated outward 
with the velocity of sound. Taylor has discussed the pressure distribution close to the bubble, 
neglecting the compressibility of the water, and gives the following equation (1). if P is the 
pressure (in 1bs./square inch above tne normal hydrostatic pressure at the same depth) at a paint 
distant r (non-dimensional units) from the bubble, and if @ is the angle between the radius vector 
v and the vertical, then 


a = ? * (at a) + cE (au + 5au) cos 0 + ay" (cos 8 - 5 sin* 6) 
-[4@* a? + @> aucos@ + 3 (8) u? (cos*@ + 4 sin’ 6) ] (20) 
(R.H.S. non-dimensional) 
where a = a 0 u = an » and u is the vertical velocity in non-dimensional units. 
Nae thiSiveecter = 
(1) “Vertical motion of a spherical bubble and the pressure surrounding it“. Equation (30). 


Taylor's notation has been modified to conform with the rest of this note. 
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In this expression for the pressure the first term is the most important and will determine 
the pressure at points not too near the buoble. Considering here only this leading term, the pressure 
at a point R feet from the bubble centre becomes 


W4RP = d (42 4) 


pl (R.H.S. non-dimensional) (20a) 


Since the simplified equations of motion (19) are valid near the time of the minimum radius, 
when the pressure disturbance is mainly produced, (20a) may be evaluated to give: 


2 
ae Ses x a 4.20 (R.H.S. non-dimensional) (21) 
fou UT ae ae = Te 3 2 
Ta 


The maximum value of the pressure Pm is obtained by inserting in (21) the value of the minimum 
radius a, given by (7); hence 


—_RPm 7 = — (1 - aca =) (R.H.S. non-dimensional) (8) 
O.434L U7 ay 1 


It may be remarked that in a similar way all the other terms in (2) may be evaluated as 
functions of the radius a alone, using equations (19) and their value at the minimum radius computed. 


When the radius is a minimum, a and U vanish while u = - “ is given by (19a). Inserting 
the value ay for the minimum radius, and converting to real units, the maximum vertical velocity Un 
(feet/second) is 


U 
woe = 4, (R.H.S. non-dimensional) (11) 
11.314L ay 


Owing to the rise of the bubble points situated some distance vertically above the charge may 
be quite close to the bubble when it is near its minimum radius, and the peak value of the pressure 
would then require the computation of further terms in (20). 


The total positive impulse in the pressure wave is got by integrating (20a) with respect to 
time between the two times for which a@ 3 is a maximum (1). Conyers Herring has obtained the value 
of this impulse using an equation of motion which is identical with (13) with the vertical velocity 
and the gas energy term ca neglected. Since the value of the impulse depends only on the maximum 
value of ae se which occurs when the bubble is comparatively large, Herring’s neglect of the two 
above mentioned factors will not cause much error. Herring's value of the total positive impulse 
(1bs.second/ square inch units) may be converted into the following useful form, if the simple 
approximation at = ves be used: 

2 
=, asi Ww? (9) 
% 


R 
2% 


where R is the distance in feet from the bubble centre. 


It can be shown that the duration D of this positive pulse is a constant fraction of the 
period T. Since the times when a’ 28 is a maximum occur when the radius is large, the approximation 
involved in equation (17) may be used. Differentiating (17) twice with respect to time, and using in 
equation (20a). 


yuRP 8 ie Ee Ss 
ed = J (a4 #2) = an f G0 (R.H.S. nomdimensional) (22) 
pL dt 3tx2 
UNE? Gagan 
(1) The assumption is made that the expansion taking place at the beginning of the second 


oscillation is similar to the contraction taking place at the end of the first oscillation. 


——— 
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The pressure P can only be zero when f"(e) is zero, i.e. at fixed values of he Hence 


the duration of the positive pulse must be a constant fraction of the total period T. Using the 
proportionality factor obtained from the full step by step calculation for 10z. of T.N.T. at 6 feet 


depth yiclds equation (10) for the duration D 
\ 


D = 0,218T (10) 


The shape of the pressure wave. 


Equation (21) giving the pressure as a function of bubble radius and the constant m cannot 
be used directhy to plot a pressure-time curve. A rough idea of the shape of any given pressure- 
time curve may, however, be obtained for any case by calculating from these equations the "shape 
factor" Fo This is equal to the ratio of the area under the pressure-time curve to the area of 


a triangular wave form having the same peak pressure and duration. The factor thus gives a measure 
of the “hollowness" of the pressure_time curve. 


Values of Pa 1, Dand this “shape factor" for a few charge weights and depths have been 
given in Table 1 to demonstrate the effect of these variables on the “shape factor". In order to 
Visualize the meaning of a particular value of the “shape factor" a few imaginary pressure wave forms 
have deen sketciied in Figure 9 and their "shape factors" computed. The curve labelled "0.24" has 
been drawn to resemdle closely the actual pressure-time curve calculated for 1 oz. cf T.N.T. at 
6 feet depth. 


TABLE 1. 
PEAK PRESSURE, DURATION, IMPULSE AND SHAPE FACTOR. 


(Pressures and impulses multiplied by the numerical value of the 
distance in feet from the point considered to the bubble centre) 


Peak pressure | Impulse | 


Charge weight Depth below P_, (1bs/sq. in.) Duration D (1bs.sec./sq.in)| "Snape Factor" 
sea level x x 21 
distance R distance R Fae 
(feet) (feet) (seconds) (feet) 
800 Ibs. 150 11,450 0.113 548 0.84 
a 100 7,090 0. 148 578 1.10 
u 80 5,350 0.169 594 1.32 
256 lbs. 150 10,600 0.078 256 0.62 
\ 100 6,800 0.104 270 0.78 
I 50 2,950 0.151 292 L232 
16 lbs. 80 4,130 0.0u6 43 0.46 
“ 50 2,750 0.060 46 0.56 
Ms 30 1,800 0.075 4B 0.70 
LEDS 40 1,750 0.026 7.4 0.32 
" 20 1, 160 0,034 7.8 0.39 
Y 10 830 0.041 8.0 0.47 
1 oz. 6 580 0.018 1.3 0.24 


Wteoocos: 


-9-+ 
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The rise of the bubble -— h. 


An important quantity concerned with the motion of the bubble is the rise at the end of the 
first oscillation, since this determines the position of the bubble when the peak pressure in the wave 
is omitted. None of the above methods of approximation enables this quantity to be estimated. 
Inspection of the full calculations published for four depths, and of the unpublished calculations 
for a 1 oz. charge at 6 feet show that the rise h due to gravity is given by the following empirical 


formula with an error not exceeding 10 per cent over the range of non-dimensional depths from 
Cee tOze STs 


h = 1.05 tx (non-dimensiona) ) 


Using equation (16) this becomes 


(non-dimensional ) (12) 


This rise of the bubble has been calculated on the assumption that all free or rigid surfaces 
are remote enough to exert no disturbing effect on the motion. Its value is plotted in Figure 8. 
The correction for the proximity of a surface is dealt with in the Appendix. 


Appendix we... 
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APPENDIX 
Effect of the Proximity of a Free or Rigid Surface. 


Conyers Herring has shown that if the charge is exploded at distance d (non-dimensional units) 
from an Infinite free or rigid surface the bubble acquires a velocity v towards that surface, given 
by 


2 4 /day2 . i 
— >. a (3) dt (non-dimensional) (23) 
° 4d 


where the upper sign is taken for a free surface, the lower for a rigid surface. Since 
usually the two most important surfaces are horizontal (e.g. the sea surface and the sca-ved) this 
velocity may be added to the term - = in equation (13) for the motion, i e. the gtavity term Its 
effect on the minimum radius, the peak vertical velocity and the peak pressure in the bubble collapse 
pressure wave may be allowed for by re-defining the momentum constant m which determines them (see 
e.g. equations (7), (8) and (11)). Hence if m’ is the vertical momentum constant for a charge 
detonated d non-dimensional units below the sea surface or above the seabed, then 


t 


ap Soff a? [1- “45 a (52)? ] at (non-dimensional) (24) 
° 4d 
Using the method which led to the approximate value of m (equations (18) and (5)) gives 
Glee} 
z 
m' = m (1— 0.52 tS (non=dimens iona)) (5a) 
d 


where the constant 0.52 is determined from one full step by step solution of the equations 
of motion of the bubble (13). 


As regards the effect of the surface on the rise of the Dubble Conyers Herring gives a simple 
approximation which may be expressed in the following way:— 


Rise of the bubble at end of first oscillation, in proximity to the sea's 
surface or the sea bed 


z 
iS Mee aL) (non-dimensional) (12a) 


where h is the rise in the absence of the surface effect (see equation (12)). 


Finally Herring has shown that the presence of a surface alters the period of the motion, 
so that if T’ is the period in proximity to a surface, and T is the value given by equation (3) 


T = T (1 ¥ 48) (25) 
where a is the average value of the bubble radius (non-dimensional) over a complete 
oscillation the upper sign refers to a free surface, the lower to a rigid one. Using the assumptions 


involved in computing the vertical momentum constant m (page 6), a is a constant fraction of the 
maximum radius a,, so that (28) may be written 


a 
T = 1 (2 ¥ 0.24 —2 ) (3a) 
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NOTATION 


Radius of the spherical cavity 
Value at the peak of compression 


Value at the point where the gas pressure equals the external 
pressure py 


Value at the limit of the first expansion 
Volume of the cavity = 4rR/3 


Ratio of specific heat at constant pressure to that at constant 
volume = 1.4 for air, or 1.3 for TNT gas 


Mass density, ordinarily in dynamical or ips units 


Radial distance from the center of the bubble to a station in 
the water 


Symbol for time in general 

Period or duration of the motion from minimum to minimum of R 
Value of T when R does not depart widely from Ry 

Symbol for pressure in general 

Any pressure expressed in atmospheres 


Hydrostatic pressure; the pressure on the cavity before the ex- 
plosion, or the pressure in the water at a great distance from 
the charge 


Pressure in the gas, assumed to be uniform 
Value at the peak cf compression 


Symbol for particle velocity, zero at great distance from the 
charge 


Velocity of the gas, equal to that in the water at the boundary 
Velocity of sound in homogeneous water 
Speed of sound in water containing bubbles 


The whole energy radiated in one cycle of pulsation, concentrated 
in the phase of peak pressure 


Energy of oscillation, represented by the kinetic energy when 
R=R,, also by the work done against p, (less the small work 
of the gas) in expanding from R, to R, 


Impulse or time-integral of a pressure 
Fraction of the space occupied by bubbles in water 
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N = ¢ V3/woRy ; N’ represents the ratio of the adiabatic volume 
elasticity of water to that of the gas in the bubbles when 
under hydrostatic pressure 


B Extinction coefficient (the amplitude of a pressure wave de- 
creases by a factor e *74, where e is the Napierian base, 
in going a distance equal to one wave length as measured 
in homogeneous water) 


Ww Frequency times 2m of sinusoidal waves 
Wo Frequency times 27 for free small oscillations of a bubble 
K Coefficient of reflection 

PERSONNEL 


This report was written by Professor E.H. Kennard; the nec- 
essary numerical integrations and the plotting of certain figures were 


done by S. Pines. 


185 
DIGEST 


This paper summarizes, and in the Appendix derives the main formu- 
las concerned with the radial expansion and compression of spherical gas- 
filled cavities in water. The principal needs for these formulas are twofold, 
in connection with the pulsating motion of the gas globe resulting from an 
underwater explosion, and in connection with the behavior of bubbles of gas 
suspended in the water when subjected to changes in external pressure. 

A sphere of gas in water under hydrostatic pressure, not subject to 
the action of gravity, is capable of oscillating radially with preservation 
of its spherical form. The period of oscillation at small amplitude is 


R 1 
T= —*% 
0 24) Vine [2b] 
when T, is in seconds and R, in inches. As the amplitude increases the pul- 
sation is slower, and the variation within moderate limits is shown in Figure 
1. At large amplitudes the formula becomes 


qe ttmax 
P : Pg ome 
| Jos 1.8 The pulsation of the 
| cavity may be described as a cyc- 
| Rae se lic variation of R/R,, and ex- 
04 41.4 ° amples of this are given in Figure 
| “A 2. “These show the main features 
of the motion, including the in- 
a 14 18 22 26 BuO crease of intensity of the pres- 
Rmax/Ro sure peak and the lengthening of 
Figure 1 - Curves referring to Undamoed the period at greater amplitudes. 


Oscillations of a Bubble or Globe 


of Gas under Water The values of R 


ent values of R 


/R, at differ- 
/R, are shown 


min 

R, is the radius when the gas pressure equals the max 
hydrostatic pressure, Rmax is the maximum radius, also in Figure 1. 

| Ryin is the minimum radius, T, is the period of . 
very small oscillations, T is the period of oscil- The pressure in the wa- 


lation having given value of Rmax/ Ro+ The curves ter is equal to that in the gas at 
are drawn for y = 4/3, but y makes little difference. 
the boundary between them, to the 
static pressure p, at a great dis- 
tance, and at intermediate positions is affected by the flow as shown in 


/Equation [7b], page 6; its peak value is given by the formula 


R= Roe\s 
| = min Satie) = 
| Bee aP oikase [( Ra 1] + 2, [8b] 


EE —E—ESE— EE 


+ 
} This digest is a condensation of the text of the report, containing a description of all essential 
features and giving the principal results. It is prepared and included for the benefit of those who 
| cannot spare the time to read the whole report. 
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Figure 2 - Calculated Time-Displacement Curves for Undamped Oscillation 
of a Bubble or Globe of Gas under Water 


R = radius t = time 


R, = radius when in equilibrium T, = period of very small oscillations 


The time relations of pressure variation are also studied in the 
report, and the conclusion is reached that though the peak of first compres- 
sion is lower than the initial pressure peak, it is still high enough to give 
rise to a wave of compression in the water. Since this first compression 
peak is broader than the initial shock wave, it may carry with it an impulse 
exceeding that of the high-pressure part of the primary pressure wave. 

The calculations discussed in this report deal mainly with the hy- 
drodynamic phenomena in an incompressible fluid; however, at each pressure 
peak the compressibility of the water enters to play a part, and energy is 
radiated in a shock wave. Especial interest attaches to the quantity of en- 
ergy lost in this way because it acts in structural targets in a different 
way from that associated with the slower motion of pulsation. No valid meas- 
urement of the energy in the shock wave is yet available, and in particular 
its value relative to that of the energy of oscillation FE is still a matter 
of opinion. 

The analysis thus applied to the pulsations of large gas globes re- 
sulting from explosions also explains the curious effect known to be caused 
by the presence of small bubbles suspended in water traversed by a shock wave. 
It is shown that these may serve as radiating sources of new shock waves 


a 


ee 
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Figure 8a - Before the Explosion Figure 8b - After the Explosion 


Figure 8 - Photographs showing a Shock Wave forming in Bubbly Water 


which in turn cause a layer of bubbles to behave as a dispersive absorbing 
medium. The layer thus reflects an acoustic wave in somewhat the same way 
and for somewhat the same reason as a layer of molecules reflects light. 

The only case yet amenable to full analytical treatment is a weak 
sinusoidal wave traversing a field containing many bubbles in each cubic wave 
length. The alteration in the speed of sound caused by the presence of the 
bubbles is shown to be proportional to the fraction of the whole space occu- 
pied by the bubbles, and, in a rather intricate way, on the ratio of the fre- 
quency of the wave to that of the bubbles; see Equation [21], page 18. The 
symbols used in this development are separately listed on page 18. 

It is found that even a small concentration of bubbles may produce 
a surprisingly large reflection coefficient, and where the frequency of the 
wave is near that of the bubbles, not over, say, three times as great, re- 
flection is nearly total. At much higher wave frequencies the reflection 
falls away to near zero. 

It is thought that results similar in a qualitative sense will hold 
in the case of an incident shock wave, except for the unknown results of cav- 
itation. 
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RADIAL MOTION OF WATER SURROUNDING A SPHERE* OF GAS 
IN RELATION TO PRESSURE WAVES 


ABSTRACT 

In the study of explosive pressure waves, the theory of a sphere of 
gas expanding or contracting under water is needed in two connections - in 
discussing the motion of the gas globe produced by the explosive itself, and 
in considering the effect of bubbles in the water upon the propagation of 
pressure waves. The relevant analytical formulas are collected here and dis- 
cussed. Their deduction is given in an appendix. 

The following topics are treated: 


he the period and form of the radial oscillations of a gas globe, and 
the pressure and impulse thereby generated in the water; 


Bo the effect of a pressure wave upon a single gas bubble; 


Ne the inverse effect of a layer of bubbles in water upon an incident 
wave of pressure, which is partially to reflect or scatter the incident wave, 
and to make the transmitted wave weaker but of longer duration; 


4, an exact treatment for the analytically simple case of weak waves 
of pressure incident upon water containing bubbles of relatively small size; 


Ne scattering by a single bubble. 


INTRODUCTION 

In the study of explosive pressure waves, the theory of the expan- 
sion and contraction of a sphere of gas under water enters at two points: 
First, in considering the motion of the gas globe produced by the explosive, 
which results in secondary impulses of pressure; and second, in considering 
the effect of bubbles of gas in the water upon an incident pressure wave. 
Therefore it is proposed to collect and extend the relevant analytical formu- 
las pertaining to such motion. Only radial motion will be considered here; 
effects due to gravity or to the presence of obstacles will be reserved for 
discussion elsewhere. Furthermore, the assumption will usually be made that 
compression of the water surrounding the gas globe can be neglected. 

The relevant mathematical analysis has for the most part already 
been published (1) (2) (3),** but it will ail be included for convenience in 
an appendix. 


* In this report a distinction is made between the gas globe formed by the bulk of the gaseous products 


of an underwater explosion, and gas bubbles. The word sphere applies to either or both. 


latal A Eee 5 ae 
Numbers in parentheses indicate references on page 23 of this report. 
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PERIOD OF OSCILLATION 

A sphere of gas in water under hydrostatic pressure Po» not subject 
to the action of gravity, is capable of oscillating radially with preserva- 
tion of its spherical form. Let the gas be assumed to follow the adiabatic 
law, pV” = constant, an assumption that appears to hold well in practical 
cases. Then, for a small amplitude of oscillation, the period is given by 
Equation [34] or 


a = 27k, 3yE, [1] 


where R, is the radius of the sphere when in equilibrium under hydrostatic 
pressure p, (atmospheric pressure included), p is the density of water, and y» 
is the ratio of the specific heat of the gas under constant pressure to its 
specific heat under constant volume. For air, y = 1.4 and the formula can be 


written 
poe gk 
fh [29 VP, second {2a} 


where p, is the pressure in atmospheres,* and R, is in inches. For the gas 
globe from an exploded charge, y = 1.3 more nearly, and 


pee 
A 
In sea water T, would be 1.3 per cent greater at the same R, and p,. 

The value of Ry, for gas globes from charges exploded under water is 
uncertain. Perhaps R, = R,,, /2.6 is not far from the truth, where Ry, is 
the maximum radius. A fair estimate for tetryl is 


second [2b] 


eg (ENS 
J ree =i9(-) inches 

where Wis the weight of the charge in pounds and p, is the hydrostatic pres- 

sure in atmospheres; the value for TNT should not be greatly different. With 

this value of R,, Equation [2b] becomes 


col 


T, = 0.15 “3 [2c] 


Ps 


i-2) 


With increasing amplitude the period increases; it may be written 
T=kT, [3] 


where k is a dimensionless factor. In Figure 1 the factor k or DV is plot- 
ted against R,,,/R). In the same figure there is shown, for convenience, the 


# 
The period under one atmosphere is thus R,/129 second. 
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ratio of the minimum radius, R,,, , 
to R,. The values of k were ob- 
tained by numerical integration of 
Equation [35] for several values 
of C; R,,,/R, and R,,, /R, were 
found as values of z, and x, from 
Equation [36]. The value y = 4/3 
was used, in order to simplify the 


\ 1.4 1.8 2.2 -26 
calculation; a somewhat different Rmox/Ro 


value would give nearly the same 
curve. Oscillations of a Bubble or Globe 


Figure 1 - Curves referring to Undamped 


of Gas under Water 


For large amplitudes, 
R, is the radius when the gas pressure equals the 
perhaps where on /R, is greater hydrostatic pressure, Rmax is the maximum radius, 


than 2.25, the formula given in Rmin is the minimum radius, T, is the period of 

very small oscillations, T is the period of oscil- 
Equation [22] QI ISS 48 of TMB lation having given value of Reaw Ree The curves 
Report 480 (4) may be used are drawn for y = 4/3, but y makes little difference. 


T = 1.83 Rmx VE [4a] 
0 


For a gas globe or bubble in water this may be written 


1 
= 317 VE second [4b] 


where p, is the hydrostatic pressure in atmospheres and R,,, is in enchess 
For a given mass of gas, R,,, « 1/p,3, hence T is proportional to 1/p,8. In 
sea water, 217 is replaced in Equation [4b] by 214. If use is made of the 
value just given for R,,,, Equation [4b] becomes 


te Sie [4c] 


p,t 


These latter formulas may be used to estimate the time of collapse 
of a bubble under suddenly applied steady pressure. If R,,, represents the 
initial radius of the bubble and Pp, or p, the suddenly applied pressure, the 
time of collapse is T/2. The estimate should be of high accuracy if the ra- 
tio of pressure increase exceeds 2.25* or about 25. 

If the amplitude Ree iy is very large, compressibility of the wa- 
ter will play an important part. The direct effect of compressibility on the 
period will be small, since the high-pressure phase of the motion occupies 
only a very small part of the total period; but a loss of energy occurs by 
acoustic radiation during the time of intense contraction, so that each out- 
ward swing is less in amplitude than the preceding inward swing. The period 
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between two minimum radii should then be given quite accurately by the formu- 
las if the intervening maximum radius is used, whereas the interval of time 
between two successive maxima should be the average of the periods as given 
by the formulas for the two successive maximum radii. 

The formulas for the period have been derived from hydrodynamical 
theory but appear to have been confirmed satisfactorily by observation. No 
allowance has been made for the effect of the displacement of a gas globe due 
to gravity, but this effect should be large only under extreme conditions. 


TIME-DISPLACEMENT CURVES 

A number of curves are drawn in Figure 2 which show for several am- 
plitudes, the value of R/R, during an oscillation as a function of the time. 
The unit for time is the period of small oscillation, T,; thus the curves are 
valid for any value of R,. They refer to the case y = 4/3, which is the eas- 
jest to calculate. For air, however, the curves would differ so little that 
it is not worth while to attempt to illustrate the differemce. The curves 
were constructed by integrating Equation [32] numerically. As with the peri- 
od, no allowance has been made for gravitational displacement of a gas globe. 


0.175 
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Figure 2 - Calculated Time-Displacement Curves for Undamped Oscillation 
of a Bubble or Globe of Gas under Water 


R = radius t = time 


R, = radius when in equilibrium T, = period of very small oscillations 
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The maximum radius R,,. 
by the equation 


x, and the minimum radius R,,, are connected 


me + oC) ~ game) + ae i 


Rae [5b] 


see Equation [30], with y = 4/3. 

It is noteworthy that, as the amplitude increases, the time- 
displacement curve, which approximates to a sine curve at small amplitudes, 
becomes more and more pointed near the minimum radius. Thus the sphere 
spends very little time at radii below the equilibrium radius R, when the am- 
plitude is large. This effect arises physically from the diminution in the 
area across which the inrushing water is moving; because of this diminution 
the water has a strong tendency to increase in velocity, and hence the gas 
meets great difficulty in stopping the motion. 

The curves are calculated on the assumption of incompressible water. 
For this reason the incoming and outgoing motions as shown in Figure 2 are 
similar. When the minimum radius becomes extremely small relatively to R,, 
however, compression of the water begins to play a role, as already stated; 
consequently, the amplitudes of successive oscillations will progressively 
decrease. Each loop of the actual curve, extending from one minimum to tke 
next will be very nearly the same as it would be, at the same maximum radius, 
for incompressible water. 


PRESSURE IN THE WATER 

Let the pressure in the water at great distances be the hydrostatic 
pressure p,; and let gravity be assumed not to act. At the surface of the 
sphere of gas, the pressure in the water must be that of the gas or 


Ret (22)" pg [6] 


by Equation [26], where R is the instantaneous radius of the sphere. At any 
other point, at a distance r from the center of the sphere, the pressure, if 
the motion is non-compressive, is found to be 


R 2 


= 1 1 
p==(p,+ QP% 


i= 2) = zr + Po [7a] 
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or, for y= 4/3, 


roel + Gy sp gett, om 


where R, = R,,,, the minimum radius, v is the particle velocity at the point 
in question, and v, is the velocity of the surface of the sphere, which is 
also equal to dR/dt; see Equations [38] and [39a]. At considerable distances 
the Bernouilli term 1/2 pv? may be dropped. 

The maximum pressure at any point occurs at the instant at which 
the radius of the sphere is a minimum, without any time delay, in the approx- 
imation in which compression of the water is neglected. At this instant both 
v, and v vanish; hence, from Equations [6] and [7a], the maximum pressure is 


Rin = 
Peas CPL PDS By 
or 
Rin Ro a 
Pmax = Po —, [( al 7 i| * Py [8a] 


where R,,,, 1S the minimum radius of the bubble. For y = 4/3, 


4 
pee Baa | (Fe) - 1| + P, [8b] 
min 

These formulas should be applicable to the pressure in the water 
that is associated with the oscillations of explosive gas globes. As an ex- 
ample, if R,,,/R,) = 2.6, which appears to represent fairly well the first 
outswing for a Number 8 detonator when ji = 15 pounds per square inch, and 
when R is about 5 inches, then R,,,/R,= 0.16, and at a distance r = 18 
inches from the center of the explosion 


max 


Hoe O84/ (4) -1] = 
Po 15 18 naa 1} = 400 pounds per square inch 


Pax 


However, the pressure varies extremely rapidly near its maximum 
value when the amplitude of oscillation is large. Thus a concentrated pulse 
of pressure is emitted during the phase of extreme contraction of the globe, 
whereas during most of the time the increment of pressure due to the motion 
is small. In Equations [43] and [37] the following formulas are obtained 
connecting the pressure p at a distance r from the center with the radius R 
of the sphere of gas and the time t, in the neighborhood of the time t, at 
which R= R,=R,,, , when y = 4/3: 


2 
P = (Prax ~ Po) (22) =r pe en (9] 
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3 2 
e-t, = 2 7,(4) Ve -1 [e+ az +0(F)] [10a] 
For the first contraction of an explosive gas globe, these formulas should 
hold well at least up to R = Ree. and the error in Equation [9] should not 
exceed 5 per cent. The significance of Equation [10a] may appear more clear- 
ly if it is written 
Rmin\* 

tt = G(R) i (10b] 
in terms of a dimensionless factor G. For a decrease of the pressure to half 
of its maximum value, G = 0.4; for a decrease to one quarter, G= 0.8. In 
the example just described, referring to a Number 8 detonator, where R,,,,/Ro= 
2.6, T, = 1/65 second, R,,,, /Ry = 0.16, and the two values of t - t, are about 
0.025 and 0.05 millisecond, respectively, the pressure curve is symmetrical 
about its maximum, and the entire time taken from p = p,,, /4 through p,,,, and 
back to p,,,, /4 is about 0.1 millisecond. These results indicate that the 
pressure pulse emitted during the first compression peak should be broader 
than the primary pulse due to the explosion itself, in which the pressure 
should decrease to a quarter of its initial maximum in less than 0.02 milli- 
second. For 1 ounce of TNT or tetryl, the time from p,,,,/4 to p,,,,/4 in the 
pulse due to the first compression peak might be 0.4 millisecond; for 300 
pounds at a depth of 50 feet, 5 milliseconds. 

The total impulse or Jp dt in the second pulse, on the other hand, 
may be relatively large. The impulse from the time t, of minimum radius up 
to any other time t, when the term pv?/2 is negligible, is found to be, for 
w= 4/3, 


1 
3 4 2 
ee ee | 
Where R,, may be taken to stand either in both places for R; =R_ , the 
minimum radius, or in both places for R,=R 
Equation [44a]. 
If, in Equation [11], RR,» = Ry and alsoR=R then I = 0. 
This shows that the impulse during a complete swing is zero, the negative 


part cancels the positive part. The negative impulse arises from extremely 


the maximum radius; see 


max ? 


max ? 


small negative pressures, however, and is for this reason unimportant. The 

positive part may be obtained separately as the maximum value of J as given 

_ by Equation [11]. The positive impulse emitted during an entire compression 
and re-expansion when y = 4/3 is thus found to be 
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see Equation [45]. 

In the example of a Number 8 detonator, where R, = 2 inches, R,/Ro= 
2.6, R,/R, = 0.16, T, = 0.015 second, P, = 15 pounds per square inch, at r = 
18 inches from the center of the detonator, Equation {12] gives, for the total 
positive impulse due to the first compression and re-expansion, 0.059 pound- 
second per square inch. The part of this that arises from the central peak, 
in which the pressure exceeds a quarter of the maximum pressure, as found by 
substituting R = 2R, in Equation [11] and multiplying J by 2, is about 0.024 
pound-second per square inch. This accounts for rather less than half of the 
total. Even so, it probably exceeds the impulse due to the high-pressure part 
of the primary pressure-wave, which should not exceed 0.02 pound-second per 
square inch. 

In Figure 3 the pressure p is shown as a function of the time t, 
for a contraction from a maximum radius R, = 2.5 R, and a subsequent re- 
expansion. The ordinates represent values of Wy ee the maximum pressure 
Pimax iS given by Equation [8b]. The abscissa represents t/T, where T is the 
period of oscillation of the gas globe. Part of the curve is repeated on an 
expanded scale. The curve is independent of the quantity of the gas, which 
determines the value of Ry. 


t/T for Curve B 
0.004 0 0.004 0.008 0.012 0.016 


Nose 0.1 {e) 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1 
t/T for Curve A 


Figure 3 - Curve showing the Calculated Pressure p developed in the Water 
during the Oscillation of a Bubble or Gas Globe under Water, 
in Terms of the Maximum Pressure p,,, 


Acoustic radiation of energy is ignored. Time ¢t is plotted in terms of the period 
of oscillation T. Part of the curve is repeated on an enlarged time scale. 
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In this discussion no account has been taken of the effects of 
acoustic radiation of energy. This radiation will cause each expansion to be 
somewhat less energetic than the preceding contraction, so that the emitted 
pressure and impulse will be somewhat less. No attempt will be made here to 
develop a more accurate theory of this phenomenon, but the total radiation of 
energy associated with compressibility in the water can be estimated roughly. 


RADIATION OF ENERGY 

At considerable distances from the center of the gas sphere, where 
pv* is negligible, the pressure as given by Equation [7a] or [7b] falls off 
with increasing r according to the same law that holds for spherical waves. 
This observation leads to the surmise that moderate compression of the water 
will not greatly alter the magnitude of the pressure p at any distant point 
but will introduce the following features as characteristics of spherical 
waves in contrast to non-compressive motion: 


ile a time lag corresponding to the finite speed of propagation of 
sound waves, and 


2. a component p/pe in the particle velocity, added to the velocity 
as derived from non-compressive theory. 


This surmise is confirmed for small amplitudes of oscillation by acoustic 
theory. 

In order to form a rough estimate of the energy radiated, therefore, 
the pressure as derived from non-compressive theory may be combined with the 
acoustic formula for the energy that is carried off to infinity, in spite of 
the fact that a strict use of non-compressive theory leads to no loss of en- 
ergy to infinity at all. In acoustic theory, the emission of radiation re- 
sults from the component p/pe in the particle velocity and amounts to p2/pe 
per unit area per second. Hence, to find the total amount of radiation, it 
is only necessary to integrate p*/pc twice, first over a large spherical sur- 
face drawn about the gas sphere, and then with respect to the time. Further- 
more, the pressure falls so rapidly from its maximum value that the emission 
of energy occurs almost entirely while the pressure is in the neighborhood of 
its maximum, or while the sphere is near its minimum radius; hence a good ap- 
proximate value can be obtained by using an approximate value for the pressure 
that holds near its maximum. 

The amount of energy radiated per cycle by a sphere of gas for which 
y= 4/3 is thus found to be, in the notation already employed, 


= A Ppa aceale 
Q=2V2 2 2a ee) [14] 


min 
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where c denotes the velocity of sound in water; see Equation [48]. To make 
this formula approximately correct, the amplitude of oscillation must be 
large enough to make the peak of emitted pressure a sharp one, but not so 
large that great compression of the water occurs; the range of its validity 
may be something like 


min 1 FR vax 
< 9? WAS < a < 2.75 


A more interesting quantity is the dimensionless ratio of the 
energy emitted in a cycle to the total energy of vibration, HE. The excess 
energy that is present as a result of the oscillatory motion is the same as 
the kinetic energy of the water at the instant at which R= R,, since, if 
this energy were suddenly removed at that instant, the sphere would remain in 
equilibrium. As the gas expands to maximum radius, this kinetic energy is 
expended in doing work against the difference between the hydrostatic pres- 
sure and the pressure of the gas, and the latter work is readily calculated.* 
In this way the energy of vibration is found to be 


R 
R 


R.3 
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provided y = 4/3; compare Equation [49a]. Thus for the first cycle 


[16] 


or, after inserting c = 4810 x 12 inches per second and using Equation [2b], 
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where p, is the hydrostatic pressure measured in atmospheres. 

Measurements of the radiated energy are not available, but a com- 
parison may be made between the calculated loss by radiation and the total 
observed loss of oscillatory energy, which is easily found from the progres- 
sive decrease in the maximum radius for successive oscillations. From Equa- 
tion [15], the change in energy is 


* The water is driven, so to speak, by two springs, the gas inside and the hydrostatic pressure outside. 
As it oscillates, one spring loses energy while the other gains energy; the excess of the gain by one 
spring over the loss by the other, as the radius changes from its equilibrium value R, to a value R, 
represents the potential energy of vibration. 


| 
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R I Peane 
AE = Aap, R,° a[F2 + 5 (Z4) | [17] 


or, if the relatively small term R,/R, is dropped, 
4 
AE = 4(5 mp, R,') [17a] 


This last formula represents the change in the energy as approximately equal 
to the change in the work required to produce the cavity of maximum size, 
which can be calculated without making any assumption concerning the equilib- 
rium size of the gas globe. 

For the gas globe formed by Number 8 detonators exploded just far 
enough under the surface of the water to avoid blowing through, an average 
value for the first expansion, as inferred from the periods of oscillation, 
seems to be about R,,. /R, = 2.6. This corresponds, by Equazton [5a], to 
Ro/Rmn = 6.2. For this case, by Equation [16a], Q/E= ey x 26 = Oo 7/8. 

The observed decrease in energy during the first contraction, calculated in 
the manner just described, is about 40 per cent. 

The discrepancy between 0.74 and 0.40 is in the right direction and 
may well be due to compression of the water. At minimum radius, Equation [6] 
makes p, equal to 6.2* = 1500 atmospheres, which would compress the water by 
about 7 per cent. An attempt to estimate the amount of compressional energy 
that would exist in the water leads, however, to a divergent integral, which 
merely indicates that the non-compressive approximation to p is inadequate 
for the purpose. It is clear, however, that,if the gas at minimum radius 
absorbs only part of the energy of motion, its minimum radius will be greater 
than it has been calculated to be on the assumption that the gas takes up the 
whole energy, and the pressure peak will accordingly be lower and will result 
in a considerably smaller radiant emission of energy. Thus the true value of 
Q/E may easily be 0.40 instead of 0.74. 

The estimate of the radiated energy has been based, as have all of 
the preceding formulas, upon the assumption of perfectly symmetrical radial 
motion. Further losses of the energy of the radial motion may result in ac- 
tual cases from turbulence caused by departures from radial symmetry, or from 
conversion of the oscillatory energy into energy of translation due to grav- 
ity or to the proximity of obstacles. 


A PRESSURE WAVE AND A GAS BUBBLE 

It is of special interest to investigate the propagation of explo- 
Sive pressure waves through water containing bubbles of air, since a screen 
of bubbles has been proposed as a protective device. Let it be assumed that 
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the wave begins with a very steep front behind which the pressure falls off, 
and that the bubbles ahead of the wave are in equilibrium under hydrostatic 

pressure. The behavior of a bubble under such a wave will vary according to 
circumstances. Special cases of this phenomenon will now be considered. 


SLOWLY VARYING PRESSURE 
Suppose the pressure falls off slowly as compared with the time of 
contraction of the bubble under the maximum pressure in the wave. This 
should be the case when the shock wave from a large charge enters water con- 
taining small bubbles. In this case 
the pressure on the bubble is prac- 
- tically steady during the process of 
°SSure compression. 
Estimates of the rapidity 
of heat exchange between the gas in 


RadiuslofiGubble the bubble and the water indicate 
that the gas should follow the adia- 
Tin ——— batic law, pV”= constant. Since 


Figure 4 - Curve illustrating Behavior ye R®, the new equilibrium radius R 
of a Bubble under a Slowly 
Varying Pressure Wave under pressure p will be 


R = (Pa) R, [18] 


where R, is the radius under hydrostatic pressure p,. For air, y = 1.4 and 


R = (=0)*? R, [18a] 


Thus the equilibrium radius changes but slowly in comparison with the pres- 
SUGeCn elite P/Po = 200, corresponding to a rise of pressure from atmospheric to 
3000 pounds per square inch, R/R, = 1/3.5; if p/p, = 400, corresponding to 
6000 pounds per square inch, R/R, =i) 

The time required for a bubble of initial radius R, to contract 
when the pressure is suddenly raised to a high value and then held steady may 
be estimated as half of T as given by Equation [4a] or [4b] with R,,,, re- 
placed by R,. For bubbles in water, 


1p _ 9.0023 Ry el 
2 VP, 


where Ry is in inches and p, is the applied pressure in atmospheres. Thus, 
even if Ry is as large as 0.1 inch and the pressure no greater than 150 
pounds per square inch, so that Pe 10, the bubble collapses in less than 


: 


| 
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1/12 millisecond, which is a short time relative to the duration of the pres- 
sure wave from a large charge. If R, = 0.1 inch and p = 1000 pounds or P, = 
67, T/2 is less than 1/30 millisecond, which is a short time even for the 
wave from a pound of explosive. Smaller bubbles will collapse more quickly 
in proportion to their smaller radius. 

In collapsing, the bubble will overshoot its new position of equi- 
librium under the increased pressure, and will then re-expand. If the bubble 
lost no energy, and if the pressure remained constant, then the bubble would 
actually expand to its initial size, after which it would collapse again; it 
would, in fact, execute undamped oscillations about its equilibrium radius 
under the increased pressure. The bubble would be analogous to a mass on the 
end of a spring; if, when the mass is at rest, a constant force suddenly be- 
gins to act on it, the mass oscillates about a new position of equilibrium 
and, in doing so, returns periodically to its initial position. 

The period of the oscillations will be much shorter, however, than 
those which the same bubble would execute under normal pressure. Under a 
pressure of 1000 pounds per square inch, for example, the equilibrium radius 


is reduced from its value under one atmosphere in the ratio (Wel) te = == 
The period of oscillation, which is proportional by Equation [1] both to p, 2 


and to the equilibrium radius, would then be 2.7 (1p00)¢ = 22 times less 


than under one atmosphere. Under 3000 pounds per square inch, the period 
would be 50 times less than under one atmosphere, for the same relative am- 
plitude of oscillation. 

Compression of the water cannot be ignored in these cases. Calcu- 
tation of the pressure in the bubble when at its minimum radius gives fan- 
tastically high values. This means that, because of compression of the water, 
the minimum radius will actually be several times larger, and the maximum 
pressure many times smaller, than the values derived from non-compressive 
theory. Furthermore, it is certain that much of the kinetic energy acquired 
by the bubble as it contracts will be radiated away during the phase of ex- 
treme compression. The oscillations of the bubble about its new equilibrium 
radius will thus be highly damped. 

An upper limit can easily be set to the amount of energy that can 
be radiated away by such a bubble in collapsing. The total work done by the 
applied pressure as the bubble collapses is equal to the product of the pres- 
Sure into the change of volume of the bubble. With any explosive wave of 
consequence, however, the final volume is relatively small. For example, 
even if p is only 300 pounds per square inch as against an initial pressure 
Po = 15, from the relation pV”= p,V,” the ratio of the corresponding volumes 
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is, for air, V/V, = (p,/p)*/” - (p,/p)4 = 1/8.5. Hence, the work can be 
calculated from the initial volume only and is nearly equal to 


W=SnpR, 


where RF, is the initial radius. 

It may now be asserted that the radiated energy cannot exceed W. 
It may well be almost equal to W, however. For the part of Wthat is spent 
in compressing the gas is approximately, or exactly if y = 4/3, equal to 


4 3 
4mp, Pe -- 4np,R,° = 4p, Ro( 42 - 1) =4npR, [(23)° _ Ps] 


by Equation [27a]. This is less than W/5 if p is greater than 20 py. Loss of 
energy due to friction should also be small, unless departures from symmetry 
cause appreciable turbulence. 

After the bubble has settled into its new position of equilibrium, 
it may contract somewhat further as it loses heat of compression, and as the 
gas dissolves in the water. If the pressure slowly decreases, the bubble 
will re-expand without executing marked oscillations. 


IMPULSIVE PRESSURE 

At the opposite extreme from the case of steady pressure stands the 
impulsive case. Let the pressure be applied suddenly and let it disappear 
again before the bubble has had time to change appreciably in size. Then the 
bubble will begin contracting at a 
certain inward radial velocity wv. 
If compressibility of the water can 
be neglected, the analysis gives 


iN ee 
v,= Ale [20] 
where p is the density of water and 
If = frat, the applied impulse; see 


Radius of Bubble 


Pressure 


time Equation [51]. If J is in pound- 
Figure 5 - Curve illustrating Behavior seconds per square inch and Ry in 
of a Bubble under a Pressure Wave inches 
of Very Short Duration z 
Ties 
vy = — 10,700 R. inches per second [20a] 
0 


It is clear from this formula that enormous velocities are easily 
produced, while the inertia effect on the bubble motion is relatively small. 
From a Number 8 detonator at 18 inches, for example, the shock-wave impulse 
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may be about 0.013 pound-second, so that, even if R, is as large as 0.1 inch, 
v, according to Equation [20a] equals 1400 inches per second. Moving at this 
velocity, the bubble would shrink to nothing in 1/14 millisecond. Since the 
duration of the shock wave scarcely exceeds 1/50 millisecond, the value ob- 
tained for v, and for the time of collapse should be roughly correct. 

For heavier charges, however, this analysis ceases to apply. Thus 
for the same bubble at a distance of 18 inches from 1 ounce of TNT or tetryl, 
I = 0.2 pound-second and v, = 21,000 inches per second; at this velocity the 
bubble would collapse in 1/210 millisecond, whereas the shock wave lasts per- 
haps 1/10 millisecond. In such cases a better estimate of the time of col- 
lapse is obtained from Equation [19]. If in this equation R, = 0.1 inch, 
P,= 4000/14.7, representing a peak pressure of 4000 pounds per square inch, 
the value T/2 = 1/72 millisecond is obtained for the time of collapse. Even 
this latter value is probably considerably in error, but it serves to confirm 
the conclusion that the bubble will collapse long before the shock wave has 
disappeared. 

After collapsing, the bubble will re-expand. If the time of col- 
lapse exceeds the duration of the shock wave, so that the expansion occurs 
under the original low pressure, the bubble may overshoot its original size. 
The time required to reach the original dimensions may be of the same order 
as the time of collapse; for the shortening of the time that results from the 
loss of energy by radiation will be offset somewhat by a lengthening due to 
the fact that the expansion occurs against a lower pressure. 


THE GENERAL CASE 

Between the two simple cases of relatively steady pressure and of 
impulsive action there lies an intermediate range in which analytical treat- 
ment is laborious. Qualitatively, light can be thrown upon these situations 
with the aid of estimates based on the formulas pertaining to the simple ex- 
tremes, but quantitative results can be obtained only by numerical integra- 
tion. 

The foregoing discussion of the effect of a pressure wave on a 
Single bubble may now be followed by consideration of cases involving more 
than one bubble. 


A PRESSURE WAVE INCIDENT ON BUBBLY WATER 

A problem of great interest is that of a plane wave of pressure 
entering at normal incidence a layer of water containing bubbles of air or 
other gas. 

The principal qualitative features of the effect of the bubbles 
upon the pressure wave are easily inferred. 
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The bubbles make the water effectively much more compressible, 
hence the velocity of propagation will be greatly reduced. An isolated pulse 
of pressure may, for this reason, be retarded in its passage through the bub- 
bly water. 

Furthermore, if there is a definite boundary between the homogene- 
ous and the bubbly water, partial reflection of the wave may be expected at 
the boundary. The reflection may, however, be reduced in amount by the oc- 
currence of cavitation at the boundary of the layer of bubbly water. The 
wave reflected from the first surface of this layer will necessarily be one 
of tension, since the bubbles reduce the acoustic impedance of the water. If 
the water cannot stand the requisite tension, cavitation will occur in the 
homogeneous water, and in this case the reflected tension wave will be partly 
or wholly absent. A layer of cavitated water should then advance against the 
bubbly water, and subsequently move back again; the impact of this layer 
against other water may give rise to a secondary reflected wave of positive 
pressure. 

It would be expected that high-pressure waves would be less effec- 
tively reflected than low-pressure waves. For, if the pressure is great 
enough to cause the bubbles to collapse almost completely, further increase 
of pressure will not cause materially greater amplitude of motion of the bub- 
bles, so that the reflecting action cannot increase in proportion to the in- 
cident pressure. 

Additional complications, perhaps resembling resonance effects, may 
result from the inertia of the water surrounding the bubbles. Furthermore, 
loss of energy due to scattering of the wave by the oscillating bubbles, or 
to other causes, will result in a weakening of the wave. 

Because of these effects, the bubbly water will behave as a disper- 
sive, absorbing medium. The dispersive action, signifying that the various 
harmonic components of the wave travel at different speeds, will cause the 
wave to increase in length as it passes through the bubbly layer. If the du- 
ration of the wave is short enough relative to the time of vibration of the 
bubbles, the lengthening may be so great that it is best described as a re- 
emission of pressure by the compressed bubbles as they expand again. 

The wave of pressure that emerges on the far side of the layer of 
bubbles will thus be likely to be weaker but of longer duration than the 
original incident wave. There are, furthermore, other effects that lengthen 
the transmitted wave. Repeated reflections from the boundaries of the layer 
may occur. A single entering pulse may thus emerge as a series of repeated 
pulses of rapidly diminishing amplitude, which will blend together more or 
less completely into a transmitted wave of increased length. 


7 205 


Then, finally, there are the wavelets scattered in all directions 
by the bubbles. In part, effects of these scattered wavelets have already 
been taken into account, for they actually constitute the physical mechanism 
by which the incident wave is weakened and partly reflected. But the scat- 
tered wavelets will also appear independently as an additional wave of pres- 
sure scattered in all directions. Ina similar way the waves of light 
scattered by the molecules of the atmosphere, which, on the one hand, cause 
a refraction and a weakening of the sun's rays, also appear independently as 
the blue light that comes from the sky. Scattered wavelets coming from more 
and more distant parts of the bubbly layer may prolong the transmitted wave 
as observed in regions beyond the layer. 

The momentum carried by the waves, on the other hand, should be re- 
duced only if a reflected wave of tension occurs. Such a reflected wave may 
carry back a large part of the incident momentum. If, however, the reflec- 
tion is prevented by the occurrence of cavitation, all of the incident mo- 
mentum must appear somehow in the transmitted wave. 

The transmitted momentum might, as a matter of fact, exceed the in- 
cident momentum. In such a case the conservation of momentum might be pre- 
served in either of two ways. Partial reflection from the farther side of 
the bubbly layer, occurring in the medium of lesser acoustic impedance, may 
cause momentum reversed in direction to be carried back toward the source of 
the waves. Or, momentum of the same sort may be carried back by the rear 
halves of wavelets scattered off in all directions. 

Several features corresponding to those just described have been 
observed in experiments at the David W. Taylor Model Basin, which are to be 
described in other reports. 

The quantitative treatment of these phenomena, unfortunately, en- 
counters great difficulty, as does any problem in highly non-linear wave 
motion. The analysis can be effected readily, in fact, only for the extreme- 
ly simple case of very weak waves of sinusoidal form, passing through water 
that contains many bubbles in each cubic wave length. After this case has 
been solved, a weak wave of arbitrary form can be treated, if desired, by 
means of Fourier analysis. Although devoid of direct bearing on the topic 
of explosion waves, the analytical results for weak waves may be suggestive 
enough to be quoted here. Their deduction is given in the Appendix. 


WEAK SINUSOIDAL WAVES IN FINE-GRAINED BUBBLY WATER 
Let the following assumptions be made: 


a The pressure is so weak that linear acoustic theory can be applied. 
This implies that the bubbles change size only slightly as the waves pass. 
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an The spacing of the bubbles is large relatively to their own diam- 
eter, but yet small relative to the wave length of the waves in the bubbly 
water. Let 


c be the speed of sound in homogeneous water, 
c’ be the speed of sound in the bubbly water, 


B be the extinction coefficient, with the significance that 
the amplitude of the pressure decreases by a factor e 77 
as the wave traverses in the bubbly water a distance equal 
to its wave length in homogeneous water, 


f be the fraction of space occupied by the gas in the bubbles, 


R, be the equilibrium radius of the bubbles, assumed the same 
for aul, 


2n/T, where T is the period of the waves, 


€ 
" 


WwW, = 2n/Ty, where Ty) is the natural period of small radial 
oscillation of a bubble, 

N= ee Here N’represents the ratio of pc”, the volume 
elasticity of water, to yp), the volume elasticity of the 


gas contained in the bubbles. 


Then, according to Equations |66] and [67], the analytical treat- 
ment yields the equations: 
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At very low frequency, 8 = O approximately and 
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Since, as in Equation [1], T, ~ R,, the quantity N is in reality 
independent of the size of the bubbles. For air in water at atmospheric 
pressure, where c = 58,000 inches per second and by Equation [2a], Wo = 
2n/T,) = 2m x 129/Ry, N = 58,000 V3/258m= 124. 
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The value of Nis so large that at very low frequencies, in the ab- 
sence of all resonance effects, a small amount of air causes a large decrease 
in the wave velocity. Thus if f = 0.1 per cent, c' = c/V1 + 124 x 0.124 = 
Dee5.c; if f = 1 per cent, c' = 0.08 c. 

The coefficient of reflection, or fraction of the incident energy 
that is reflected, is given by Equation [70] or 


2 
(iS Pee 
k= AN 2 [24] 
(1+ 4) +8 
At very low frequencies this becomes, approximately, 
c 2 2 
Foe ten me | Walaa [25] 
ae V1+fN*? +1 


from Equation [23], a formula that is easily obtained from a much simpler 
calculation. The latter formula gives, for f = 0.1 per cent of air, 
K= (3)'= 0.36 

and for 1 per cent of air, 
11.4? 
13.4? 

Curves are shown in Figures 6 and 7 for 0.1 per cent of air in 
water, or for N= 124 and f = 0.001. In Figure 6 the ratio of velocities 


I = = Wot? 


(S) nox < 35 
Bmox < 35 Figure 6 - Refractive Index relative to 
Homogeneous Water, c/c’, and Extinction 
Coefficient 8B for Sinusoidal Waves in 
Water containing 0.1 per cent 
of Air in Fine Bubbles 


c’ = wave speed 
c = wave speed in homogeneous water 
w = 2m times wave frequency 


Wo = 2m times natural frequency of radial 
oscillation of the bubbles 


8 = extinction coefficient 


Pressure decreases by factor e~278 as wave 
progresses a distance A = 2mc/u. 
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c/c', or refractive index of bubbly 
water relative to homogeneous water, 
and the quantity 8 are plotted 
against w/w», which represents the 
ratio of the wave frequency to the 
natural frequency of the bubbles. In 
Figure 7 is plotted the reflection 
coefficient K of the bubbly water. 
The curves are valid for any bubble 
size that is not too large; the size 
of the bubbles determines Ww. 

A strong resonance effect 
is brought into evidence by these 
curves. Especially striking is the 


Figure / - Reflection Coefficient K persistence of this effect as w in- 
K is the fraction of the incident energy that 
is reflected, for the bubbly water wave speed c’ that is caused by the 

to which Figure 6 refers. 


creases above w,. The decrease in 


bubbles at low frequencies is re- 
placed, as w begins appreciably to 
exceed w,, by an increase in wave speed; for f = 0.001 and w= 2.5w,, c’ = 

22 c, and even at w= 5w,, c’ = 1./ c. Furthermore, the scattering, which is 
proportional to 8, shows a strong persistence at values of w/w, up to 2 or 3. 
As a consequence, there is a strong band of nearly total reflection from 
wW=W, to w= 3w,. Above w= 5u,, on the other hand, reflection becomes in- 
appreciable; at such frequencies, the inertia of the bubbles prevents them 
from following the vibrations of the incident wave to any considerable degree. 

If w is increased to very high values, however, a point is ulti- 
mately reached at which the assumptions underlying the analysis no longer 
apply, because the incident wave length is no longer large as compared with 
the spacing of the bubbles. 

Observations have been reported on the scattering of sound by bub- 
bly water, but they do not seem to lend themselves to a test of these equa- 
tions. The analytical results may be employed, however, to throw some light 
upon the effect to be expected when a shock wave enters bubbly water. A 
photograph of this phenomenon is shown in Figure 8. 

If the effective length of the shock wave is relatively great, or 
at least not less than a third as great as the wave length corresponding to 
the average natural frequency of the bubbles (w/w < 3), then it may be con- 
cluded with safety that the reflection will exceed the value given by 
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Figure 8a - Before the Explosion Figure 8b - After the Explosion 


Figure 8 - Photographs showing a Shock Wave forming in Bubbly Water 


Equation [25]. In this statement, the wave length as it exists in homogene- 
ous water is meant. If the effective length of the shock wave is actually 
comparable with the bubble wave length, the reflection should be materially 
increased by resonance effects, and at the same time the wave in the bubbly 
water should be heavily damped, in consequence of the scattering of the in- 
cident wave. If the length of the shock wave is progressively decreased, 
however, until it becomes several times smaller than the bubble wave length, 
the reflection should fall off rapidly, and as the shock wave is further 
shortened both reflection and scattering should tend toward small values. 

The statements regarding high reflection are conditioned by the 
assumption that cavitation does not occur. As stated in the previous section, 
cavitation occurring in the homogeneous water lying next to the bubbly layer 
may decrease the reflection or markedly alter its character. 

The part of the incident energy that is not reflected but enters 
the bubbly water is gradually scattered by the bubbles as the waves progress; 
this process accounts for the progressive weakening of the waves. In real- 
ity there will be also a certain dissipation of energy due to friction and 
heat conduction, but estimates indicate that this dissipation ought to be 
comparatively small. 
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The scattered waves are hard to treat analytically because they are 
themselves subject to continual re-scattering. It may be of interest, how- 
ever, to consider for comparison the scattering by a single bubble. It is 
found that the bubble should scatter as much energy as is transported in the 
incident waves across a certain area A, which may be called the scattering 
cross section of the bubble. The value of A for waves much longer than the 
diameter of the bubble, as given in Equation [75], is 


A = —— Ss mR,” 
2.2) Square 0 
alg. 
(or) eee 


At w= 0, A= 0; from w= 0.6w, well up toward such high frequencies that the 
validity of the formula becomes doubtful, A exceeds wR, the actual cross- 
sectional area of the bubble itself. For air in water, N = 124. For such 
bubbles, A approximates 4unR,’, the superficial area of the bubble, when w 
lies within the range 


4w,<w < 20, 


An extremely sharp resonance effect occurs. At w=w), A= 
20,5007, ; the bubble scatters more than 20,000 times as much energy as 
would fall on it directly. If w differs from w, by 2 per cent, however, the 
scattering is only a ninth of its maximum value. The half-value width, or 
width of the resonance peak between points on the curve at which A has half 
of its maximum value, is 0.014. 

The energy scattered by a group of bubbles should be just the sum 
of the energies scattered by the individual bubbles, provided the bubbles are 
distributed at random, and provided differences in the intensity of the in- 
cident waves may be neglected. If the bubbles are not distributed at random, 
however, interference effects may occur. The reflected beam from a bubbly 
region of water having a sharp boundary arises from constructive interference 
of the waves scattered by the individual bubbles, and it is for this reason 
that the resonance peak in reflection is so much broader than the peak in the 
scattering curve for a single bubble. If there is no sharp boundary but the 
density of bubbles varies gradually, the reflection will be weaker; if the 
density is nearly uniform within any distance equal to one wave length of the 
incident waves, the process becomes essentially one of scattering with little 
resemblance to regular reflection. 
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APPENDIX 


MATHEMATICAL THEORY OF RADIAL MOTION 
AROUND GAS SPHERES IN WATER 


Consider a sphere of gas behaving adiabatically, so that, if p, and 
V are its pressure and volume respectively, or R its radius, and if V, and Ry 
denote values under the hydrostatic pressure p,, then 


Pg Ve Sy: 


whence 


3y 


Py = ry (=) [26] 


Here y is the ratio of the specific heat of the gas at constant pressure to 
its specific heat at constant volume. The energy of such a gas is 


ge PNG hee 5 WATS, 3 (Ro) * 
set Serius LOVES) py) Re (=) [27] 
or, abe es Ley. 
ie 
W = apy [27a] 


THE RADIAL MOTION 

By inserting the value of W from Equation [27] and also r, = R in 
Equation [14] on page 46 of TMB Report 480 (4), the fundamental equation of 
radial motion for the sphere of gas in incompressible water under steady 
hydrostatic pressure p, is obtained in the form 


(ey x Gi ape al Po (Ho) 2 Po [28] 
dt R 3) yl pee: 3 

where p denotes the density of water and C, a constant whose value depends 
upon initial conditions. 

The maximum and minimum radii of the oscillating sphere, R, and R, 
respectively, occur when dR/dt = 0 and hence are those values of R which make 
the right-hand member of Equation [28] vanish. Hence R, and R, are connected 
with each other and with C, as follows: 


2 p | 1 Ry, al 2 Dy a 1 BR a 
SS) FS es pees Bey (SU) = = + aasiOb 
Oe Be lee ee ae SS [29] 
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whence, after dividing by 2p,R,°/3p, 


(zy 2 1 (aye eel 1 oe al 


Ry a Ro y= MRS 


The relation between the radius and the time t may be found by 
solving Equation [28] for dt and integrating: 


C 5 Retr Oh pa 

t= far= {| - = — 2 (2)"- 2)? ar 
R 8 oycalhyy Wlts 3 

or, in terms of 


z= = ee [31a, b] 
0 


: 1 
~y 
t= Ve2 Ro f2%dz[Cx — 24 - : rt [32] 
2 Po amare 
For infinitesimal amplitudes of oscillation about R = Ry or z = 1, 


the integration is easily effected by writing 


= Cee 
y=—1 


where b is a small positive constant, expanding powers of (1 + w) by the bi- 
nomial theorem, and dropping all terms whose effect on t becomes negligibly 
small as b > 0. Then Equation [32] becomes 


t= VSB my f (b+ ow % yw?) ® dw = 


[33] 


3p 2 a] 9yw—b 
R y= sin 
2m 9 rae! 

For a half oscillation, the limits for w are the roots of the quantity in 
parentheses in the integral; these roots give to the sine of the angle the 
values +1 and -1, respectively, as is easily verified. Thus for a complete 
oscillation the sin’ contributes a factor 2m, and the period is 


= yee ys = ai 
T= Vo_, Bo Voy 27 = 20h V ZU 5 [34] 
or, for y = 4/3, 
T, = 7R, Ve [34a] 


| For larger amplitudes numerical integration is necessary. This is 
simplest when y = 4/3, so that Equation [32] becomes 
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3p x2 dz 
t= Se Ref ee 3 
2a) (Cz wa a)? [35] 
and 
gy, Toa 08; Lay edd | pou 6 
Oe pS Pers) micas [36] 


in terms of the minimum or maximum values of z, z, or x. For purposes of 
numerical calculation, the substitution, z = 2,(1 + u*) is useful near Zi» 
and x = z,(1 - v*) near zp. 

When the amplitude of oscillation is large, a useful analytical 
approximation for t can be obtained which is valid near the time ¢, at which 
the radius R takes on its minimum value R,. When R is near R,, 2‘ is rela- 
tively small and can be dropped without much error; if z,% is similarly 
dropped in Equation [36], so that C = 3/z,, the integral in Equation [35], 
taken between the limits z, and z, becomes 


a?dz eh mie $ (16 ce ane See 
Va eae ragga ee ie pe pee 


It is convenient, also, to eliminate p and p, by means of T, as given by 
Equation [34a]. Then Equation [35] gives, since z, = R,/R,, 


2 
a> TF telrliln 7! Gs tage, = nt) ae 


This formula should hold well so long as zx‘ is small as compared to 3, per- 
haps up to R=R,/2. 


PRESSURE IN THE WATER 

The pressure in incompressible water around a sphere of gas exe- 
cuting radial oscillations is given by Equation [8] on page 46 of TMB Report 
480 (4), provided r, is replaced by R and u, by dR/dt. This gives, with u 
replaced by v for the particle velocity of the water, 


2 
if 
p= 2 lp, + $0 (2) — po] — § Pv? + Po [38] 


for the pressure p at a distance r from the center of the bubble. Here p is 
the density of water and p, is the hydrostatic pressure. Or, if substitution 
is made for p, from Equation [26], for dR/dt from Equation [28], and for C, 


from Equation [29], (39] 
39 


3 3 3 
poe AER ull) 4 gee eagle ee 
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and for y = 4/3, 


pon E(B) EGF Spd 0m 


The maximum pressure, occurring at the instant at which R = R, and the water 
comes to rest, is, if y = 4/3, 


R les Xe 
Prax = Po = (eS rs 1| ar Po [40] 


1g R,/R, is small, only the terms in (R,/R,)* need be kept. Then, 
approximately, for y = 4/3, 


P max py 2 (F) + Po [a 
parol) Cp) ~ got +m "2 

or 
| (pee = Po) (Sy = = pvt + Do [43] 


An examination of Equation [39a] shows that for any R< Roles which implies 
that R, < R,/2 also, the error in Equations [42] and [43] is not over 7 per 
cent. 

The effective impulee, |(p - p,)dt, may be found by direct inte- 
gration, but it is most easily found by using Equation [9] on page 46 of TMB 
Report 480 (4) 


Jp = po) at = 2 a (pr? S®) — pe f vede 


where R and v replace r, and u in the original. If ¢,, the instant of min- 
imum radius, is taken as the lower limit, at which dR/dt = 0, A(R*dR/dt) be- 
comes simply the value of R°dR/dt at the upper limit t. Hence, from Equations 
[28] and [31bj 


t 4 3y 4 
=f (p.- Pp) at 2 ae | 22 C,R- i (4) ea a = ef vat 


3 r L2pp 


1 


or, using Equation [29] and eliminating p by means of Equation [34a], 
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i 2 VE my to 2 {| (Ape) + ee) 


y= i R, 2 Ry 
a ok 
ee take 


in which R,, indicates that R, may be inserted in both places, or R, may be 
employed instead of R,. For y = 4/3, 


a 
= VO. 1 (eae 1 Bien. zou i 5 
pate ean 3 4) |z ie ne Tag Py oe agli 


As R varies from R, to R,, I as given by Equation [44] or [44a] 


[44] 


rises to a maximum and returns to zero. Its maximum value represents the 
contribution of positive pressures and may be denoted by J,; this value oc- 
curs when p - p, = dI/dt = 0. If the Bernouilli term pv*/2 may be neglected, 
Equation [39a] gives 


pe) aliaten 


and elimination of R between this equation and Equation [44a] with Ri = R, 
gives, for y = 4/3, 


lL, = v2 ap iy Gr Fe ie |p x i} (45 ] 


RADIATION OF ENERGY 

As stated on page 9 the pressure field at a distance from the gas 
sphere is essentially an acoustic field and involves the usual radiation of 
energy to infinity. The intensity of a sound wave, or the energy conveyed 
across unit area per second, is (p - Po) /pe; the amount conveyed per second 
across a large sphere of radius r concentric with the bubble is, therefore, 


2 
4nr? (Estos 
pe 


since p is uniform over such a sphere, and the total energy emitted will be 


Q= fare (Sais dt 


In this integration the lag in time caused by the finite rate of propagation 
of sound waves can be ignored. 
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Because the energy depends on the square of the quantity p - py, 
radiation will occur almost exclusively near the peak of the wave, provided 
the amplitude of oscillation is large. At large distances, furthermore, the 
term pv’/2 may be dropped. Hence, for y» = 4/3, Equation [42] may be employed 
for p, or, in terms of z =R/R,, 2, = R,/Ros 

liga ol 


Py eye riaaiva 


From Equation [35] 


3p x2dz 


dp) 22 pee ere 
2 Py (Coe aye 


Hence, approximately, for y = 4/3, 


3 3 
q= 7 V\Viye By f__t_ (46) 
p 22(Cx — x4 — 3)2 


in which C is given by-Equation [36]. 

If the amplitude is large, x* may be dropped and C may be replaced 
by 5] % 1 as in obtaining Equation [37]. In integrating up to a large zx, fur- 
thermore, the limit can be replaced by ~ without much error, because of the 
rapid decrease in the integrand. Hence, if y = 4/3 and the amplitude of os- 
cillation is large, the energy emitted during a compression and subsequent 
re-expansion has the approximate value 


3 hd a 
2 = ea V2 Doz Ry 2 dx 
Ce 1,3 a2(¢ — %,)2 
The integral equals m/(2z,°/?). Hence 
2V2m2 1 3 R,\3 
leans c p 2 py? Ri (R) [47] 


or, if we also eliminate p by means of Equation [34a], 


4 3 
= 3 Puy (Ro 
Q, = 2V2 0 rT. Cr) [ue] 
For comparison, the total energy of oscillation EH is equal to the 
kinetic energy in the water at the instant at which the radius R= R,, since, 


if the water were suddenly arrested at this instant, the sphere would remain 


} 
; 


A 


in equilibrium. As R decreases to its minimum value, R,, this energy, to- 
gether with the work done by hydrostetic pressure as the radius decreases, 
becomes expended in work done in compressing the gas. Hence, by Equation [27] 
i 
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4 A ae WL APS Te noe 
ss 3 z Pa Hovig hay) 3(y — 1) Po Ro lt) | 
whence 
DA py laa Be OGD) 9 nity Oo ose 
e g 7 Po Ko aig) + (3) a eA. sit 


in which, according to Equation [30], R, might be substituted for IR he, slit 
y= 4/3, 


= 3{ Ro 1 (By - 4) = s| 1/R,\° 4] 
Be STP Bo eee ae) ail ae, MRoro wore <= [49a] 


BUBBLE UNDER VARIABLE EXTERNAL PRESSURE 

Up to this point the hydrostatic pressure p, has been assumed to be 
constant. Let it now be assumed to vary with the time. Such variation may 
be caused by the action of a piston upon the water; if compression of the wa- 
ter is negligible, this pressure will be transmitted instantly to all parts 
of the water. The theory developed for this case should also hold approxi- 
mately for the action of a shock wave upon a bubble, provided the bubble is 
much smaller than the effective length of the shock wave in the water. 

Examination of the deduction of Equations [1] to [10] on pages 45 
and 46 of TMB Report 480 (4) shows that all of these equations remain valid 
if p, varies with the time t. If in Equation [10] on page 46, R is written 
for r,, the radius of a spherical gas bubble, the equation becomes 


Sy LIN nl ee 
», = [5 (42) ec uy to 


or 


Dear vr atee 


Only the simple case of an impulsive variation of p, will be 
treated here. Let p, take on large values during a very short time t,. In- 
tegrating the last equation during this interval, 


1 d 2 dR 
t= — = 2 ——)dt dt 


Now p, is nearly constant during the short time t,, hence fp, at is very small 
and may be dropped in comparison with [p,dt. In the second integral, R is 
nearly constant, whereas dR/dt may undergo considerable change; hence, ap- 
proximately, 
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1 d (pz dk aU aid sea Rie ial 3 dR) _ dR 
; de(R? Ge) wal ael® qe) at pe a(R? 7) — RA 
where A denotes the change of a quantity during the time t,. Thus 


atk ap [pod [50] 


If dR/dt = 0 initially, the velocity inal by the impulsive variation of 
p, is, therefore, 


aR eS), decile 
‘ie Fg | Po at [51] 


EFFECT OF MANY SMALL BUBBLES ON LONG PLANE 
SINUSOIDAL WAVES OF A SMALL AMPLITUDE 


In order to deal accurately with the effect of bubbles upon waves 
of pressure, it is necessary to make full allowance for the compressibility 
of the water. The analysis then becomes very difficult unless it is re- 
stricted to very small variations of pressure, so that acoustic theory can 
be employed. This restriction will now be made. Even so, only the case of 
sinusoidal waves can be handled readily; waves of other forms may then be 
treated if necessary, with the help of Fourier analysis. 

It will be assumed that the spacing of the bubbles, although large 
relatively to their diameter, is small relatively to the wave length of the 
wave, either in the bubbly water or in homogeneous water. This assumption 
will be taken to imply, in particular, that the average pressure in the wa- 
ter at any instant is sensibly the same as the pressure at points midway 
between the bubbles, and also that the local pressure field around each bub- 
ble is sensibly the same as it would be if this field were exactly spherical- 
ly symmetrical and had a value at infinity equal to the actual mean pressure 
between the bubbles. 

Let there be n bubbles per unit volume, all having radius Ry when 
in equilibrium under the hydrostatic pressure p,. Let x denote distance in 
the direction of propagation of the waves. 

The equations of propagation are easily obtained -in the usual way, 
by considering an element of volume having the form of a cylinder of length 
dz and of unit cross-sectional area. Let v denote the average particle ve- 
locity of the water in the direction of x. Then the volume of the mixture of 
bubbles and water that is in the element at any instant increases during the 
next interval dt by 


Ov 
aE dx dt 
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This change in volume is supplied partly by a change in the volume of the wa- 
ter itself, partly by a change in the volume of the bubbles. As the elas- 
ticity of water is equal to pce’, where p is its density and ¢ the speed of 
sound in it, the increase in volume of the water is 


where p denotes the average pressure in the water surrounding the bubbles. 
The increase in volume of the ndz bubbles in the element is 


CON Awa ens at 2 dk 
nd (4 7R‘) dt =40nR ade 


ot 
Hence r 
ov ws fos Mae, ODL 2 dR 
an dx dt Fae ay dxdt +4mnR ae dx dt 
Op 2 Ov 252 aR 
Bie roe + 4rnpc°R dt [52] 


During the same time the momentum in the layer has been changed by 


since dz(- Op/Oz) represents the net force on the element, whence 


OU) ig os EOP, 
p Ox 


at [53] 


If Equation [52] is differentiated with respect to t and Equation 
[53] with respect to z, and if 0*v/Otdx is then eliminated between the two 
equations, the equation of propagation for p is obtained 


o°p 6’ p nee CR 
ate Sie arti + 4nnpe’R® > [54] 


Here a term in (dR/dt)® has been dropped as being of the second order. In 
the same way p was treated as constant in deducing Equation [53]; and the de- 
crease in mass due to the presence of bubbles was also ignored as being very 
small. 

Equation [54] is unusual in form among wave equations in that it 
contains two dependent variables, p and R. A second equation is, therefore, 
necessary, and it may be obtained by analyzing the motion of the bubbles. 

This motion can be handled conveniently with the help of the prin- 
ciple of superposition. If the bubbles did not change in radius, the inci- 
dent wave, according to the assumptions made, would cause the pressure p near 
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a bubble to vary in time without the occurrence of marked inequalities of 
pressure. The effect of a radial motion of the bubble will then be to super- 
pose upon this incident pressure field an emitted train of spherical waves. 
If p, is the pressure due to these waves, the local pressure at any point 
near the bubble will be p+ p,. 

The average pressure in the water can be written 


p= pe“ cosw(t — =) 7= a [55] 


where p,, w and @ are constants and c’ is the speed of propagation of the 
waves through the bubbly water. The factor e “* is introduced to allow for 
damping due to the scattering action of the bubbles. The corresponding par- 
ticle velocity, obtained by calculating Op/dz, substituting in Equation [53], 
and integrating with respect to t, is 


v= 6° eos w(t = =) 4 oe sin w(t == || [56] 


The mean pressure near a bubble at x = 0 will then be 


p= Pp, coswt + py [57] 


Under the influence of this pressure, the bubble will execute 
forced harmonic vibrations. Because of this vibratory motion, it will emit 
a train of spherical waves which, according to our assumptions are to be re- 
garded as superposed upon the average pressure represented by Equation [55]. 
The pressure in the emitted waves at a distance r from the center of the bub- 
ble can be written 


— Fo pes | _ 
P, - p, cosw|t ; eal! t+ 6 


in which R, is the radius of the bubble when undisturbed, ec is the speed of 
sound in water, and Po» W and b are constants. The corresponding particle 


velocity, taken positive outward, is 


Se 


1&5 pele isiead C7 Cage — 2A) 
ve = AGE p, [eosw(t z ) sr ae sinw(t ; ) 
as can be verified from Equation [3] on page 38 of TMB Report 480 (4). At 
the surface of the bubble, where r can be set equal to R, in constructing a 
first-order theory, 


P, = Py coswt’ 
v = SF = P2 (cosut’ + z sin wt’) 
- t pe wR, 
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and the displacement and acceleration of the surface of the bubble are, re- 
spectively, 


ee ak _ Pe c 6 : ; 
Rye at dt = a | oR, coswt + sinwt’) 
2 
cae = P2 (© cos wt’ _ w sin wt’) 
dit-ee jpe. Rs 


It is easily verified from these equations that the value of p, at the sur- 
face of the bubble can be written in terms of R as follows 


d?R 


dR 
°dt2 dt 


dt 


[58] 


[2 
be c 
Pe A 


Ik Se 


Here w has reference to the incident waves, so that if A is their 
wave length in homogeneous water, 


Ww 2n wR R 
sre ee peered ==0) 
c AG mie ora 


But according to our assumptions, R,/A must be small. Hence the term w?R,?/c” 
can be dropped and Equation [58] can be written 
doh up so ak, 
=> —z7 + — 
TLS ITE RCI) [59] 
The total pressure is now the sum, p + p,; and at the bubble this 
must equal the pressure of the gas. The volume strain of the bubbles is 


6V/V= 6(R*)/R* = 36R/R= 3(R-R,)/R,. Hence, if E’ is the elasticity of 
the gas, the pressure of the gas is 


Hence 


and by Equations [57] and [59], 


2 
pR Cubs 2D) 2 2 ale 


3E' 
+ — (R= =— 
0 at? P 0 de R, (= Fo) p, coswt 


The corresponding equation for non-compressive theory is obtained by letting 
ce become infinite. If p, is also replaced by zero, the usual equation for 
free oscillation is obtained, namely, 
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Thus 
2 3E' 


WwW = 2 
0 pR, 


[60] 


where w,/2n is the frequency of free undamped oscillation as deduced from 
non-compressive theory. Hence the preceding equation can be written 
aR @ 


dt° i 


2 R 
2 P 

d = 61 

F R, : FO Ui = Tip) R, cos wt [61 ] 


A particular solution of the last equation is easily verified to be 


Py 


ee 2, 5 ae So 
PR, |(w, 1G) a) ater +, 


[en —w*)coswt + Fat” sinwt| [62] 
ae 
This solution represents steady forced oscillations of the bubble. 

The occurrence of sin wt in Equation [62], or of dR/dt in Equation 
[61], represents the effect of radiation damping or of scattering of the in- 
cident wave by the bubble. The complementary solution obtained by solving 
Equation [61] with p, = 0, represents a superposed damped free oscillation 
that soon dies out. 

Values of the derivatives that occur in Equation [54] may now be 
calculated and inserted from Equations [62] and [55], with z set equal to 0. 
Furthermore, R may be replaced by R, for a first-order theory. Since the 
equation must hold at all times, the cosine terms must balance independently 
of the sine terms on the two sides of the equation. Thus are obtained two 
equations for the determination of c’ anda 

grees Lat 422) soup ees Amne*Ry wi lw," — 0") 
c (w,2 — w?)? ae Fag 


A more interesting form is obtained, however, by introducing, first, the 
fraction of the space that is occupied by gas, or 


f =i nnk) [63] 


second, the ratio of the elasticity of water to the elasticity of the gas, 
which will be denoted by N*, where 


e2 3c? 
Ne = oo = pee [64] 
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y Equation [60], and, lastly, the "extinction coefficient" 
p= 22 — oh (65] 


where A is the wave length of the incident waves in homogeneous water. Then 


ce? 2 2 Daye 
Stee EN Rye ee [66] 
es Sg) ae 
W, N° Wy 
w? 
c Wo 
CB ON = ere [67] 
(2 Srllee aaa 


The values of c’ and of 8 can also be written separately in terms of the 
quantities denoted by X and Yas 


pel fe Bt 2 Z\~2 < 
c= (hx +d 7x? + ¥?) [68] 
ey 1 5 
pe ayia a 2 D\ 2 
(eles aoe Cee) [69] 
COEFFICIENT OF REFLECTION OO 6 abn 
Suppose that, under the condi- P, S, Bante 
tions specified in the foregoing, a train 2 6 20 


of plane sinusoidal waves in homogeneous 


water falls at normal incidence upon the Pe Pe pal 

———_§__—__—_ O° 

plane face of a layer of uniformly bubbly eee ss ° 
Oo Cn 

water. Then there will be a reflected Omolena) ee 


train of waves in the homogeneous water Figure 9 - Sketch illustrating 


and a transmitted train in the bubbly wa- the Reflection of a Wave 
ter; see Figure 9. The pressures and par- from Bubhily, Waver 
ticle velocities in these three trains 


may be written as follows, in the notation just employed: 


. = - x = Po 
Incident: p= P, cos w (t z | Uae 
: = ey Spe 2B 
Reflected: P= Po cos w (t ite ) UES Saxe 
p=p,e° cosw (t = 225 ts) 
Transmitted: p g ; 
y= te [eos w (i ee a} + = sino (e eer r’ 
pe c Ww c 
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The last two of these equations are adapted from Equations [55] and [56]. In 
writing the pressures, hydrostatic pressure is omitted. 

In these equations p, may be regarded as given, whereas p,, p, and 
the phase shifts 7 and rT’ are determined by the boundary conditions. At the 
interface, at which x = 0, the pressure and the particle velocity must be 
continuous. By writing down the two equations that express these conditions, 
and putting in them, first, t = 0, then wt = 7/2, four equations are obtained. 
From these equations p,, p,, T’, T can be found. It will suffice to write 
down the following formula, obtained by eliminating all unknowns but p, from 
the four equations: 


ee Bee eet Sela 


The coefficient of reflection K, or fraction of the incident energy 
that is reflected, is equal to Deo pies since reflected and incident waves 
travel in the same medium and their intensity is, therefore, proportional to 
p’. Hence 


[70] 


in view of Equation [65]. 


SCATTERING BY A SINGLE BUBBLE 
The amplitude of pressure at a distance r in the waves scattered by 
an isolated bubble is p,R,/r in terms of the amplitude p, at the surface of 
the bubble, whose radius is R,. Where r is large, the waves are sensibly 
plane, and the average energy transmitted by them across unit area per second, 
if they are sinusoidal, is 


2 


ae 


2pc r 


[71] 


in which the factor 1/2 represents the effect of averaging over the square of 
a sinusoidal function of the time; see TMB Report 480 (4), page 39, Equation 
[5]. The total energy scattered to infinity per second by the bubble is thus 


1 /p C 27R,? 2 
= pkaQie=s0)) 2 0 
Q seal } 4nr - P, (72] 

Now upon substituting derivatives from Equation [62] in Equation 
[59] and combining the resulting terms into a single sinusoidal term, it is 
found that 
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Cael = lw) Fake, a2 


where y is a phase angle of no present importance.: The coefficient of 

sin (wt + ») represents p,, the amplitude of p,; in this coefficient the term 
R,’w*/c* can again be dropped in comparison with unity. With the value of p, 
thus obtained, Equation [72] becomes 


Qn E) 2 oupy 
pe 


(0) = 6 (73] 

2 2)2 2W 

— + — 

(w, w“) Ry <2 

It is more useful, however, to express 2 in terms of the intensity 

of the incident waves, or the energy transported by them across unit area per 

second, which is,in analogy with Equation [71], 
2 
== Py 
Te aes [74] 


In terms of Nas defined in Equation [64], 


2=Al 
wnere 
SEA tly San eae a 2 
alae me ae (75] 
ww) * N2w? 


0 


Thus the bubble scatters as much energy as falls on an area A placed perpen- 
dicularly tc the direction of propagation of the incident waves. 
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Summary. 


{t is shown in a previous paper by one of us that the gas-filled hollows produced by explosions 
in water cannot be reproduced on a small scale unless the pressure above the water Is correspondingly 
reduced. In the experiments here described, which are on a very small scale, bubbles were produced by 
Sparking under a liquid contained in an evacuated vessel. In this way It seems that we can reproduce, on 
a very small scale, the changes in form and mction of the gas bubble produced by a large explosion, it 
is worth noticing that, in small-scale explosions at atmospheric pressure, the effect of the free surface 
is so great that the bubble hardly rises at all, even when it gets to 3 feet diameter, yet these bubbles 
of 6 cm. maximum diameter showed the rise under gravity which is expectad in large-scale explosions. 


One of the objects of these experiments was to see how far the assumption that the explosion gas 
bubble Is spherical is justified, This assumption has been made to facilitate calculation of the rate 
of rise of the bubble, and our experiments show that it is correct over the greater part of the first 
pulsation of the bubble. The photographs also verify the theorotical conclusion that the surface of the 
bubble should be smooth and stable during the first expansion and the early part of the first cantraction, 
but should become unstable when the bubble tas contracted tu near its minimum volume, 


Introduction, 


In Report ("Vertical motion of a spherical bubble and the pressure surrounding it"), hereafter 
called Report a, the effect of gravity on a bubble Is calculated, assuming that the bubble is maintained 
spherical by internal constraints which do no work on the surrounding fluid apart from that whicn ts done 
by the gas contained in it during the expansion and contraction of its volume. This assumption imposes 
a severe limitation on the accuracy with which the calculated results may be expacted to apply to real 
explosion gas bubbles, On the other hand it does enable calculations to be made which may be expected to 
be reasonably significant in cases where analysis in which the whole motion is taken as a smal) perturbation 
of a pulsating bubble referred to a fixed centre cannot be used. 


In the calculation of Report a the effect of tne free surface or of a horigntal rigid surface on 
the motion of the bubble was not considered though, as Conyers Herring® showed, it may in some cases be 
comparable or even greater than that of gravity. Photographs, taken by Edgertom # at the Taylor Model 
Basin, of the bubble produced by exploding a detonator cap at a smabl depth below a free surface do in 
fact show that during its first period, at any rate, the effect of the free surface is greater than that 
of gravity, so that the bubble sinks instead of rising. This is, qualitatively at any rate, in accordance 
with the theoretical prediction of Herring. 


In Report A it is shown that large upward displacements of the bubole, due tc gravity, may be 
expected when its maximum diameter is comparable with the head of water necessary to produce the hydrostatic 
pressure at the level cf its centre, This condition occurs when an explcsion produces in water a bubble 


WNUSE o sooee 


° U.S. Report Nc. Cu=sr 20-010, "The theory of the pulsations cf the gas bubble produced 
by an underwater explcsion", octcber 1941. 


4 U,S. Report, "A photographic study of underwater explcsions", October yout 
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whose diameter is comparable with 33 feet, but not when a detonator cap produces a bubble only 10 inches 
diameter. A small-scale explosion under water with a free surface at atmospheric pressure cannot therefore 
represent dynamically the events accompanying 2 full-scale explosion, but if the explosion could be made 
under water with a free surface at reduced pressure similarity in this respect would be obtained. 
Experiments, in which bubbles were produced by sparking under water and other Viquids in an evacuated vessel, 
were therefore undertaken with a view to seeing, on a small scele, what may be expected to happen to the 
bubble in large-scale explosions. Photographs of a series of similar bubbles at successive stages of their 
development were first taken on stationary plates, but later a revolving drum camera enabled the history of 
a single bubble to be traced. A preliminary report on these experiments is given below. 


The simslarity relationshtps. 


With ideal fluids, free from viscosity, the conditions that two bubbles whose linear scales are in 
the ratio 1:N shall be similar, are:- 


(1) h, = Nh 


where hy is the depth of the large-scale charge below the surface and h, is that of the small one. 


2 
(2) p/p, = NP/C, 


wnere Pp. and P. are the pressures of the air above the.surfaces in the two cases, and Py 
and P» the densities of the fluids. 


Se 
(3) w,/P, = NW/P, 


where w. and W. are the energies which the explosives give up when the products of combustion 
expand adiabatically to infinity. 


a) G(a,)/o, = NG(2,de, 


where G(a) represents the work which would be done by the gas in expanding adiabatically from 
radius a to infinity. 


If the liquids considered in the two experiments are viscous, their viscosities Myr Hy must be 
related by 


S43 
(5) U,/0, =N /, H/P, 
This condition ensures that the Reynold's numbers of the two bubbles shall be the same at any stage. 
In the cases where the pressure in the bubble falls below the saturation vapour pressure (S.V.P.) at 
the temperature of the liquid, it is necessary, in order that both liquids may boil at the same staye of the 


expansion, that 


(6) (S.V.P. of Viquid 1)/o, = N. (s.V.P. of liquid 2)/P, 


Limitation to applicability of scale relationships. 


It is unlikely that it would ever be possible to satisfy all the six above relationships simultane 
ously. Some of them, however, are of little importance compared with others. 


after fixing arbitrarily a value for N, (1) can be satisfied by setting the charge at the correct 
y 9 


depth and (2) by exhausting the air in the chamber where the model experiment is to be carried out; (3) can 
can be satisfied by varying the energy of the explosive charge or the spark which produces the bubble. 


CONDITION weeeee 
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Condition (4) is more difficult to satisfy. It could be satisfied if (a) the model and full-scale 
bubbles were both produced by explosion of gases contained in thin spherical envelopes such as rubber 
balloons, provided the initial pressures of the unexploded gases in the two Cases were the same as (or any 
given multiple of) those of the surrounding fluids, and (b) the densities of the two fluids are the same, 
i.€., Py = Py Such experimental conditions would ensure that conditions (3) and (4) were both satisfied, 
but it would be difficult to devise 2 model experiment sc that (&) was satisfied when the full-scale bubble 
is due to the explosion of a solid explcsive and the smal} bubble tu a spark. Fortunately, however, there 
is not much difference between the bubble produced by releasing all the energy at a very small radius and 
that produced by releasing most of it at very small radius and the rest during the expansion. Or. Comrie's 
curves showing the radius a as a function of time are very insensitive to the constant "Cc" which determines 
the value of G(a)/W. 


The value of G(a)/M for the bubble produced by a mass M of a given explosive depends only on the 
absolute preesure in the bubble. If similarity of bubbles on two scales is obtained by choosing the 
atmospheric pressure, weight of explosive and depth sa that conditions (1), (2) and (3) are satisfied, 
G(a)/M will be Yess at a given stage of the expansion in the small-scale experiment than in the large 
scale explosion, owing to the fact that the pressure is less. it seems that, in comparing large-scale 
underwater explosions with small-scale sparks in a liquid under reduced pressure, one is comparing bubbles 
in which the constant C in Comrie's calculation varies from 0.06 up to 0.1 with the case where C is so smal) 
as to be negligible. The difference between the two cases is not great. 


The effect of viscosity. 


To satisfy condition (5) in a small-scale experiment designed to represent a bubble in water would 
require a liquid whose viscosity is very much less than that of water. No such liquid is available. 
Fortunately, however, it is not necessary to satisfy this condition, because the loss of energy due to the 
viscous forces opposing the expansion or contraction of the bubble is very small compared with the whole 
energy of the Dubble, even when a liquid of much greater viscosity than water is used. 


The rate of dissipation of energy owing to viscosity is 


_| 2a? {ds 
Fe spy mle (7) 


the integral being taken over the surface of the sphere, and q being the radial velocity of the fluid. 
Since q = 4a¢/r2, equation (7) gives 
F = 877 paaé 
and the total energy, wu, dissipated during time t is 


t +2 a. 
WL=Be87u; aardt = emuf{ adda. 
c ae) 


Equation (2) of Report A is now modified to the form 


4 : 1 c ai" 

57 pa? gz + opa? ae + 37 pa? z* + amu f aada = w- G(a) * (8) 
a 
0) 


Reducing to the non-dimensional form of equation (5) of Report a equation (8) becomes 


dat \2 1 ‘ G(a) 5 1 dz' \2 2 
os > 4, -— — oo — Ss 7 9 
dt? 27 a9 W 6 = 3 ( 
where 
. 87 t' da' 2 
6 = rd Ci f—— dt’ 10 
(07a) 4 J, ca (10) 
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The choice of operating liquid. 


= the 


1f d is small the relationship between a‘ and t’ will be little altered by viscosity, so that the 
value of the integral in equation (10) can be estimated using the v.lues calculated when u = 0. In the ; 
case calculated in Report A, where Ze = 2, the value of f 20 da’ ea taken over the whole of the 
° 


dt: 
first period of the bubble is 0.6, so that the value of 6 at the end of the first period is 


4.877 Ww (11) 
SS 11 

hich at 
(e°w"3) § 

In some of our experiments, in which transformer oi) of viscosity 0.3 poises and density 0.875 
gm./cc. was used, Z', Was of the order of 2; the value of 8 calculated from equation (11) was 0,006, so 
that less than one per cent of the ®nergy of the bubble is dissipated by viscous forces during the first 
period, if the bubble remains spherical. i 


With explosions in open water the pressure at points far distant from the bubble is never less 
than 1 atmos; the minimum pressure in the bubble, though considerably less than 1 atmos., does not fall 
as low as the saturation vapour pressure (S.V.P.) of water. Jn experiments with water under a surface 
pressure which is low compared with normal atmospheric pressure but well above the §.V.P. the minimum 
pressure near the surface of the bubbl2 may be less than the S.V.P. The water then boils near the bubdole, 


Figure 1 shows two superposed photographs, on the same plate, of a bubble made by a spark under 
water at surface pressure rather greatur than the §.V.P., (1) at an early stage of the expansion, when it 
is smooth and spherical, and (2) at a later stage, when the small vapour bubbles due tu boiling have had 
time to develop. It will be seen that the surface has become pitted by the boiling. 


In urder to avcid boiling when experimenting at low pressures it is necessary to use a tiquid with 
a low S.V.P. For this reason transformer oil was used. Though the viscosity of this liquid is about 
30 times that of water, it has been shown that the expansion of the gas bubble is not likely to be materially ( 
different from what it would be in water, at any rate while it is approximtely sphcrical. 


Description of the apparatus. 


The airtight vessel in which the bubbles are produced is shown in elevation in Figure 2; it 
consists of a vertical glass cylinder, A, 12 inches diameter, 4 inch wall, 15 inches high, Cemented between 
two horizontal steel end-plates, 8 and C, 18 inches diameter, 4 inch thick. This yvesse) is filled with 
water or oi] to a depth of about 11 inches, and it is connected to a vacuum pump and a pressure gauge 
tnrough the tube 0. 


A bubble is produced in the liquid by the discharge of a condenser, charged to a potential difference 
of 4,000 volts, across a gap of about 10/1000th inches between the rounded ends of the horizontal brass 
rods € and F, 3th incn diameter and 3 inches long. The electrode E is connected electrically ta the upper 
steel plate B, which is earthed; the electrode F is insulated and is connected to the condenser and the 
timing pendulum by a lead passing through the insulated bush, G. The electrodes are fixed to the brass 
frameworks shown in the diagram so that they can be moved independently, without admitting air to the vessel, 
by means of a brass push tube and two Drass push rods passing through stuffing boxes fixed to the upper . 
steel plate. 


The framework supporting the electrode F can be moved verticalfy or rotated by means of the push 
rod passing through the right stuffing Dox shown in the diagram. A hinge Hy allows the electrode to fly 
back during an explosion, whilst the horizontal memb2r of ths framework is supported and is prevented from — 
moving at right angles to the plane of the diagram by a wire staple Jy fixed to a block of insulating " 
material attached to the pusn rod. 


The framework supporting the electrode £ is connected through the hinged joint H, to the push 
tube passing through the lower stuffing box, shown in the left in the diagram; a push rcd passes through 
this tube and through the upper stuffing box and carries at its 1 wer end a horizontal brass bar tu which 


is fixed seeeee 
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is fixed a knife-edge kK and @ wire staple Jo passing over the brass bar attached tc Ho When the upper 
stuffing Dox is tight and the lower one is slightly slackened the framework Can be moved vertically as a 
stuffing Dox is tight and the lower one is slightly slackened the 


whole or rotated. when the upper 
when the upper stuffing bux is slackened and 


framework Can be moved vertically 2s a whole ur rotated, 
the lower one is tight the central push rod can be meved up cr down relative to the push tube, thus 
raising or Towering the knife-edge kK and increasing or decreasing the gap between the ends of E and F. 


it is essential tu correct the aptical distcrtion caused by the 


when photcgraphing the bubble, 
For this purpose, tw parallelizing tanks, L, consisting cf plate 


cylindrical form cf the bubble tank. 
glass plates cemented tu metal frames which in turn are cemented to the cutside cf the tank, are placed 


upposite une another sc that the glass plates are vertical and parallel; water cr oil is pvured into 
the parallelizing tanks so that the level «f the liquid is the same on the tw sides of the glass cytinder. 


The inset in Figure 2 shows the ncn-adjustable spark gap which was used in the early experiments 
this gay ws attached tc a red passing through a stuffing bcx in the Tower steel plate, C, 


with water; 
|t was discarded because it cffers toc large an wbstruction 


and it is seen in the wha tcgraph of Figure 1. 
mear the spark and because the ga; was not adjustable. 


The general layout of the apparatus is shown in Figure 3. In this diagram, A represents the bubble 


tank in plan (with the end plates, etc., omitted), — and F the electrodes femming the under—-liquid spark gap 
and L the glass-fronted tanks for correcting the distortion due to the cylindrical form of the bubble tank. 
M represents the illuminating spark gap with electrodes set gbout 20/1000th inches apart; in experiments 
with water, the electrodes were made of magnesium, which gives an intense spark with most of the energy 

in the blue region of the spectrum, and blue-sensitive ("ordinary") photographic plates or films were used. 
In experiments with our oil, which transmits only the green and yellow regions of the spectrum, zinc 
electrodes were used in conjunction with fast orthochromatic plates or films. 


The spark gap is placed at the focus of @ condenser lens, N, 6 inches diameter and 6 inches focal 
length, The light from the illuminating soark thus passes through the bubble tank as a paraltel beam; 


after emerging from the vessel, it passes through a second lens P of high optical) quality, which is set so 
The camera can be used either 


as to bring the light to a focus cn the centre of the camera ubjective, Q. 
The camera Jens is 


as a Stationary plate camera, ur, as shcwn in the diagram, as a revolving drum camera. 
adjusted so that the under—-liquid spark gap is sharply focussed «n the phe tographic plate or film 


Figure 3 also shows the timing pendulum and the electrical circuits used to produce the explosion 

and illuminating sparks. The pendulum, whose period is one second, consists of a steel rod fixed toa 
horizontal rod mounted between accurately machined centres; at its lower end, the pendulum carries an 
extension shaped as shown in the diagram. This extension swings above a number of brass screws with rounded 
upper ends, the gap between the screws and the pendulum being adjusted to 4/1000th inches; these screws are 
mounted on an arc of insulating material and they are spaced so that the pendulum takes 5 milliseconds to 
pass from any one screw to the next when the pendulum is released from the horizontal. The first screw, 
labelled 0 in the diagram, determines the discharge of the condenser C,, used to produce the under-liquid 
Spark; the remaining screws, labelled 1, 2, 3,++. im the diagram, determine the discharge of the condenser 
C; (of which only four are shown and only one jabelled) used to produce the sequence of illuminating sparks 


for photcgraphing the bubble. 


As the diagram shows, these condensers are Connected in series with resistances across a large 
reservoir condenser Cre Charged through a valve rectifier to a potential difference of 4000 volts; the 
junctions of the condensers and the series resistancesare each connected to an electrode screw. 


When the pendulum swings over the screw 0, the gap between the screw and the pendulum is momentarily 
in series with the under—liquid spark gap; the two geps break down and the condenser C, discharges across 
them. Similarly, the first condenser C; discharges across the illuminating gap and the gap between the 
pendulum and the screw 1 when the pendulum moves over this screw, and so on. The 5 megohm resistances in 
series with Ce in effect isolate this condenser and prevent more than one spark under the liquid during 
the course of an experiment. The resistances R; are such that the time-constants RC; and RC, are large 
enough to prevent the reservoir condenser C, and the later C;'s from discharging completely during the early 
illuminating sparks and, at the same time, small enough to allow a certain amount of charge to flow into 


the condensers C; from C.. 
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7. Experiments under vacuum. 


Though experiments under a vacuum do not represent any possible full-scale explosion in open water, 
they are of interest for two reasons:- 


(1) with a given value of the nomdimensional parameter 7)°*, the effect of the free surface on the 
motion of the bubble is as small as it can be, so that comparison with the formulae of Report A 
is as justifiable as it can be; 


(2) The instability of the free surface, which occurs when It is accelerated downwards under the 
action of external pressure, is absent. 


Before the revolving drum camera hod been constructed, a number cf single photographs were taken 
of the bubbles produced by sparks in oi] using a 0.4 F. Condenser charged to 4000 volts. These photographs © 
were timed to cccur at times t = 5, 10, 15, 20 .... up to 120 millisecands after the initiating spark. 
Figure 4 shows the bubble at t = 0.025 seconds. t will be seen that it is a very smooth and perfect sphere, 
It remains spherical during its expansion, but during its contraction its vertical dimension decreases more 
rapidly than its transverse diameter so that it becomes flattened. This flattening is more pronounced on 
the under side than the upper side. Figure 5 shows the bubble at t = 0,05 seconds. The flattening is here 
very apparent. 


AS the bubble decreases in diameter the flattening becomes more and more accentuated, till the 
underside becomes concave and the bubble assumes the shape of a mushroom, Figure 6 shows the bubble at 
t = 0.08 seconds. This is somewhere near the minimum size at the end of the first period of pulsation, 


Figure 7 shows the radius, a, and the rise, 2,7 2 of the centre of the bubble at times up tu 80 
milliseconds after its formation. To compare these with calculations based on the assumption that the bubble 
remains spherical, it is necessary to assume a value for the energy, W, which the spark gives to the cil, 

It will be seen that, in Figure 7, if a smecoth curve is drawn through the points representing the radius of 
the bubble its maximum value, nay? will be about 3.7 cm., and since the total depth Z, of the liquid from 
the level where the pressure is zero is 6.05 Cm, a ..¥/z, = 3,7/6,05 = 0.61. 


tn Comrie's calculated curves in Report A for C = 0, i.e , with no gas inside the bubble, it will be 
found that ay xl Z, = 0.63 for Z" 5 = 1.0, 0.25 for zy = 2.0, 0.14 for Za s 0 and 0.098 for zn = U0. 
{t appears thetetace that the bubbles represented in Figure 7 correcnondh very closely with the condition 
Z", = 1.0. when z', = 1.0, the scal@length, L, is the same as the depth Z of fhe explosion below the 
level of zero pressure, so that L = 6.05 cm. This corresponds with energy . = go" = 1.15 x 10° ergs. when 
= 0.875 om./cm. 


The nomdimensional time scale t* in which the calculations are expressed is related to the true time 
scale t by the relation t = t'W(L/g) = 0.0786 t* seconds, when L = 6.05 cm. Multiplying the ordinates of 
Comrie's curve for z', = 1.0 by 6.05, and the abscissae by 0.0786, the catculated relationships between a, 

(Zz, - z) and t are found. These have been plotted in Figure 7. {t will be seen that, until the top of the 
bubble is very near the free surface, its observed radius and rise are close to what was Calculated 
theoretically. 


Os 


. Experiments under surface pressure of 6.5 cm. of oil. 


The depth of the spark was 6.05 cm. so that experiments in which the surface pressure was that due 
to 6.5 cm. of oil are equivatent to explosions at a depth of (33 x 6.05) /6.5 = 30.8 feet in open water. 


IM ONE seveee 


C Zee aaee /t where Zn= p/pa, p is the pressure at the level of the grlosion and L is the 
Scale Jength defined by the equation (3) of Report A, namely L = (w/go) * 
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tn one set of experiments under these conditions the drum camera was used and the bubbles were 
produced by discharging a 0.4 u. F. Condenser charged to 4050 volts. Two films, due to two separate sparks, 
were taken and together they covered the period t = 0 to t = 120 milliseconds. The first film, covering 
the period t = 0 to t = 60 milliseconds, is shown in Figures ga and gb; the numbers to the left of each 
photograph are (1) the number (v. Figure 3) of the particular contact of the timing pendulum which is 
operative in the photograph; and (2) the vatue of t, calculated from the seperation of the photographs on 
the film. The dark band, lying on the right-hand side of the photographs, is due to one of the leads to 
the under-oil spark, gap; the faulty reproduction cf photograph No. 2 is due to the fatt that it dies on the 
join of the two ends of the film on the camera drum. The second film covered the period t = 60 millisecands 
te t = 120 milliseconds and photographs Nu. 17 to No. 22 are reproduced in Figure gc. The values cof t are 
nct exactly spaced at intervals of 5 milliseconds owing tu the fact that the timing pendulum was not always 
in exactly the same position relatively to the lower point of the gap when the spark went off. Some of the 
Sparks were as much as 1 millisecond late and one of them was nearly 1.5 milliseconds late. 


Owing to optical difficulties the field of view was not large enough to take in the bottom of the 
bubble in its early stages. The radius was, however, taken as half the horizontal diameter, and the rise 
of the centreabove the spark gap was takenas (the height of the top of the bubble above the spark gap) 
minus (half the horizontal diameter). Figure 9 shows the radii (indicated by points surrounded by triangles) 
and the heights of rise (indicated by crosses) obtained in this way. The points are numbered 41, 2, «eee 
on the same system as the photographs of Figure 8, and the points given by the second spark are distinguished 
from those given by the first by the letter 'a". The points 12 and 12a do not coincide, showing that the 
energy of the spark was different in the two cases. It will be noticed that the two sets cf points lie very 
well on smcoth curves.°* 


The maximum radius of the bubble was 3.15 cm., and since aoe 6.5 + 6.05 = 12.55 cm., anax!Z = 0.525. 
|t has already been mentioned that this happens to be the value which correspa@ds with Zu = 2.0, so that 
L= ze/z" = 12.55/2 = 6.27 cm. The corresponding value of W is W = 981 x 0.875 x 6.274 = es 20x 10° ergs. 
The factors by which Comrie's calculated values for Zu = 2.0 must be multiplied are given by the equations 
a= €.27 a' and t = 0.080 t’. 


For 2", = 2.0, Comrie gives the first minimum contraction at t’ = 0.67 which corresponds with 0.0535 
seconds. This is considerably larger than the observed value shown in Figure 9, namely 0.045 seconds. 
The difference may largely be explained by taking account of the effect of the free surface. According to 
Herring, the period is reduced by the proximity of the free surface in the ratio a 

1-2 \en 

where a is the mean value of a during the pulsation and h is the depth of the exoiwsionieeten the free 
surface. Taking 4 as 2.7 cm. (v. Figure 9) h= 6.05 cm., the predicted period of the bubble is 0.0535 
(1 - 2.7/24.2) = 0.0475 seconds, which is close to the observed period of 0.045 seconds. 


Comparison of rate of rise with theoretical estimate. 


The calculation of the rate of rise, neglecting the effect of the free surface, cannot usefully be 
compared with the observations because the critical point at which the minimum radius and consequent rapid 
rise occurs is, as has been seen, 0.009 seconds earlier than that predicted by the simpte theory. To take 
account of the effect of the free surface, using the equations given in the Appendix, involves a great deal 
of laborious calculation. Two simpler methods can be used. ne is to take Comrie's calculated values of 
z'5 - z' for observed values of a, rather than for the values of t*; another is to calculate U = -dz/dt 
directly from the observed values of a and t, using equation (1) of Report A, and then finding z by integrat— 
ion. The values obtained by these methods are indistinguishable in the range shown in Figure 9. It will be 
seen that until the bubble begins to contract the observed rise is not very far from the calculated rise, 
but that the observed rate of rise becomes less than that calculated shortly after this. When the radius 
begins to contract rapidly at t = 0.035 seconds the bubble begins to rise rapidly, but the rate of rise is much 
Jess than that calculated on the theory which assumes that the bubble remains spherical. The probable 
reason for this seems to be that the bubble ceases to be even approximately spherical as it gets near its 
minumum radius. it flattens on the underside and even becomes hollow there before reaching the minimum, as 
Figures 5, 6 and photographs No. 7 to 10 of Figure gb show. 


THE oacees 


* Comparing Figures 7 and 9 it will be seen that the scatter of the points in Figure 7 is a 
true measure of the variability of the energy of the bubbles produced by succtssive sparks. 
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Tne hollow which appears in photograph No. 9 of Figure 3b subsequently disappears as the bubble 
expands a second time but reappears on its second contraction. Photograph No. 19 of Figure 8c appears 
to have a flat undersurface but the fact that it is really only a thin hollow shel) will be seen in No. 20, 
where the bubble is at its second minimum (see Figure 9) and the shell has contracted to vanishing thick= 
ness over a large part of its area. 


The very rapid rise near the minimum radius, which is so Characteristic a feature of the simple 
theory, depends on the fact that the virtual momentum of a spherical hollow is 2770 a?u =i U (mass of 


liquid displaced), so that a decrease in 4 corresponds with a rapid increase meus if the bubble becomes 
flattened, the virtual Inertia rapidly increases if it flattens without changing radius, The virtual 
inertia of an infinitely thin disk is actually rather greater than that of a sphere of the same diameter, 
Thus if the “radius* of the bubble is taken as 4 (the horizontal diameter) instead of 4 (horizontal 
diameter + vertical diameter), the measured curve will not reach such a low minimum and the calculated 
vertical velocity will be reduced, Figure 9 shows both methods of estimating a near the minimum; the 
points calculated by the former method are surrounded with a triangle, and by the latter with a circle. 


Even making this assumption as to a, the theoretical calculation predicts a larger rise of the 
bubble than is observed in this experiment. Some, but not all, of this can be accounted for as being 
due to the effect of the free surface. |t seems probable that a wake is formed behind the bubble shortly 
after it begint to contract and that this greatly decreases the vertical velocity, so that at the time the 
contraction of radius becomes very rapid the bubble has far less virtual inertia in a form in which it can 
be concentrated by the contraction than it has according to theory. jt may be that the effect is 
accentuated by the high viscosity of the oj] used in these experiments. Further light is thrown on this 
by experiments made with a smaller bubble. 


Experiments with a smaller bubble. 


Another set of measurements was made with the pressure at the surface equivatent to 6.5 cm. of oil 
and the spark at 6.05 cm. below the surface, but with a spark of smaller energy, namely that given by the 
discharge of a 0.2 4 F. Condenser charged to a potential difference of 4000 volts. The stationary plate 
camera was used, giving a set of single photographs of the bubbles produced by the different sparks. The 


results are shown in Figure 10. It will be seen that Anax = 2-1 Cm, SO that Anax! Zq = 2,1/(6.5 + 6.05) = 
0.167. This lies between the value 0.14 for pe 3.0 and 0.25 for Ze = 2,0. By interpolation the value — 
of Ze corresponding with amax!Zo =O n167 iS Zo e= 258s For this value of z'_ interpolation from Comrie's 


curves gives eee = 0,44 so that L = 2.1/0.4¥ = 4.76 cm. For this value of L the time scale is given 
by t/t’ = V(4.76/981) = 0.070. The duration of the first period of oscillation for BS AG is given by 
interpolation as t* = 0.51, so that t = 0,51 x 0.070 = 0.035 seconds. This is larger than what is observed, 


namely about 0.030 seconds. The effect of the surface, however, is to decrease the period in the ratio 


(.- =) 1 and taking A2= 1.9 cm. this ratio is 0.92, so that the calculated period would be 0.0325 seconds. 
rT 3 


No better agreement with observation could have been expected in view of the fact that each point in this 
series refers to a different bubble. 


Referring to Figure 10 it will be seen that, after the bubble has ceased to rise at the rate 
calculated on the assumption that it remains spherical while pulsating, the rate of rise fluctuates with the 
pulsations but attains roughly constant mean velocity of about 80 cm./sec. {f the resistance of the 
bubble is expressed in the form R = k 77 a (3002) where k is a drag co-efficient, R is equal to the buoy 
ancy, so that 477 a3og =k ae (4 pu?) or k = 8ag/3U%, and since the mean radius during the period while 


ee ‘ 4 
the bubble is rising approximately uniformly is 1 cm, k = (8 X 1x 98') + (3 x go’) = 0.u1. This is of 
the order of magnitude that might be expected. The drag co-efficient of a solid sphere at the same value 
of Reynold's number is 0.56. 


it is worth noticing that the drag co-efficient of a spherical bubble, for the small values of 
Reynold's numbers in the region where Stokes’ Law holds, is two-thirds the drag co-efficient of a solid 
sphere of the same radius. If this relationship holds at the larger value of Reynold's number appropriate 
to our rising bubble, the drag co-efficient would be 0.374. 
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The stability of the surface of the bubble near the postition of mintmum 


contraction. 


When the bubble contains gas the radius contracts at increasing rate until the volume decreases 
sufficiently to raise the internal pressure above the undisturbed hydrostatic pressure at the level of the 
centre. The radial velocity then decreases and reverses sign at the minimum radius. The curvature of 
the (a, t) curve is concave towards the axis of t during the greater part of the first oscillation so that 
the acceleration of the surface is directed from the liquid inwards towards the gas. During this part of 
the pulsation small disturbances of the surface should be stable. when the pressure of the gas rises the 
radial velocity decreases and the (a, t) curve becomes convex to the t axis, the surface being accelerated 
outwards from the gas towards the liquid. Under this condition the surface may be expected to be unstable 
in the same way that a horizontal liquid surface is unstable when the liquid Is above and the air below, so 
that gravity acts from the liquid toward the air. 


These conclusions are borne out by the photographs of a bubble taken near its minimum radius. 
For example, in the photographs shown in Figure gb, it will be seen that up to photograph No. @ the surface 
of the bubble is very smooth, indicating stability of small disturbances, and Figure 9 shows that when 
photograph No. 8 was taken, the surface had net begun to accelerate outwards. he part of the (a, t) curve 
of Figure 9 which is convex downwardgeccurs just befure photograph Nc. 9 was taken, so that instability might 
be expected to show itself in the photograph. it will be seen that in photcgraph Nu.9 the surface has in 
fact become ragged uwing to the instability. 


It will be noticed in photographs Nos. 9, 10, 11 and 12 of Figure gb that the instability which has 
appeared in No. 9 seems to disappear very rapidly on the lower part of the bubble but continues and increases 
at the top. 


The appearance of the free surface. 


In the photographs of Figures ga, b and c, the free surface appears rather out of focus above the 
bubble; in photographs Nos. 1 to 12, the free surface has moved very little, but in Nos. 17 to 22, it has 
risen to a considerable height. 


Appendix. The effect of a free or ripid surface on the motion of a spherical 
bubble, LG Pg Ta Ge OTIS NTT CATE TRNRER GE Hw Te Pig ie 


In order to compare the results of these experiments with calculation of the observed rate of rise 
and pulsations of the bubble, it became necessary to extend the calculations of Report A so as to include 
terms representing the effect of the free surface, Th= condition which enables the rise of the bubble 
under gravity in one pulsation to be comparable with its maximum diameter necessarily involves a free 
surface effect which is comparable with the gravity effect. 


Herring gave a formula for the effect of a distant free or rigid surface on the position of the 
centre of a bubble. If U is the velocity towards the surface his formula is 


1 d dR? Bad da 
een 3 2 = 3 
a a a=. 
ae dt ( at ut (: at ) (a.1) 


where 
a = the radius of the bubble at time t, 
= the depth of the explosion, 
uU = my ir and Re is defined in Herring's paper, 
ne dt 3 


and the upper sign refers to a rigid surface while the lower refers to a free surface. Since only terms 
of order 1/h* are retained it seems that equation (A.1) may be written 


2 
3a¢ da 
(a? U) sp SS Se ae ee he 
uh? dt at (a2) 
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The formula (A.1) was given by Herring as applicable only to cases when U is small compared with da/dt 
but it applies equally well when U is comparable with da/dt provided it is assumed amet the bubble is 
constrained to remain spherical and terms containing powers of 1/h higher than a/h2 are neglected, with 
these assumptions the velocity potential of the flow is 


2s 2s 3 2; 2 
Ga ae te _a? cosO 4)a% , Ua cos 0" ~ ace a* cos 0 (ae3) 
r ar? re are? uh? ar? 


where r' and @* are the co-ordinates of any point referred to the image centre as origin and the line 
joining tte centre of the sphere with its image as O* = Q. The upper sign refers to a rigid plane and 
the lower to a free surface. 


Near the sphere «> may be written 


2 5: 


diye acauee va? cos 6 a ff EEE x a‘ar cosG ua, aa cos @ (Asa) 
r or? 2h yh? an@ ah@r? 


The kinetic energy T of athe whole notlon is one-half the kinetic energy of the flow surrounding the sphere 
and its Image so that 27 Sil o(3¢ ) ds, the integral being taken over the sphere only. 
5 


Substituting ¢ and dd/d r from equation (A.4) 


bh ave! 3s 2 
T a mary? Tr arau a 
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= AWeEee [ce + = (A.5) 
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The energy equation is therefore 


3 2 
ny ; a 7 Tip a age 
— 7p a4 gz + 270 a? a* a) Sa Peete f= S —z au = W- G(a) (A. 6) 
3 2h 3 2 h 


where w and G(a) have the same mezning as in Section 2 above. 


The condition that no resultant external force acts on the sphere implies that the co-efficient 
of cos @ in the expression for the pressure at the surface of the sphere shall vanish. 


- 4q% + gz - gr cos@ (A 7) 


Pp 
p fixed point 


where z is the depth of the centre below the level where the pressure is zero. also if d¢/dt represents 
the rate of variation of ¢ at a point which moves vertically at the same velocity as the centre of the 


sphere 


| d@ ad oa i rr) 
=< ae Sey Oye ein Gree ' 
dt} fixed point at Mites tees ast Nt (a8) 


Substituting from equation (A.3) in equations (A.8 and 7) the term containing cos @ in p/p 
is found to be 


1 3 1 3 O's. 
=a) 2 Say S tae = —a9Z 4 —a* a2) cos O 
2 2 4h 2 2 


Multiplying this by 2a* and equating to zero it is found that 


2 
3 3a d da 
fre ee Sy eae TY oy Pe) ee 
ai (a7u) 2ga- + ame (- i 0) (A.9) 
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This is Identical with Herring's equation (2) except that a term has been added to allow for the effect 
of gravity. Equations (A.6) and (A.9) tcgether with the equation 


dz 
Ubi ie, es A.10 
= (A. 10) 
may be used as in Report a to find the motion of the bubble using step-by-step methods of numerical 


integration. For this purpose it is convenient to transform equations (A.6) and (A.9) into nom 


dimensional forms by substituting 


w \t 
ie =} H Zz Fa tz a= tat; te Ae 
9 


qo 


Equation (4.6) then assumes the form 


4 a dat \ 2 rf at? da’ as 1 G(a) 
( ri Z Vote = 


! a(zt - n'y) dt’ y(zt = n'y) 
a2 
U Zee 
+ —_ — = 0 Ae 
5 5 (As 11) 


where U* = dz‘/dt’, ney = th and hy is the value of z at the liquid surface, so that the depth of the 
explosion below the surface is yl L(z*, - hry). Equation (A.9) assumes the form 


+2 0 
an (at4y*) = a> 22 ar be ea (A. 12) 
dt’ y(z' - n'y) dt’ dt* 


oF £m re 


fae Ff: 


238 


FIG. l. 


Two photographs of the same bubble in water under low 
surface pressure. 


(1) at an early stage, when it is smooth and spherical; 
(2) at a later stage, when the bubble has become 
pitted by boiling near the surface. 


FIG. 4. FIG. 5. FIG. 6. 


Photographs of bubbles in oil under vacuum, showing how 
the bubble becomes distorted as its e increases. 


Fig. 4. Spherical bubble, age 25 millisec. 


Pig. 5. Bubble with pronounced flattening on underside, 
age 50 millisec. 


Fig. 6. Mushroom-shaped bubble, age 80 millisec. 
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1 7 17 
(5.0) (36.1) (85.0) 

Let US ono oho Oo 


Photographs of bubble in oil taken with a revolv drum camera. 


Upper number - identification number of photograph. 
Lower number (in brackets) - age of bubble (in milliseconds). 
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Studies on the Gas Bubble Resulting From 
Underwater Explosions 


ON THE BEST LOCATION OF A MINE NEAR THE SEA BED 


At the request of the David Taylor Model Basin of 
the Bureau of Ships and of Division Re2 of the Bureau of 
Ordnance, a series of investigations has been undertaken 
by the New York University Group of the Applied Mathematics 
Panel of the NeDeReCe with the object of analyzing the 
phenomena associated with the gas bubble produced by an 
underwater explosione 

The present study, carried out by Dre Max Shiffman 
and Dre Bernard Friedman, with the cooperation of the 
Mathematical Tables Project in the extensive numerical work, 
is concerned with the following problem; If a mine of given 
weight of explosive is tu be placed near the sea bed, what 
position should it have to cause maximum damage to a target 
at the surface? 


It seems appropriate to make a few introductory re- 
marks about the broader research program of which this report 
is a parte Often the destructive effect of an underwater 
explosion is not wholly due to the high pressure shock of the 
explosione After the initial shock wave has passed with 
enormous speed, a comparatively slow pulsation of the gas 
bubble (consisting of the burned gases) takes placee In the 
second and sometimes even third pulse of this motion of the 
bubble, a pressure pulse of considerable strength is emitted. 
While the peak of the shock pressure from the explosion is 
far above that of the later pulses (in typical cases, six 
to ten times the pressure of the second pulse), -the duration 
of these later pulses is much longer (about twenty times as 
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long); so that the momentum imparted and the destruction 
caused may be comparable to that of the first shocke The 
importance of the second pulse has been confirmed more and 
more not only by model experiments, but also by analysis 
of actual damage to allied ships by mines [1], (een 

Just as significant as the long duration of the sec- 
ond pressure pulse, is the migration of the gas bubble 
during the pulsatione The migration can increase the effect 
of the second pressure pulse because, under suitable conditions, 
the center of this pulse might be mich closer to the target 
than the explosione Factors influencing the motion of the 
bubble are; rigid walls such as the hull of a ship or the 
sea bed, which attract the bubble; the free surface of the 
water, which has a repulsive effect; and the buoyant force 
of gravity, which causes the bubble to rise towards the sure 
facee 

Understanding and controlling the complicated inter- 
play of these effects is of sufficient practical importance 
to warrant comprehensive researche Unfortunately, a great 
variety of experiments with full size charges is hardly 
feasible, and experiments with small charges cannot easily 
be reinterpreted for large chargese Such difficulties call 
for theoretical investigation as a guide to experimente 

Historically, the earliest theoretical problem, satis- 
factorily analyzed in older studies, is that of a single 
spherical gas bubble immersed in an infinite body of water; 
in particular, the pressure as a function of time and distance, 
and the period of pulsation of the bubble can be explicitly 
determinede 

For the past few years an extensive research program 
on underwater explosions has been pursued by Ge Ie Taylor 


* Bracket references refer to the bibliography. 
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and his associates in Englande In this country, theoretical 
work was started by Ce Herring (Division 6, NeDeReC.) and 

is being carried on at the David Taylor Model Basin (in par- 
ticular by Captain We P, Roop, Ee He Kennard, Ge E- Hudson) 

and by the NeYeUeGroup of the AeMePe at the request of the 
Model Basin and of the Bureau of Ordnance; considerable experi- 
mental research is being done at the Underwater Sound Labora- 
tory of Division 8, NeDeReC. 

Taylor [3] and others have determined the upward motion 
of the bubble under the buoyant force of gravity, a motion 
taking place in jerkse Herring [4] and others have studied 
the manner in which rigid walls attract the bubble, assuming 
that the bubble is rather far from the walle Shiffman [5] 
has developed an improved method which permits numerical 
analysis of the motion when the bubble is close to the wall, 
and even when it touches the walle The influence of non- 
rigid walls and the repulsive effect of the free surface of 
the water on the bubble have also been studiede Much of the 
material is condensed and supplemented in the comprehensive 
work by Kennard[6]. 

A very important aspect of the problem is concerned 
with plastic-elastic deformations of the target in inter- 
action with the motion of the watere The process of damage 
can be understood only by a careful analysis of this inter- 
actione Extended research by Je Ge Kirkwood [7] has estab-= 
lished that the damage to a structure depends on the ratio of 
the duration time of the incoming pressure pulse to the "time 
constant" of the structure, ieSe, the span of time during 
which the structure is "receptive" to the impinging pressure 
effectse If this ratio is small, the impulse is the more 
important factor for damage, while if it is large, the peak 
pressure is more importante 

Another problem that should be mentioned is that of 
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the change in the shape of the gas bubblee The migrating gas 
bubble does not retain its spherical shape, but flattens out 

in a plane perpendicular to the direction of the motione 

The result is a deceleration of the bubble and, as a conse= 
quence, an intensification of the pressure pulsee Prelim- 

inary studies of this effect have been carried out independently 
in England and at NeY.U. by Dre Shiffman [8]. 

Finally, the still unsolved problems presented by the 
striking phenomena occurring at the water surface must be 
mentionede A proper interpretation of the "domes" and 
"plumes" rising into the air above the explosion should yield 
much information concerning the process taking place under 


wateLre 


The effect of gravity in moving the bubble closer to 
the target is not the only factor which leads to increased 
damage by the second pulsee Another element of major im- 
portance, emphasized by Shiffman and Friedman, is that the 
peak pressure of the second pulse depends greatly on the 
state of motion of the bubble at the moment of the first 
contractione It is shown that the peak pressure of the sec-= 
ond pulse possesses a decided maximum if the gas bubble is 
stationary at the moment of contractione For depths of 
water and weights of explosives actually used, it is indeed 
possible to keep the bubble stationary by counterbalancing 
the gravitational force with the attractive force of the 
sea bed and the repulsive force of the water surfacee 

This principle of stabilization forms the main point 
of the following reporte It is assumed that the mine is to 
be placed fairly close to the sea bed, but not necessarily 
directly on it, and it is then found (roughly stated) that 
for mines of about 500 to 2000 lbse of explosive in water 
about 70 to 150 fte deep, the optimal position is about one 
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maximum bubble radius above the sea bed; this means that 
the mines should be moored approximately 20 fte above the 
sea bede More precisely, for water of given depth and for a 
mine of given weight of explosive, there is a definite opti- 
mum location for the detonation, that location being given 
by the principle of stabilization. 

Of course, such a statement makes sense only if, at 
the outset, the position of the mine is restricted to a 
Place deep under water, ieee, fairly distant from the target. 


Similar problems concerning the optimal position of 
an explosion also occur for charges nearer the surface, and 
for charges dropped from fast flying planes and thus having 
an initial horizontal and vertical momentum at the instant 
of the detonatione The discussion of such questions is 
planned for later reportse 


Richard Courant 
Contractor's Technical Representative 
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Part le Discussion of the Results 


le Preliminary Remarks. 


The present report is concerned with the following 
problem; what is the best location of a mine near the bot- 
tom of the sea so that during the secondary pulse the peak 
pressure is a maximum? The result obtained is: for weights 
of 500 to 2000 lbse of T.NeTe, in water of depth 100 to 
150 fte, the mine should be placed about 20 fte above the 
sea bede More exact locations are contained in table l, 

Pe Ye 

It is significant to compare different mine positions 
as to their effects on the secondary pulsee This report demon- 
strates that, during the secondary pulse, the highest possible 
peak pressure at the surface is obtained when the mine is 
placed in a definite "best" position. The theory indicates 
that if the mine is placed even a few feet away from its 
best location, the peak pressure might be as ‘little as one=- 
half of that corresponding to the "best" location.” Further- 
more, when the mine is placed directly on the sea bed, experi- 
mental evidence is available showing that the secondary pulse 
4s weak and erratice[9] 

Another point of interest is that the "best" position 
also increases the effectiveness of the shock wave compared 
with a location on the sea bed itselfe In the latter case, 
some experiments indicate that the presence of the sea bed 
has no effect on the shock wave, and others, that it results 
in an increase of about 12 percent in the peak pressure and 


* See the example discussed in section 4 belowe 
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impulses On the other hand, when a mine is at the "best" 
location (about 20 fte above the sea bed for a depth, say, 
of 100 fte), then the shock wave peak pressure at the sur- 
face is increased about 25 percent over that of the sea bed 
position since the pressure at the surface is inversely 
proportional to the distance from the explosione 


2e The principle of stabilization. 


The best location of the mine is determined by the 
following Principle of Stabilization: For a given mass of 


explosive, the maximum peak pressure in the secondary pulse 
is obtained if the gas bubble produced by the explosior is 


kept _ motionless at the time of its minimm sizee This 
stabilization can be attained for mines by suitably balancing 


the upward buoyant force on the bubble against the downward 
attractive force due to the sea bede In other cases, the 
repulsive force of the surface, as well as additional factors, 
could be utilized. 

In part II, a mathematical demonstration of the principle 
of stabilization is givene The following plausible argument 
also points to the same resulte In general, the total energy 
ef the bubble and water is divided into two parts, namely, 
the kinetic energy of the water surrounding the bubble, and 
the internal energy of the gas inside the bubble. If the 
bubble is moving at the time of its minimum size, then some 
of the total energy is diverted into kinetic energy of the 
water and thus less is available for the internal energy 


* [9] reports no change in the shock wave for a mud bottom. 
Experiments in Woods Hole for a sand bottom show an increase 

of 12 percent, according to an oral discussione Theoretically, 
if the sea bed were perfectly rigid, the peak pressure would 
be miltiplied by the factor @§@ , which means an increase of 

26 percente Actually, however, the explosion tears a hole in 
the sea bed and also transmits a shock into ite 
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of the gase This would reduce the pressure inside the gas 
and also the pressure in the watere To obtain the optimm 
pressure, therefore, this bubble must be motionless at the 
time of its minimum size.” 

For an appraisal of the value of stabilization, the 
damage due to the secondary pulse mst be studied. All 
theories of damage show that for a pressure pulse which 
lasts long relative to the time constant of the structure 
to be damaged, the damage is approximately proportional to 
the peak pressure and not to the impulse or energye Since 
the duration of the secondary pulse is approximately twenty 
times that of the shock wave, it would seem that maximizing 
the peak pressure of the secondary pulse increases the damagee 


3e The location of the minee 


Let W be the weight of the explosive in pounds, 
(the numerical values refer to TeNeTe for which the charace~ 
teristic constants were available to the authors), D the 
distance in feet from the bottom of the sea to a point 355 
feet above sea level (allowing for the pressure of the atmos-= 
phere), and B, the distance in feet from the center of the 
mine to the sea bede The problem is to determine the best 
value for By if W and D are givene This is more easily 
expressed in terms of the non-dimensional quantities which 
are used in part IIe For the unit of length select 


/3 
(ted) L = 15.2{¢) fte, 


which represents (approximately) the maximum radius of the 


* This argument is not completely rigorous since contri- 
putions to the pressure in the water occur from the motion 
of the water as well as from the gas pressure inside the 
bubblee The fact that the gas pressure is the more important 
contribution arises from the mathematical analysis of the 
interplay of the two effectse 
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gas bubble at the first expansione Set 


B 


21D) tO 
(1-2) a=7,,=77, 


so that d and bo represent the distance D and Bo 
measured in "bubble radii". 


83 Pt. 


Sea level 


Dakt. 


Bats 


The best position of the mine is determined approxi- 
mately from the equation 


(1.3) ae 62d. 


+ 50 Sb, + 4 e 
(See derivation in part III)e Graphs of (1.1) and (1-3) 
are drawn in figures 1, 2 at the end. 

On the basis of (1-1) and (1-3), the following table 
can be constructed showing the best location; 


Table 1 
Weight of TeNeTe Depth of Sea Bed | Best Location of Mine 
lan lbs. ) From Sea Level from Sea Bed 


(in fte) (in tities) 
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The following limitations and qualifications should 
be notede First, the effect of the free surface has been 
ignored, so that these results are valid if the mine is 
sufficiently far from the sea level, say, more than 3e5 L fte 
Second, it is assumed that the bubble does not meet the 
sea bed in the course of its motione This is approximately 
equivalent to By > e8le Third, the sea bed is assumed 
to act like a rigid walle 

The validity of this last assumption should be tested 
by experimente But there are plausible reasons for supposing 
that as far as the balancing phenomenon is concerned, the 
sea bed does act very mich like a rigid walle During the 
largest part of the time of pulsation of the bubble, the 
bubble is large and the pressure in the water is low; there- 
fore, a sand bottom could be considered as rigide The 
balancing effect is determined in the main by this portion 
of the period of pulsatione 


4. An examplee 


Consider a mine with 1500 lbse of TeNeT, in water 
of depth 150 fte Figure 3 is a graph showing the relative 
magnitudes of the peak pressure in the secondary pulse 
when the mine is placed at varying distances from the 
bottom of the seae The best location of the mine is 2160 fte 
from the bottom; the resulting peak pressure at any point 
in the water, as computed in part II, is 2015/R atmospheres, 
where R is the distance in feet from the point to the center 
of the contracted bubblee If the mine is initially placed 
at any other distance from the bottom, this value for the 
peak pressure is to be miltiplied by the factor whose graph 
4s drawn in figure 3ec« ra 
This graph demonstrates a remarkable sharpness’ in the 
peak pressure curve as a function of the distance of the 
¥ The correction ave to the free surface is treated in 
part III, section S&. 


eH In reality the graph will not be quite as sharp because 
of deviations from the assumptions listed on page 12. 
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mine from the bottome For example, if the mine is placed 
either 17 fte or 29 fte from the bottom, the peak pressure 
is only one-half of the maximum. 

If one is interested in the damage to objects on the 
surface of the water, it is necessary to take into account 
the migration of the gas bubblee Again considering the above 
example, the peak pressure at the surface directly overhead 
is 15.6 atmospheres (excluding the reflection from the bottom) 
when the mine is placed 21-0 fte from the bottome For any 
other location of the mine, this value is to be mltiplied 
by the factor whose graph is drawn in figure 4 The graph 
still exhibits a considerable sharpness, but if one places 
the mine somewhat higher than 21-¢0 fte from the sea bed, the 
effect on the surface would be improved slightly. This is 
due to the upward migration of the bubble. Note, however, 
that if the mine is placed too high, say 27 fte from the 
bottom, the favorable effect of the upward migration is 
sharply counterbalanced by the resulting weakness of the 
secondary pulsee 


Part IIe Mathematical Study of the Secondary 


Pressure Pulse 
le Introductione 


High pressure pulses are produced only when the size 

of the gas bubble is near its minimum. During this time, 

the buoyant force due to gravity is smalle Likewise, the 
proximity of rigid walls or free surfaces will not materially 
affect the motion, since their influence depends on the ratio 
of the bubble radius to the distance from the bubble, and 

is small if this ratio is smalle Therefore, during the stage 
of minimum size, the bubble can be considered as immersed 

in an infinite body of water and subject to no outside forcese 
The pressure pulse produced by the bubble under these 
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circumstances will be investigated. 

On the other hand, all these-outside influences 
do affect the bubble in the stage when it is not small. 
Consequently, in contracting to its minimum size,the 
bubble and surrounding water have a linear momentum which 
remains practically constant while the bubble passes through 
the minimim size stage when the outside influences can be 
neglected. The pressure pulse produced by the bubble depends 
on the linear momentum acquired by the bubblee The dependence 
of the peak pressure on this linear momentum is the main objec- 
tive of this investigation and is represented in figure 6. 

For the derivation of this result, the following assump-= 
tions are made; 

le The water is an ideal incompressible fluide 

2e The bubble remains spherical in shapee 

Se The gas inside the bubble is in thermal 

equilibrium at each instant and follows the 
adiabatic lawe 

These assumptions are reasonable for the major portion of 
the period of pulsation, and are violated only in the very 
short time interval when the radius of the bubble is small. 
The violations are in the nature of corrections to the theory, 
and will not materially affect the principle of stabilization. 
We shall not enter into a discussion of the assumptions, but 


merely refer to [4]e 


2e The Energy Equation. 


Let A be the radius of the bubble at any time, B 
the vertical distance of its center from some horizontal 
level,and P, the hydrostatic pressure of the water at the 
center of the bubble. The motion of the bubble is described 
by specifying A, B as functions of the time Te 
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The velocity potential @ describing the flow around 
a moving, pulsating sphere in an infinite body of water is 
easily obtained from classical hydrodynamicse It is 


3. 
1 ! 
(201) ‘a INI AUB cos @ 


Roos TS Slyere 


where R,® are coordinates as indicated in the diagram above, 
and the "prine" denotes a time derivativee The kinetic energy 


x of the water is then 


(2.2) i 2 enpatar + 2B1*) 


where Pp is the density of the watere For these classical 
results, see, for example, [3] or Appendix IIe 

The potential energy U of the system of gas bubble 
and water is 


(2.3) Apods BMASP + G(A) 


where the first term is the gravitational potential energy 
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of the bubble due to the absence of water and the second 
term G(A) is the internal energy of the gas. If the 
gas obeys the adiabatic law, the internal energy is 


KM? 
G(A) = poe <2) 


where ¥% is the adiabatic exponent, K is a constant depend-= 
ing on the explosive, and M is the mass of the explosive 
usede 

The energy equation is 


where E is the constant total energy in the system (after 
the passage of the initial shock wave due to the explosion). 


Se Non-dimensional variablese 


A considerable simplification in the writing of the 
equations is obtained by introducing non-dimensional quantities 
with appropriate scaling factorse Likewise, in part III, it 
is even more important to introduce non-dimensional quantitiese 
For the purpose of comparing the formulas developed in this 
part with those in part III, we shall use the scaling factors 
convenient for part IIIe It should be mentioned that these are 
not the most convenient factors to use if the results of part 
II were the sole objectivee 

Set 


(2.5) A=lLa, B=Lb, T= Ct, 


where L,C are scaling factors with the dimensions of length, 
time,respectively, and a, b, t are non-dimensional variablese 
(Henceforth, capital letters will indicate dimensional quantities 
and small letters non-dimensional quantitiese) The scaling factors 
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which we shall use are 


L 


" 
(os) 


(26) 


where Py is the hydrostatic pressure at the center of 
the explosion, and pP is the density of watere’ These 
scaling factors are advantageous because they have a simple 
physical interpretation intimately connected with the motion 
of the bubblee It will be seen in part III that L is the 
maximum radius of the bubble if the internal energy of the 
gas could be neglectede Actually the mximum radius is 
approximately e92Le Also, it will be shown in part III that 
the time scaling factor C represents 2/3 of the period of 
pulsation of the bubble if no outside influences such as rigid 
walls or free surfaces are presente 

The energy equation in terms of the non-dimensional 
variables becomes 


(207) 2° 2? + 3?) 4 ae + GA) = i, 


where the "dot " denotes differentiation with respect to the 
non-dimensional time te 


4e The scaling factors and the internal energy of the gas for 
Te Ne Te 


It is desirable to express the scaling factors L,C 
in terms of the mass of explosive and the depth of the explosion. 


% They scaling factors differ from those used by Ge Ie Taylor 
in 3] e 
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Let D, be the distance of the center of the explosion from 
a point 35 fte above sea level, so that Po =~ Pedp- tis 
still necessary to express the energy constant E in terms 
of the mass of explosivee For the case of T, Ne Te, experi- 
mental results indicate that E 1s approximately one-half of 
the total chemical energy released by the explosione See [4]. 
Slight changes in E will not materially affect the results 
since E appears in the form C/E. Using the values given 
by Ge I. Taylor in [3], pe 4, and converting to the English 
system of measurements, one finds that 


3 
\/w 
1362 mn feet, 


I = 
(2-8) 
1/3 
C= 


2085 “56 seconds , 
Do 


where W is the weight of Te Ne Te in pounds, and Dy is 
the distance in feet of the center of the explosion from a 
point 33 ft. above sea levele 

Likewise, making use of the experimental values given 
by Ge Ie Taylor in [5], pe4, the quantity a for Te Ne Te 
is, in metric units, 


ata) _ 141851 Se 


A 


where Mon is the mass of T. N, Te in gramse Changing to 


non-dimensional variables, one obtains 


QCA) 2h ook 
(209) E at 
1eis3m 2/4 
where k = : 3/4 ° 
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Changing to English units and using (268), one finds 
that 


1/4 
(2.10) k = e0607 pi! 


where Do has the same meaning as in (2e8). Equations 
(2e9) and (2010) are the desired expressions of the internal 
energy for TeNeT. 


Se The equations of motion for small values of the radius ae 


The secondary high pressure pulse is emitted when the 
bubble is near its minimum size, and henceforth we shall 
consider the case when the radius is smalle The additive 
term ae in the energy equation (2e7) is then negligible 
compared with the number 1, and the energy equation becomes 


(2011) av(a> + 4 6 


The Lagrangean equations of motion are 


ad 6x C> aa 
a Toor S 

ad of OL _ 
o>) Gis oLi = ey = © 


where L= J - UW. They become 


(2014) & (2 aon) = Satan = 2 a) 


+ 
Plo 
~p 
+ 
s 


(2015) $(3 AOR 2 or. 
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The equation (2e15) shows that when the bubble is near 


its minimum size, the linear momentum s ah remains constante 


Denote this constant value by 8s. Then 
e 
(2016) b= ; 


and the energy equation (2-11) yields 


=e 
£9 al k 38 
(27a) a = =- - — e 
ae alo 2a8 


The equations (2616), (2.17) completely determine, in terms 
of Si, the motion of the bubble during its most interesting 
phase when the radius a is smalle An integration of (2.17) 
and then of (216), yields a, b as functions of te 

Equation (2e14) gives an expression for the quantity 
(aca\e, which is important for the determination of the pressure: 


(218) (a”a)° = alge ade +3 a7 e 


22\° 1 
(2019 (a a) = + ——— = e 
2a 22° aly 


6e The minimum radiuse 


The value of a quantity q at the time when the bubble 
is exactly at its minimum size will be denoted by qe The 
minimm radius a of the bubble is obtained by setting 
&8=0 in (2e17)e The resulting equation is simplified by intro- 
ducing, in place of a, the (non-dimensional) internal energy 
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u of the gas, defined by 


ey as 
(2020) u= 5o/t 


The quantity a represents the portion of the total energy 

of the system which exists as internal energy of the gas at 

the time of minimum sizee From (2.17), we get the following 
equation which determines U: 


l1-u_3 


-,\2 
(2021) Se Ses (=) » (Graphed in Fige 5)e 
u 


The values of various other quantities at the time of 
minimum size of the bubble are of intereste From (216) we 
have 


(2022) fee SEs 
a k 
and (2.19) yields 
moons 8/3 
ee e 3 = So 
(2023) (aca)! = ATR u (4 = 3u) e 
8k 


Thus, given s, the internal energy UW at minimum 
Size is obtained from equation (2.21)e All the other quantities 
a, 6, (a”a)° can then be found from (2620), (2022), (2023). 


7e The pressure pulsée 


Sections 5 and 6 give a complete description of the 
motion of the bubble when it is near its minimum sizee We 
shall now investigate the pressure pulse delivered to the 
surrounding watere 
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The potential function @ for the flow of the 
surrounding water has been constructed in equation (2el). 
The pressure in the water can be obtained from Bernoulli's 
equation as follows; 


(2.24) Bey (grad })® - (Sf - a eS oy 


where P is the excess over hydrostatic pressure, Z =R cos 6, 
and the term B! > appears because of the moving coordinate 
systeme A substitution of (2e1) in (2.24) yields 


Ale 
e 


ene 
(2025) a= oa + terms in higher powers of 


For points in water not too near the bubble, the first term 
on the right hand side of (2e25) is dominant and the other 
terms may be droppede Introducing non-dimensional variables, 
we obtain 


3 De e e 
(2.26) pole (aces 28a L278). 
cf OR 3 R 


The pressure in the water, therefore, depends essentially 
on the quantity (a”a)° e 
The formmla (2.18) for (a°&)° can be given an inter- 


esting interpretatione The last term < ke 


represents 

the (non-dimensional) pressure of the gas inside the bubble, 
and (2e26) then shows that the pressure at any point in the 
water is composed of two parts: the internal pressure of the 
gas, and the dynamic pressure due to the motion of the watere 
This is more clearly seen if equations (2-26), (2-18) are re- 


written in terms of the original dimensional variablese The 


—s 


result is 


(2027) 2 = 3 (3 par? + z pBI@ + P(a)} 2 


where p(A) 4s the pressure of the gas inside the bubble 
when its radius is Ae 

The principle of stabilization asserts that the most 
important term in the expression (2e27) is the gas pressure 
term p(A)-e To obtain the maximum possible effect, one 
should maximize p(A) even at the expense of complete elimina- 
tion of the dynamic terms $ pa'®++ppt . This is not 
obvious and requires a mathematical proofe 

Returning now to the expression (2e26) for P, we 
wish to determine the time when the pressure pulse reaches 
a peak valuee It is to be expected that the peak pressure 
occurs when the bubble is of minimum sizee Althouch this 
is not obvious from the expression (2e18) for (ara, it 
is a simple consequence of the equation (2019)e By differ= 
entiating (219) with respect to a and by using (2017), we 
have 


-2 2 
a Cr eee Eelougs aay il po eee Ose 2 clea 
(a%a) = +. 6 


da RO en) gO oe ale/at 9 So am ego toe ein aac 


This shows that (2%3)" is negative and therefore attains 
its maximum at the smallest possible value of ae Hence 
the peak pressure occurs at the time of the minimm size of 
the bubble. 

The value of the peak pressure P can now be obtained 
by substituting (2-23) in (2226); the resulting expression 
is 


Pes es 
(2e28) P =< e ae e ae/5(4 - 3u) e 
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This indicates the dependence of the peak pressure P on 
the internal energy W at the time of minimum sizey and 
through (2621), on the ,}inear monentum Se 


The quantity u’ (4 - 3u) will be called the 
"pressure factor" and will be denoted by the symbol q: 


68/5 


(2029) q.= 0) (4 = sare 
It depends on 8s by virtue of (2-21). 


8e The optimum peak pressures 


We are now in a position to find that linear momentum 
§ which produces the maximum peak pressuree The peak pressure 
P, by (2028), 18s proportional to the pressure factor q in 
(229), which in turn depends on 8 by virtue of (2021). A 
graph of q as a function of ze is drawn in figure 6, and 
demonstrates the very significant fact that q is largest 
when 8 is practically 0 (or @ practically 1)e Actually, 
by (2e29), q is a maximum when @ = = » or by (2e21), when 
3 » e151 k*. But since k is small, this differs so little 
from S = O that it can be neglectede See figure 6. 

Thus, the following general Principle of Stabilization 


has been demonstrated: For a given mass of explosive, the 
optinum peak pressure in the secondary pulse is obtained by 
keeping the bubble motionless at the time of its minimum sizee 


The valve of the optimum peak pressure Popte can be 
obtained from (2e28) by setting UW = 1, with the result 


P,L 
p = 3 e <3 e 


Using (207) and (2010), and expressing P, in atmospheres 
by means of Fo = D,/33 atmospheres, where Do is the 
distance in feet of the center of the explosion from a point 


CE 


55 fte above sea level, we have 


wi/5 
= 176 —y— atmospheres 


(230) Popte 
where W is the weight of Te Ne Te in pounds and R is 
the distance from the center of the bubble in feete 

This may be compared with the peak pressure of the 
primary shock wave, whose value, experimentally obtained, is” 


wi/s 
Dahoci = 1160 = atmospherese 


The optimum peak pressure of the secondary pulse is approxi- 
mately 15 percent of the shock wave peak pressure, but the 
duration is much longer,as will be seen in the next sectione 


9e The impulse. 


The impulse I per unit area, carried by the secondary 
pulse, is the time integral of the pressure, 


t= frar=c frat, 


4 
where the limits of integration are the times when P = 0% 
By (2-26), 


PAD (O 
Ome moe 
3 bf a) dt, 


where the limits of integration are the times when (azar Oc 


Using the fact that the motion is approximately symmetric about 


# See [3] page 13,where this experimental result is quoted 
in metric unitse 


‘A The significance of this value of the impulse will be 
discussed latere 
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the time of the minimum size of the bubble, the above 
integral becomes 


(2.31) T=e—¢ +d. [a%al, 


where [aa] is to be evaluated at the time when (a”a)°= OF 
or ana is a maximume 
Equations (2e8), (29) and (2e16) yield 


and 


=2 
Gey) a 
a 


Setting the last expression equal to zero in order to find 
the maximum of (aa), we obtain an equation for ae If 
both k and 8s were equal to zero, the solution of this 
equation would be a = e65e Ina more realistic case when 
k = e2, S = 006, one obtains a = e6le This illustrates 
thet the value of a when aa is a maximum is not very 
sensitive to changes in the momentum §, since s is generally 
quite small in actual casese Using a= e6l and k = ed, 
the value of [aWa] nie) ObaS 

By (207), equation (26351) becomes 


P CL 25 
85. W/ 
Tt s75"2 = atmosphere-secondse 
R mere 


Taking a typical case of a depth of 100 fte, so that D =155,5 
we find that 


(2052) I = 037 


i 
* See Part IIle 


atmosphere=secondsoe 
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We have shown that the impulse carried by the secondary 
pulse is practically independent of the linear momentum 3s 
of the bubble, and is given by (232). 

The impulse carried by the primary shock wave is experi- 
mentally measured to be” 


2/3 
eig 


Ishock = R 


atmosphere=secondse 


A comparison with (2052) indicates that the impulse carried 
by the secondary pulse is three times the impulse carried by 
the shock wavee 

This conclusion can be stated in an approximate manner 
in terms of the durations of the pulsese Using the relation 
between the peak pressures obtained at the end of the last 
section, one can state that the secondary pulse lasts about 
eighteen times as long as the shock wavee 

This result, and formla (232), should not be taken 
too literally but merely as order of magnitude statementse 
The reason for this is that the impulse carried by the secondary 
pulse was computed between the times when the pressure is zero. 
This includes a relatively long period of time during which 
the pressure is low, and the resulting contribution to the 
impulse will not be experimentally noticed and will not have 
much effect in damaging structurese 


* [3], peld 
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Part IIIe The Mechanism of Stabilization by 
Gravity and the Sea Bede 


le The exact equations of motione 


In this part, the effects of gravity and of a rigid 
wall upon the motion of the bubble are considerede The 
linear momentum s produced by these factors in the course 
of one complete pulsation of the bubble is calculated. As 
was shown in part II, it is $8 which determines the peak 
pressure produced by the bubble at the time of its minimum 
sizee An equation for determining the best location of the 
mine can be obtained by setting the momentum 8 equal to 
ZeLroOe 


sea level 


| A ft. 


a ee 


NE ee ae 
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Use the same variables A,B as in part II and let 
D stand for the (fixed) distance of the sea bed from a 
point 55 fte above sea levele In place of the equations 
f2e2), (2.3), (204), we have 
ee 7 52 


(301) anpa® [ (ae, )A? ~'22, 


+ Sra %pg(p-B) + ofa) = 8, 


where f,,f,,f. are functions of the ratio A/B which 
represent the influence of the rigid wall on the motion of 
the bubble, = Apg(D-B) represents the gravitational 
potential energy due to the lack of water in the space 
occupied by the bubble, and g is the acceleration due to 
gravitye Explicit expressions for fos fi, f, are derived 
in [5], and will be reproduced in appendix II of this reporte 

Introduce non-dimensional quantities as in equations 
(205), (206) of part II, sections 5 and 44 The energy 
equation becomes 


°9 ee aL ue) 
(3.2) a°[ (14f,)a ~ 2fyab + (S+fp)b"] 


Pee) abe ©) .fpl.= =o .and *B.° fislithe initial distance, of 
Fs iO 6) L ) 
the bubble from the sea bede 

The motion of the bubble is determined from (Cai) 
and one of the Lagrangean equations (2012), (2015). Using 


et 
% See appendix II for detailse 
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the b-equation (2613), we obtain 


(3e3) x [2a°(4 +f5)b - 20°F a] 


4 Gifts Gis. Tere Gia 
a 6 22 al, 2 al 3 
=--—s5 —aa 2— ab + —b | + a 
2b° | =: ow da d=5e) er 
where 
(304) a = = ’ 


and the quantities fo» fi» fy are functions of a only. 
The differential equations (32), (363) are to be 
integrated, subject to the following initial condition: 


at t=0, ay = ay a =10 


b=b.,b=0, 


where ao is the smallest root (near A/5) of 
ae + bx = le Of course, these initial conditions are not 
a 


exactly realistic, since at the very beginning a shock wave 
is formed by the explosione But the time interval required 
for incompressible flow to set in is relatively minute and 
may be ignorede 

The quantity in the brackets on the left-hand side 
of (3e3) is the linear momentum s of the systeme The 
first term on the right-hand side of (363) is due to the 
presence of the rigid wall, and the second term is due to 
gravitye 

By integrating equation (3-3) we obtain the momentum 
s at the end of the period of pulsation of the bubble: 


* See [4]le 
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where the integration is extended over the full period 
£ of the pulsation,from the explosion to the time of 
minimum sizee 


2e The approximate evaluation of the period and the momentume 


The results of a numerical integration of equations 
(3e2), (3¢3) are tabulated for special cases in appendix II. 
They serve as a check on the approximations which will now 
be made to evaluate the period € and the momentum Se 

The bubble expands to a maximum size before contracting 
againe Indicate the value of a quantity at the time of maxi- 
mum size by a subscript le Thus ty is the time of maximum 
size, $y is the linear momentum, etce We shall introduce 
the following approximations which are especially accurate 
when the bubble is in its balanced position: 

1. The time § and linear momentum s at the minimum 
size of the bubble is twice the corresponding quantity at 
the maximum sizes; ie e+, t = 2t,, § = 2s,- This assumption 
agrees very closely with the numerical integration of the 
equationse It means that the motion is approximately 
symmetric about the time ty of maximum sizee This wovld 
be exactly correct if the b-coordinate did not varye 

2e During the first half of the period of pulsation, 
until time tj, b is small and can be taken as zero, so that 
b remains equal to bos This agrees satisfactorily with 
the numerical integration, as well as with experimental 


evidencee 
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Substituting b = b, in (3e2), we get 


soo 
° 


(306) 


The solution of (366) is immediately obtained by integra-= 
tion, with the following result for the half-period t 


ce a, ao) 2) eer 
(307) t= at = £ da 
(0) ay 3 5/4 


eee etre 


1° 


where ay is the smallest and ay the largest root of 
(308) Wag? A ere =O. 


To evaluate the integral (3.7) it is necessary to 
have a specific value for ke The value of k is given 
by (210) and depends on the distance D, of the explosion 
from a point 55 fte above sea levele The following table 
4s calculated from (210): 


Selecting a depth of water of about 100 fte as typical, 
the value of k is approximately e2e We shall select this 
value of k throughout the remaining calculationse A differ-= 
ent value for k will change the formulas slightiye 

For k = e2, the roots Aas By of (38) are 


(309) ay = e118, am = 0924.6 


lo PAT 


The last equation (39) is noteworthy, since a, repre- 
sents the non-dimensional maximum radius of the bubble. 


A is thus 


The actual maximum radius 1 


Ay = e924 Le 


If the internal energy 378 of the gas were neglected, 
a 


the maximum radius would be exactly Le 


The quantity ve + f, in the integral (3.7) is 
very closely equal to 1+ = =1 Pore as is shown in 


Making this approximation, we can evaluate 


appendix IIe 
This numerical evaluation 


the integral (3.7) numerically. 
is discussed in appendix III, the result being 


= e136 
Pye feat ang e 


The total (non-dimensional) period +t of the pulsation is 


therefore 
£ ha OH e185 
(3e10) t= ety = 1047 + a = 1.47 (2 a +38 | 8 


Formula (3.10) shows that if no rigid walls are 
present (b, = oo), the actual period T in seconds would 


be 
T = ‘1047 C, 


This provides the physical inter- 


or about 3/2 times C e 
C mentioned in section 3 


pretation of the scaling factor 


of part II. a 
Substituting b=b,, b= 0 in (3-5), we obtain for 


MPEESE Er roay —~y 


—- 
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the half-momentum Si» 


or 


(3e11) 8, = - i 


using (3e6)e The first term on the right hand side of 
(3-11) is the downward momentum due to the rigid wall, and 
the second term is the upward momentum due to gravitye 


Again taking k = e2, using the approximation 
a af /dce a 
y2 Geet ia eens D5 sao C—O e 2, » and evaluating 


y1 + f, 


these integrals numerically, we get the following expression 
for the full momentum s; 


=... eadl, 20, 2019 1 2148 
(3012) a | ao aie oe |- a-b, {70% + b |. 


See appendix III for the numerical evaluationse 


Se The stabilized positione 


By the principle of stabilization, the maximum peak 
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pressure is obtained by setting Ss = 0, with the result 


708) ae) Stee 
a-b, =——_____2_ . 
“NS  OI9 


2 
Vo 6 


Expressing d in descending powers of bo» we get 
(3013) d = 6e2 do + 303 d+ 04 


A graph of equation (3e13) is drawn in figure 2e 

More generally, the peak pressure, as a function of 
the distance bs of the mine from the sea bottom, is 
obtained by combining equation (2628), (2.29), figure 6, 
and equation (3-12). As a typical example of this dependence, 
consider the case discussed in section 3, part I, of a mine 
containing 1500 lbse of Te Ne Te in water of depth 150 ft. | 
The scaling factor L, as obtained from figure 1, is 


1 SS BVO GeO hi 


The depth D of the sea bed from a point 35 fte above sea \,) 
level is 185 fte, so that 


d=7= BURBE 


The best location of the mine according to figure 2 is 
by = 076, or 


B. = Lb. = 21 fte 


above the sea bede 
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If the mine is located at various other distances 
Bos the pressure factor q can be obtained from figure 6 by 
first determining s from equation (3.12). The results are 
tabulated below, and the graph is drawn in figure 5. 


Ce ce 
[ose mio) me vlna | mel oe | a 


jee fare | oss | wer | ote 


As stated in section 3, part I, figure 5 shows a remark- 
able sharpness in the peak pressure curve as a function of the 
distance from the bottome 


4. The migration of the bubblee 


A forma for the distance travelled by the bubble in 
the course of its pulsation is difficult to obtain because it 
involves a complicated repeated integratione But by combining 
a theoretical argument with the results of numerical integra- 
tion, an empirical formla can be developede 

It seems reasonable to suppose that the displacement 
A b=b-», of the bubble is an odd function of 8. It 
can therefore be represented by the beginning terms of a Taylor 
expansiong 


3 
Ab =c,8 + CoS 


where Cys Co are appropriate constantse Infact, a theoretical 
justification of this can be given on the basis of the differ= 
ential equations (302), (303), but this will be omitted here. 

We can determine the constants Cis Co empirically by 
using the results of the numerical integration tabulated in 
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appendix Ie The least squares solution yields the following 
formula: 


(3.14) Arb = (19s a(t 625°). 


A graph of (3-14) is drawn in figure 7, and is compared with 
the tabulated valuese The formula (3-14) is seen to be very 
close to the tabulationse 


5e The correction due to the free surface. 


For the sake of completeness, we shall include some 


remarks concerning the effect of the free water surfacee The 


latter exerts a repellent force on the bubble, aiding the 

downward force of the sea bede A complete discussion would 
require a knowledge of the potential function ® and of the 
corresponding values for fon fy and foe 
tion of the previous argument, however, shows that only the 
first terms in the expansions of fo and efo in powers of 


a@ were usede In appendix II these CEinee on are obtained by 


successive reflectionse The results are as follows: 


If cC is the depth of the bubble below the free surface, 
C-B . then the expansion of f, begins 


ange 1s set equad to 2s, 
C+B 


with 


= F(x) 


of 
and the expansion of —— begins with 


a G(x) 
Be 


where the formlas for F(x) and G(x) are given in appendix IIe 


A short table of their values follows: 


A careful examina- 


SLEEP SAT ass 


ea or 
“HL FE Fs 


[-[<[«[“[3] [=] 
ifs) 25-460 


33 ft above sea-level 


sea-level 


When these expansions are used, forrmlas (3-10) and 
(3e12) for t and Ss are modified, as follows: 


(3015) eae | a sala 
(3e16) 3 = = Se [+238 a | 


e148 F(x) 
ek: 


al 
* a5, {708 « 


“37 = 283 


It is to be noted that x = 1 corresponds to no 
free surface (c = ©), while x = 0 corresponds to a 
point midway between the free surface and the rigid bottome 
An interesting result is that F(x) = 0 when x = 1/3, 
so that the influence of the free surface on the period of 
the bubble cancels the influence of the rigid bottome 
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Appendix Ie The Numerical Integration of the 
Differential Equationse 


To test the validity of the approximations made in 
part III, the exact differential equations (3e2), (3-3) 
were integrated numericallye The coefficients a) fos fo 
and their derivatives with respect to @, are tabulated 
in table 4, appendix IIe The numerical integration was 
carried out by the Mathematical Tables Project operating 
under the Applied Mathematics Panele 

In this report we have not reproduced the complete 
tables, but have included the graphs drawn in figures 8 - ll, 
which are based on these tablese Here we shall set down only 
the most interesting items in these calculations, namely, the 
behavior at the beginning, at the time of maximum size, and 
at the time of minimum sizes The following table shows the 
results: 


* In particular, Dre Ge Blanche, Dre Ce Lanczos and 
Dre Ae Ne Lowan helped overcome the considerable difficulties 
in the numerical integration. 


4% Details of the computation can be obtained from an extensive 
report by the Mathematical Tables Project prepared for the 
Applied Mathematics Panele 


Te d= Mal aby? 
bo = 1-5 
eede= 116 17 
Le = 1.17 
pea = Lie 17 
b = 1.08 
=o Gl a alksaly/ 
la = 09 
De da =ca 
dS =e) 
6s d =0o" 
oe 1e5 
Ted =o0" 
b= 12 


* This case 


Table 2-« 


e 8505 
126995 


8755 
1.7574 


2 8204 
1.6504 


{o) 
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The results of numerical integration 


a a b 


b 

1-5 O 0 
1¢565 2 066 °0189 
Rell 16-0 003578 

O O 
002351 200716 
1528 °01359 

O 

e 006 
609 
O 


01172 e00017 


925 e079 


0192 


e 0006 


e900016 
00794 
rao) 


0) O 
©00205 00791 
e0035935 O 


=e 0001 
-- 00236 


corresponds to a rigid wall alone, with gravity ignored. 


; 
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The period € and the momentum s for the cases 
listed above were computed from the formmlas developed in 
part III.e They are collected in the following table, and 
compared with the numerical values given in the preceding 
tablee The agreement is excellente 


ele 
alculated | Numerical] Calculated 
from (3e10)} (Table 2)|from (3.12]} (Table 2 
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Appendix IIe The Velocity Potential for a Pulsating 
Sphere Moving Perpendicularly to a Walle 


le Statement of the problem. 


An ideal incompressible fluid is bounded by a plane 
infinite rigid wall and has a pulsating and moving sphere 
immersed in ite It is required to find the velocity poten- 
tial describing the (irrotational) flow, and to obtain the 
kinetic energy of the liquide The case of a moving sphere 
4s classical and can be found in the standard books on Hydro- 
dynamicse The pulsating sphere, however, does not seem to 
be generally known and has certain features of intereste 


The treatment here follows [5]e 


Let A be the radius of the sphere at any time T, i 
and B the distance of its center from the rigid walle The 
velocity potential describing the flow of the liquid 
satisfies the potential equation 


Ade = Pix + Py, + Boye 


° 


a 


% The method used here can also be applied to a spherical 
walle 
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and has the following boundary conditions: 


= oe. = A' = B! cos 6 on the sphere 
Gu) 
Od _ 
Sa a (e) on the plane, 


where n is the normal direction pointing into the liquid 
and the "prime" denotes a time dcerivativee 

The construction of $6 can be decomposed into two 
simpler problems by setting 


(2) d = Al $, - B! $4 


where So» oy are potential functions satisfying the 
following boundary conditions: 


Oo _ nye 

(3) «= = =, on the sphere, - = = 0 on the plane 
oG1 3¢ 

(4) - sae Cos @ on the sphere, - = = 0 on the planee 


Physically, Sys represents the potential function for a 

sphere of fixed center and radius expanding with unit velocity, 
while $, is the function associated with a rigid sphere 
moving away from the wall at unit velocitye The functions 

do» oy will be constructed by means of the method of imagese 


Ze Some theorems on imagese 


The theorems that follow supplement well known theorems 
on imageSe See Milne-Thomson, Theoretical Hydrodynamics, 
Chapter 15e 


— 
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We wish to find a potential function d, defined 
outside a given sphere, with a given distribution of sources 
outside the sphere and vanishing normal derivative, ce = 0, 
on the boundary. A standard method for constructing @ is 
to place a suitable arrangement of sovrces inside the sphere, 
called the image of the original distributione 

The image of a point source and a radial dipole are 
well known, and will be found in Milne-Thomson , ppe 420,421. 
Here we consider the image of a line sourcee 

Theorem le Consider a sphere with center O and radius 


ae The image of a uniform line source of strength pe per unit 
length stretching from Q, _to Qo is the following: a uniform 


0Q 
line source of strength ba per unit length, stretching 


between the points Ons ah inverse to Qi» Qo» and a uniform 
line sink of strength noe per unit length extending from 


0 to Qi 
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Proof. If P is any point, the Stokes stream 
function Y (see Milne-Thomson, Chapter 15, espe ppe 420, 
421) is 


= Q1 85 ( 5 08, ( ! 1 
Y= a P-ry + le Py-To) + Blrer) e 
If P is on the sphere, we have ry = — ri» 
0Q 
al 
! 
Pp = — To ( a property of inverse points, due to the 


! 
similarity of triangles OPQ, . 0Q,P), and consequently 


Q 
Ye=- poe = conste Therefore = = 0 on the spheree 


Combining this result with the kmown image of a point 
source (Milne-Thomson, ppe 420,421), we obtain the following: 

Theorem 2e The image of a point source of strength m 
situated at the point Qo» together with a uniform line sink 
of strength » per unit length extending from Qy to Qos» 
where m = PQQ (so that the total strength is zero), is 
the following: a point source of strength m wap at the 

0) 


! 
point Qo anda uniform line sink of strength — per 


! ! 
unit length extending between Qi» Qoe 


Se The construction of Doe 


The function Br is required to satisfy the boundary 
conditions (3)e If the plane were not present, ee, would be 
ae » Which represents a source of strength Re placed at O5c 
The presence of the plane, however, causes the boundary condi- 
tion (3) on the plane to be violatede To satisfy it, introduce 
the image of the source relative to the plane, which is a 
source of equal strength at the reflected point Q4° But the 


boundary condition on the sphere is now violated, and to 


rae 291 


remedy it, introduce the image of the point source at Qi 

relative to the sphere. This image is a point source of 

strength ae A at the inverse point Q and a uniform 
OQ] 1 


line as of strength es per unit length extending from 


0 to Q3 this process continues and requires the use of 
theorem 2 for the images relative to the spheree The successive 
images fit very neatly together, as indicated in the diagrame 
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The successive reflections are described in the 
following table; 


Strength per unit | Situation 
Strength of Situation of length of uniform| of uniform 
point source point source line sink line sink 


etce 
Set 
A 
((5)) a, = 
and 
(6) Des dz edoe e@oee qd, e 


The general 


00’ 
By the inversion, qd, is also equal to he ° 
expressions for the strengths of the sources are: 


! 
A point source of strength AD, at Qn, and Qn+1? 
(7) a uniform line sink of strength = per unit length 


tet Dy 
SOS eee CO eneionee 
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Introduce the quantity 
(8) (o @ = or ° 


The quantities a, can be expressed in terms of &. 


We have 
a ie A af A = al ff 
n+1 7 ra —rt £5 
Coa 2B - 0 Fr - 4 
Thus 
9 d o + 
( ) at —_ geet, qna1 + Ie ee 3 eee 9 
a 7 on 


so that the d's are convergents to a continued fractione 
The quantities D, can be obtained as functions of 
o from the definition (6)e They can also be obteined by 
solving a second order linear difference equation with 
constant coefficients for the quantity — obtained from 
the recursion formula (9). u 
It is convenient to expand $, in the neighborhood 
of the surface of the sphere in terms of spherical harmonicse 
The expansion of a unit point source lying outside the sphere 


at a distance xX from the center is 


u 


(10) x 


R Ro 
+ eS P, (cos @) + = Po(cos Cpe ey 


while a point source lying inside the sphere has an expansion 


Zz 
fat) I 4p (cos @) + ep (cos &) + eee 
R Re 1 R° 2 ’ 
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where {P, (cos e)} are the Legendre polynomials of cos Oe 
(See diagram on page4le Integration with respect to X 
yields the expansion of a uniform line sourcee The ex- 
pansion of oe is then easily obtained by using the distri- 
bution of sources and sinks given in (7)e 

For the present purpose it suffices to know merely 
the value of d 5 [ 2%: the mean value of or over the 

4m A” “K 


surface K of the spheree The integral of a unit point 
source over the surface of the sphere is, by (10) and (11), 


(2) r or * ; 


according as the source lies outside or inside the spheree 
The first of these is to be expected from the mean value 
theorem for potential functions, while the second is a 
constant, independent of the position of the sources inside 
the spheree 
The value of z [fe aS can now be obtained by 
ana’ vx ° 


using the distribution of sources and line sinks (7)e The 
contribution of the distribution inside the sphere reduces 
to x due to the source of strength Ne at the centere 
This follows from the second result in (12) and the fact 
that the successive images, each consisting of a source and 
a line sink, have a total strength zeroe The contribution 


5 2 
due to the source A Do at Qnel and the line sink of 


strength a per unit length along Ci: (see equation 
(2) ois 
n +1 i 
or 
G+ 
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by (5) and (6)- Thus we obtain the final result 


a a 
13 fa as = ana® | 1D Die eececiee a Z 
= mae Py + 2 (Par Dee Mead 


n=) 


The term Dy is due to the point source Nea at Qi° 
4. The construction of Pi 


The function Pi is required to satisfy the boundary 
conditions (4). If the plane were not present, 3 would 
be the velocity potential due to a dipole of strength as 


3 
placed at O, namely, oe = 2 


plane, however, is violated and to satisfy it, introduce the 
image radial dipole of strength - com situated at the reflected 
point Q) (see the diagram on page 45)e To remedy this boundary 
condition on the sphere, which has now been violated, introduce 
the image of this radial dipole relative to ee eee ce This 
image is another radial dipole of strength SS as at the 


The boundary condition on the 


inverse point Qie (See Milne-Thomson,pe 421 )eEtce 
The successive reflections are described in the following 


Strength of Situation of 
Dipole Dipole 


tables: 


etce 
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The general expressions for the strengths of the dipoles 


are: 
! A? 3 
at Qn.» there is a radial dipole of strength = Deas 
(14) = 
at Qn " non n n " n A 5 
+1, = a2i3 Dae 
n 


The expansion of a unit radial dipole lying outside 
a sphere at a distance xX from the center is 


2 
(15) ee Ls 5 P,(cos @) . == Po(cos 8) m @cce g 


while a radial dipole inside the sphere has an expansion 


i ex O)+ evce e 
(16) Span @) + as P, (cos ) 


These are obtained from (10), (11) by differentiation with 
respect to Xe See Milne=-Thomson, ppe 442,445-6 
For the present purpose we are interested in the 
expansion of Py only up to terms involving Py (cos @)e 
Using (14), (15), (16), we obtain 


(17) 2, == ? = VAC y = R P,(cos @) 
neo OQn41 nisch ORF 


A° = 3 P, (cos @) 
+= ve D a ae aes 9 + terms in higher 
e ts R Legendre polynomialse 


nzod 


It is convenient to evaluate fe 198 and Is {cos @dS e 
Using the orthogonality property of Legendre polynomials, 
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and (17), (5), (6), we have 


So 
Bo ae 
mm  fow me Sd 
oo 
(19) fare eas = Zn a%(1 + 3) D>) : 
K n=l 


5e The kinetic ener of the watere 


The kinetic energy ate of the water is 
T=Bp flows a= -Zpfe 3b a 


by Green's theoreme By (2), and the Green's theorem 


The boundary conditions (3), (4) yield 


ent = 2p[i*/s, as - ai [ 98 + 3°/ $5 cos eas | ° 
K K K 


The integrals appearing in (20) have been calculated 
in the- preceding sectionse By (13), (18), (19), 


(21) J = apa | (a42.)4? = ef AB + (et,) 8 | ; 
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where the coefficients fo» fi» fy are the following 


functions of the quantity «= By 


a 
Ee bce n+1 
a lee Deas ce 
n=} n=-1 
4 » | oF ae 
(22) f= 5 De Gna 
n=o 
oo 


The expressions for ds Da as functions of @ are 


given in (9) and (6). 


The series for f,, f,, f. converge for = 1/2 
(which means A =B)e ‘They are tabulated in table 4 


Expansions in powers of oc begin as follows; 


fae + go" + eos 
ys LEAS 
Sa alo tae + cece 
Peres S AS 
arsed 2 eS + eco 
ei df ,/ doc 
The expansions for 1 + ty? 


in part III, begin as f ollows: 


/ = al 
Loto bets 


df ,/d ce 


ofl + fe 


=1l-fo+ e 


bpelowe 


required 


20 


0°30 


250 
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Table 4e 


300 =546 


A comparison with the complete table shows that 
1+ = is a very close approximation to 1 + fy for 
at a= S, and differs from it by less than 1 percente On 
the other hand, 1 - = is not too good an approximation 


af /de af ,/doc 
to pa Aad e Further terms in the expansion ope oe 


yl + fo yl + 5 


are not necessary since they produce only small deviations 
from the formulas (3012) and (3.11). 


6e Approximate theory for a sphere pulsating between a rigid 
wall and a free surfacee 


Consider a pulsating bubble at a distance b from 
a rigid wall and a distance c froma free surfaces” For 
convenience, the free surface will appear vertical in the 


diagrame 


Qs Q| 9, Olek pale: R 
Fr. a "ibe as + 
c —~<b 
% 
% 
= = 
S| 8 


If O is the original position of the center of the 
sphere, the successive images with respect to the rigid wall 
and free surface will be at Pis Q33 Pos Qo Pay Qa etCe 
Their distances from 0 will be given by the following 


x See [6]le 
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formilas: 


A 


2m(b+c ) a om 


2m 


2m(b+c) + 2b nike Say Ss Sl cS al 


2m(b+c) op 2m 


3 
i 


OO, 


@m(b+c) + 2c if n= 2nm+1 


The signs of the images are given in the diagram. 

Images with respect to the sphere will be 
neglectede 

The first term in the expansion of £ in powers 
of a can be obtained by finding the potential at 0 of 
the infinite series of images Pas Qy> Pos Qos etce Some 
simple algebraic transformations lead to the formula 


£. = Brg (ext (x) - log 2) 


qi il a 
f(x) = — + eee 
Tage | glee | eouee 


It is to be noted that 


of 
ro) 4a ! 

—— = - [TF (x) + fx) 
ob (b+c) : a 


To facilitate comparison with previous results, 


ee Re 
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of 
a and “Ee can be written as follows; 


La a (l=) (22x) 0 =) toga) a — sy F(x) 


Of. ; 
Os. 28 eee Se eee | 
eet S 2(1-x)“[ f(x) + xe iix)) “ty Se G(x) 


A short table for F(x) and G(x) is given on 


pent ilie 
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Appendix IIIe Numerical Evaluation of Some 
Definite Integrals 


In part III, the problem of evaluating the definite 
integrals in equations (307), (3e11) arosee These integrals 
have square root singularities at the limits of integration. 
In this appendix we shall develop a quadrature formula, which 
was used for this evaluation but does not seem to be as well- 
kmown as it shoulde It is based on Tchebycheff polynomialse 

The nth Tchebycheff polynomial T(x), -15 x £1, is 
defined by 


T(x) = cos(n are cos x), 


or in other terms, T,, (=) = cos nO, where x = COS @o 
The Tchebycheff polynomials are orthogonal with respect to 
the weight function sa pmlionmClers 

1l-x 


——__*—_ axe = 0 ioe mee om. 


This follows immediately when we make the transformation 
X= COS Oco 

By virtue of the orthogonality property, the follow- 
ing theorem can be proved: 

Theoreme Let X15 X5yee+, X, be the n zeros of 
T(x) in the range -1 $x S1e Let f(x) be any polynomial 
of degree at most 2n-le Then 
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The proof is similar to the proof of the Gauss 
quadrature formulae This theorem indicates an exact 
evaluation of the integral involving 2n parameters 
(a polynomial of degree 2n-1) in terms of n specially 
selected pointse It is exactly analogous to the more well 
known Gauss quadrature formula, but it is simpler in two 
ways: the zeros X,,0+0,x, of T(x) are easy to obtain, 
since they are merely the zeros of cos n® where x = cos 03 
and the weight factors multiplying f(xq) are all equal to 
1/ne 

If f(x) is not exactly equal to a polynomial of 
degree en-1 but can be approximated by one, we can write 
the approximate quadrature formla 


n 


fe dn 4 ae f(x. es 
Tl 


The accuracy of this approximate formmla depends on the 
closeness with which f(x) can be approximated by polynomials 
of degree 2n=le 

The integrals in question in part III are of the form 


a 
1 av 
———— si 
ee aoe k 
a, w/t 
where v is some exponent, and aoe 4, are the two zeros of 


the expression under the square root signe This can be 
ae as 


1 ORIG: =o 


ae fet Siac ic -a)(ae-a =) 
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where the function Ae ee has no 


singularities and is rather smoothe The integral can now 

be evaluated by using the Tchebycheff quadrature forma 
(changing the range of integration by a linear transformation 
from Bos 84 to -1, 1)e The integrals were evaluated 

in this way by using the 5 zeros of T3(x)y with the re- 
sults stated in part III. The accuracy depends on the close- 


V(a,-a) (ana, ) 


vie! - da - at 


can be approximated oy a 9th degree polynomiale It is fortunate 
that the integrand need be computed only for 5 intermediate 
pointse (Also, the values obtained by using the three zeros 
of T(x) agree within 1 percent with the values quotede ) 

It is of interest to see how the momentwn s depends 
on the parameter ke If the explosion takes place near the 
surface, say for a model experiment, the value of k would 
be approximately el6- For k= el6, the computations yield 


ness with which the remaining factor as 


= 1 022 1 =185) 
s= es 0127 - —— + e760 + —— 
Sa | Ee d=5 5 Do 


in place of (3012)e All the constants have increased, but 
the alternate additions and substractions tend to cancel 
these increasese Thus, the new equation for the stabilized 


position, where s = 0, is 


ec 
a= 6be + 5e32b,+ 04 


which is practically identical with (3.13). The total period 
for this case turns out to be 


306 ae 


which is practically identical with (3.10). 
Finally, if the internal energy is neglected, ieee, 
if k= 0, the integrals become Beta functions and 


4 


bites _ 2033 2212 
= 4, ( -182 sons + ah ( +908 + +238) 
to} 


e205 


— = 14491 + 
e} 


The stabilized position where s = 0 is 


Ae Selb” + Selb, + 04 « 


These deviate somewhat from (3012) and (3+13). 


000% —_00e 0002 0901006 008 00 009 00S 00H OE 007 
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SUMMARY OF FORMULAS 


le Scaling factors (for Te Ne Te): 


WS) 
T =! 1302 (3) / fte 
D 
ale 
GOS Boe 7 SeCe 
5 
Dy 


where W = weight of Te Ne Te in lbse, ID) distance, in feet, 
of the explosion from a point 35 fte above sea levele 


2 Period of pulsation: 


T 4 4 ea S 
WH aloe} ES e20 als) Se6Ce 
Dy 


in the absence of outside influences; if the bubble is at a 
distance De from a rigid wall, this is to be mitiplied by 


| Do 
Se Maximum radius; 


If the internal energy of the gas is neglected, the 
maximum radius of the bubble is Le If the internal energy is 
allowed for, the maximum radius is a,l, where ay is the 


largest root of ae + SES = 1, and k is given by the formula 
1/4 . 
k = e0607 Do 


4e Non-dimensional momentum at time of minimum size: 


The momentum due to gravity and a rigid bottom is 


-84- 319 


5. Peak pressure for the secondary pulse: 
The peak pressure is 
1/3 
176 eo q atmospheres 


where R is the distance in feet from the center of the 
bubble and q is a factor whose graph is drawn in figure 6-6 
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Summary. 


A number of approximate formulae relating to the behaviour of an underwater explosion 
bubble are presented nere as a supplement to the report "The behaviour of an underwater 
explosion oubblo", hereafter called Report 4, Taylor's non-dimensional units are used 
throughout. 


The equations and yraphs given make possible the calculation of the displacement and 
momentum of the bubbDle tawards a number of rigid surfaces, viz. an infinite plane, an infinite 
cylinder, a sphere and a disc. In the case of the infinite planc the equations are based on 
the work of Schiffmzn, and on 0.S.R.D. Report No. 3841, and are valid right up to the case where 
the bubble touches the plane at its maximum radtus. 


For completeness two equations, based on jraphs given in Bureau of Ships (U.S. Navy) 
Report 1944 - 1, are included wnereby the minimum radius and the peak preesure in the pulse 
amitted by the collapsing bubbl= can be calculated in the case where all surfaces are absent. 


Introduction. 


This note is an extension of Repcrt A in which equations and graphs were given enabling 
some of the principal quantities associated with the underwater explosion bubble to be determined 
approximately. The equations wer: cased on G.I. Taylor's theory of the motion of the bubble 
together with Conyers Herring's tneory of tne influcnce of plane free or rigid surfaces. 


Tne equations of motion of the bubole near an infinite rigid piane nave been extended by 
Schiffman(1), beyond the approximation jiven by Herring, right up to the case where tne bubble 
touches the plane at its maximum radius. The integration of nis cquations to give an approximate 
formula for the momentum and displacement, and a comparison with some exact intcgrations of the 
equations nave been given in a recent paper(2). In the present note tnese approximations have 
been converted into the morc familiar non-dimensional units given by Taylor, and slightly modified 
to make them of more goneral application. 


A number of other approximate formulae relating to the motion of the explosion bubble 
are added nere, some extracted from the report "A simplificd theory of the effect of surfaces 
on the motion of an explosion Dubble", hereafter called Report 8, in order to bring tne 
collection of approximations in Report A up to date. As in that note, tne equations are 
Collected tojether in Part | for ease of reference, with their derivations omitted, Their 
derivations are given in Part Il. 


Notation. 


The notation employed is tnat jiven in tne previous paper. Taylor nonmdimensional units 
are uset tnrouzhout and denoted by small letters, i.e. a2] lengths in feet are divided by the 
Tengtn scale factor L = 10M", where M is the weijnt in 1b. of T.N.T. having tno same total energy 
as the bubdl< unger consideration. All times ar. divided by tne time factor (Wy)?, where g 
is the acceleration gue to gravity. As Defore, 111 non-dimensional equations will de labelled 
as such, 


PERO Wi) ciareieis 
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PART I. 


Summary of Approximation Formulae 
The momentum constant min the presence of an infinite rigid surface. 


if the rigid plane is at a distance d below the bubole and is horizontal, the momentum 
Constant m (positive upwaras) is 


2/3 

0.122 9.0107 a5) 

m= —a76 - nectar (non—d imens ional) (2) 
20 2 29 


This equation is valid right up to tne point where the bubble touches the plane at its 
maximum radius; the equation differs from the results of full numerical integration by, at most, 
5% of the larger values of m, over the range Z, = 1.5 to 16. 


0.0107 (2. - 1)2/3 
{f tne plane is not horizontal the momentum Sea Sma directed towards tne 
Zz 


° 
plane, is to be added vectorially to the momentum oe upwards duc to gravity. 
Zz 
() 


The Momentum Constant min the presence of other rigid surfaces. 


(attraction coefficient of surface) (1.11 aozh) 


m = 
(non-dimensional) (4) 
or m = (attraction coefficient of surface) ese 
° 
(non-dimensional) (4a) 


The attraction coefficient is a geometrical facter tabulated in Report B for a number 
of surfaces and plotted in Figure 2 for the cylinder, disc and sphere. 


Equations (4) and (4a) are only valid when the maximum bubble radius is small compared 
to the distance bDetween bDubDdle centre and surface. 


Relation between momentum constant m and displacement of bubble at end of 
first oscillation. 


Displacement nt and momentum ccnstant m have the same direction and are related numerically 
by 


$ 
nt = 3.57 (m2 — 0.008) (non—d imens ional) (3) 


or more accurately by the curve in Figure 1. In -quation (3) nt and mare the numerical values 
without regard to sign. 


Mintmum radius a, when no surfaces are present. 


ie -11/9 - . 
ap = 086 2, b + 0.198 c (non-dimensional) (5) 


This equaticn agrees with 3 or 4 per cent with the values given in Figure 3 of report A. 
(f surfaces are present then cquation (7) of that paper must be used. 


Peak Pressure in Pulse emitted by Collatsing 5ubble. 


al ea ae, 


when no surfaces are present 


RP = 250 tls 7 zy eal (6) 


Where seeee 


mae 


oe a nT 
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where Pe is the peak pressure in 1b/square inches, R the distance of the bubble centre in feet, 


and ™ the equivalent weight of T.N.T. in 1b.; Zz. is the nonmdimonsional depth of the charge. 


when surfaces ars present equations (7) ano (8) and Report A must be used. 


2aRT It. 


The Attraction of an Explosion Bubble to an 
Infinite Rigid Plane 


Schiffmann's equations for the motion of a bubble close to a rigid plane wall have been 
integrated in paper 0.S.R.0. 3841 for the special case where the wall is horizontal and below the 
bubble — i.e. tne case considered is tnat of a charge at a distance d non-dimensional units above 
a rigid sea bed. Their approximate equation is found to agree very closely with the results of 
their full numerical integration, and, when put in Taylor units, gives 


sen apa _ 9.0120 , 0,00123 , 0.1218 , 0.0157 
z a z z az 
° ° ° 0 
(non~d imensiona1) (1) 


Here m is the "momentum constant", which at any instant ncar to the occurrence of the 
minimum bubble radius, equals an » where a is tne radius of the Dubbte and v its linear velocity... 


It may be noted that when tne rigid plane is infinitely remote - i.e. when d = ©, the 
formula becomes 


0.1218 (non-dimensional) 


This agrees, within 10 to 15 per cent, with the results of exact numerical inteyration given in previous 


reports, 
Equation (1) is somewhat cumbersome, and accordingly values of m were plotted against 


1/4? for a wise ranje of values of z.. The following empirical formula nas been found to fit the 


values jiven by (1) over a very wide range — the error does not exceed 5% of the larger values of m, 
over the range z, = 1.5 to 16, and d = ® to 0.3. 


243 
0.0107 (z. — 1) 
= Co 9 i ionz 
m “its Se Ea (non-dimensional) (2) 
=) ° 


Here the momentum is positive upwards — i.e. away from the plane. 


It is interesting to compare this equation with that given in Report A, based on Conyers 
Herring's first order theory. This gave 


0.7a? 0.52 a4 Zoo | 
m = == 1 ———S non—dimensional 
Zo Jd 


Now a ze = 0.195 — an approximation found to be true within about 4% over the range 
ie 2 to Zee 8. Inserting this in the above equation gives 


0.0138 22/3 
pn EL eu ( een 
m File TE non—dimensiona 
° ie) 


From this it appears that the simple first order theory, valid strictly only for values 
of d large compared to the maximum bubble radius, is in fact a fair approximation right up to the 


point where the bubble touches the plane at its maximum radius. 
0.0107 (z. - 1) 2/3 


If the plane is not horizontal then it is necessary to add the momentum T 
a°z 
: F to) 
directed towards the plane, vectorially to the momentum oe upwards due to gravity. 
2Z 
WE God00 
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The Relation between the Momentum Constant m and the Displacement at the 


End of the First Oscillation. 


In order to calculate the displacement of a bubble it is desirable to have some relation 
between displacement at the end of tne first period and the momentum constant m. The method 
adopted by Conyers Herring, and In Reports A and 8B, was to assume that in any given case the 
displacement with the surface present bore the same ratio to the free displacement under gravity 
of a bubble at the same depth (with surfaces absent) as the momentum bore to that acquired freely 
under gravity with surfaces absent. This in fact presupposes a linear relation between displacement 
and momentum at constant depth Z° 


The values of mano displacement nt at the end of the first period, as determined from al) 


available full integrations of the equations of motion of the bubble have been collected together 
in the following table. 


TABLE I. 


Relation between Momentum Constant m and Bubble 


Displacement h* (non-dimensional units throughout) 


0.063 6 1.33 =. 19 

0.063 1.2 2.055 0.117 

0.05 @ 0.82 0.070 

0. 05 1.3 0.435 0.042 
5.47 


3.80 0. 0975 0.59 0.240 
3.89 0.0975 0.46 1.98 0.125 
3-92 0.0975 0.42 0,569 0.0429 
3.97 0.0975 0.35 —3.83 0.212 
NOTE? in the last four entries, taken from 0.5.8.0. 3841, d is the non-dimensional distance 
above a rigid surface. In all otner entries d is the distance below a free surface. Negative . 


values of mand ht mean that the bubble is moving downwards. 


It was shown: that when the bubble is near its minimum radius the differential equation 
of radial motion contains only the parameters c and m. Since also tne linear velocity of the 
bubble is a function only of mand the radius a, it seems lilely that the displacement wlll be a 
1/2 as in Figure 1, it is seen that all the 
points lie on the same curve, Thus nh’ is practically independent of ¢ (which varles as the ith 


power of the charje weight). Moreover nt is independent of the manner in which the momentum is 


function of mand c oily. On plottin nt against m 


acquired ss... 
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acquired, since points representing cases in which jravity alone acts lie on the same curve as 
those in which a free or rigid surface contributes appreciably to the total momentum, 


From Figure 1 it follows that the relation 


ht = 3.57 (mi/2 - 0.008) (non—d imens ional) (3) 


agrees very closely with the results of numerical integration down to values of nt of 0.015, 
In equation (3) onWi the numerical value of ht and mare to be taken; clearly the displacement 
and moemtum will always have the same direction. (3). 


The Attraction of the Bubble to Various Surfaces, 


It is seen from the foregoing that the general procedure in calculating the displacement 
of a bubble at the end of Its first oscillation falls Into two parts, vozt (i) the calculation of 
the momentum acquired by the bubble towards or away from the surface (to which must be added 
vectorially tne momentum due to gravity), and (ii) the determination of the displacement h from 
equation (3) or from Figure 1, 


In the neighbourhood of an Infinite rigid plane the momentum may be calculated from 
equations (1) and (2), while if the surface is a free plant surface, equations (5) and (5a) of 
Report A must be used. Similar “approximate” equations have been obtained for a number of surfaces, 
In particular the sphere(4), infinite cylinder(4) ana disc(5). In Report B it was shown that the 
momentum acquired at the end of the first oscillation towards a rigid surface can be written 


m = (attraction coefficient of surface) (1.414,°2,) (4) 
where a_ is the non-dimensional maximum bubble radius. This may be simplified stil) further by 


using the approximation alae = 0.195, discussed above, giving 


m = (attraction coefficient of surface) [s-22 | (4a) 
0 


This attraction coefficient, which is a purely geometrical factor, has been multiplied by 
4x (distance) 2, and plotted in Figure 2, for the sphere, cylinder and disc, In the case of the 
cylinder the attraction coefficient used is only an approximate expression for a certain Integral, 
and is not valid when the distance of the bubble from the cylinder axls approaches the value of the 
radius of the cylinder. Over this royion the curve is drawn with a broken line; It has been 
put in by eye since it Is known that the curve must tend to the value unity when the distance of 
the bubble from the cylinder's surface is very small. 


when the maximum bubble radius approaches the value of the distance between bubble and 
surface these equations are no longer strictly valid. Since there are as yet no equations for 
these surfaces in which still higher order terms are considered, in such cases the approx imate 
equations will be the best estimate. In this connection it is worth noticIng that in the one 
Case where such an "exact" theory is available —- viz. the Infinite rigid plane as treated by 
Schiffmann — the approximate theory Is not much in error even up to the point where the bubble 
touches the plane. 


Formulae for Minimum Radius and Peak Pressure in Pressure 


Pulse due to Bubble Collapse when Surfaces are Absent 


In Report A equations were given for ay the minimum bubble radius, and Pa the peak 
pressure in the pulse emitted by the collapsing bubble. The equations were transcendental) and 
required graphical solution. Two alternative equations have been put forward by the U.S. Bureau 
of Ships(6) to represent the results of solving these transcendental equations. These alternative 
formulae are thus more convenient for num2rical work, and are given here for completeness. 


a, = O.4u6 zl? + 0.198¢ (non-dimensional) (5) 


a 


IN vovee 
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In equation ’(5) the coefficients jiven by Bureau of Ships have been Increased by about 
19 per cent to bring them into better accord with the graphs of Report A and with the data 
obtained from the full numerical integration of the equations of motion. 


The Bureau of Ships formula for Pat is 


4/9 ( 


2 Sve 
RP 250 M rh eo) (6) 


where the quantities In the brackets are non-dimensional and where R is the distance from the 
charge in feet, and M the weight In 1b. of T.N.T. having the same bubble energy aS the actual 
charje; P, is in Vb/square inch, Equations (5) and (6) agree within about 5 per cent with the 
curves in Report A and with the results of the full numerical integration of the equations of 
motion. It Is to be noted tnat since both RP. and a, are functions of the momentum m equat lons 
(5) and (6) can only be used when surfaces are absent. If any surfaces are present which cause 
an appreciable alteration of the momentum m then the original equations In Report A must be used. 


References. 


(1) The Effect of a Rigid Wall on the Motion of an Underwater Gas Bubole. 
M. Schiffman. AsMsP. Memo 3721;  AMG-NYU, Now 7. Julyy 1943. 


(2) On the Best Location of a Mine Near the Sea Bed. aAcM.P. Rep. 37:4Rs 
AMG-NYU, No. 49. O.S.R.D. 3841, May, 1944, 


(3) In 0.S.R.0. 3841 a relation between the displacement and momentum is jiven 
which becomes, in Taylor units, 


nent = 41.25 (mz,!/?) [ 1 - 776 (mz,1/?)? } 


This relation agrees quite well with tne points obtained from their 
numerical integration but deviates markedly for higher values of riz 173 trom 
the data in Table 1. Equation (3) above Is therefore to be preferred. 


(4) The results are collected in Report 8. These equations are called “approximate 
since, in contrast to Schiffmann's treatment of the-infinite rigid planes they 
are obtained by neglecting terms of the order of an and higher powers, d 
being the distance of the bubble centre from the surfaces 


(5) "The Attraction of an Underwater Explosion Bubble toa Rigid Disc". 


(6) Buships 1944-1, 
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THEORY OF UNDERWATER EXPLOSION BUBBLES 


Introduction 


The theory of the behavior of a gas bubble produced 
by an underwater explosion has reached such a state of 
completeness that it seems desirable to give a unified 
account of some of the main results. When an explosive 
is detonated under water, a shock wave is first emitted 
and then the gaseous products of the explosion expand 
under the influence of their high internal pressure. Be- 
cause of its inertia, the gas bubble overexpands to a 
very low pressure and then the hydrostatic pressure of 
the water recompresses the bubble to nearly its original 
size. At this stage the bubble starts expanding again 
and a pressure pulse is emitted. This process of expan- 
sion and contraction may occur five or six times before 
the bubble breaks up and dissolves or escapes from the 
water. 

The behavior of the bubble is affected by the pres- 
ence of surfaces, such as the bottom of the water, the 
walls of a tank, the target or the air-water surface. 
Normally, the bubble would tend to move upward since it 
is lighter than the surrounding water. However, the free 
surface of the water repels the bubble while a rigid sur- 
face of any kind such as a wall or a bottom attracts it. 
In some cases these effects may be so strong that the 
bubble actually moves downward. 

Besides influencing the motion of the bubble, the 
surfaces also change the period of oscillation and modify 
the size of the peak pressures produced. The theory 
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presented here explains these effects and gives a quanti- 
tative estimate of their size. The values predicted for 
the period show excellent agreement with those obtained 
experimentally, while the values predicted for the peak 
pressure and the distance moved by the bubble show only 
fair agreement. 

An important application of the theory is the deter- 
mination of the amount of energy left in the bubble after 
the shock wave has passed. Also the energy in successive 
bubble oscillations can be found. There is a large amount 
of energy dissipated in the transition from shock wave 
stage to bubble motion and also between successive bubble 
oscillations, which cannot be explained on the basis of 
the energy radiated by the pressure pulse. The explana- 
tion of this large energy dissipation is still unimown. 


Outline 


As developed in this paper the theory is an exten- 
sion of that given in AMP Report 57.1R, Studies on the 
Gas Bubble Resulting from Underwater Explosions: On the 
Best Location of a Mine Near the Sea Bed. There, the 
motion of the bubble in the presence of a rigid bottom 
was investigated and it was shown that the exact theory 
could be successfully approximated by the addition of a 
term to the kinetic energy. In this paper we show that 
the effects of surface, bottom, walls, targets, etc., can 
all be approximated in the same way by the addition of a 
suitable term to the kinetic energy. The evaluation of 
this term depends upon the solution of an "electrostatic 
problem." In Section IV we work out in detail the case 
of a bubble between a free surface and a bottom. Other 
cases can be treated in the same way. 

Section I presents a collection of formulas and a 
summary of methods which can be used to predict the pe- 
riod of oscillation of the bubble, the distance its 
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center moves during the first oscillation, the maximum 
and minimum radius of the bubble and, finally, the peak 
pressure emitted by the bubble. The formulas are given 
in terms of certain integrals which can be evaluated by 
the method given in Report 57.1R. Numerical integration 
of the differential equations of motion of the bubble is 
completely unnecessary. For convenience Figures 1-6 con- 
tain graphs of these integrals for the most frequently 
occurring values of the parameters. 

Section III contains a discussion of these formulas 
and a short indication of their proof. A careful analy- 
sis is made of the dependence of the parameters in the 
bubble motion upon the properties of the explosive. It 
is shown that, by a study of the periods of bubbles 
placed at different depths, it is possible to determine 
the amount of energy left in the bubble after the shock 
wave has passed and also to determine the exponent in the 
equation for the adiabatic expansion of the explosive. 
This seems to be one of the very few methods by which 
this exponent can be found. 

A similar procedure can be used to determine the 
amount of energy left in the second bubble oscillation. 
The experiments indicate that only about 16 percent of 
the original energy of the explosive remains. Calcula- 
tions show that the energy radiated by the pressure pulse 
emitted by the bubble at minimum size is not large enough 
to explain the energy loss. The explanation of this high 
dissipation of energy is one of the major unsolved prob-= 
lems of the theory. 

As was mentioned before, Section IV contains a solu- 
tion of the “electrostatic problem" equivalent to the 
problem of a bubble placed between a rigid bottom and a 
free surface. 

In Section II the theory is applied to the analysis 
of some experimental data obtained at Woods Hole by Arons 
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and his co-workers. Three hundred grams of Tetryi were 
detonated at varying depths below the surface in water 
23.5 feet deep. The period of oscillation, the peak 
pressure and the distance the bubble moved were measured. 
The agreement between theory and experiment as regards 
periods is excellent; as regards pressure and distance 
the bubble moves, the agreement is only fair. 

Since the agreement as regards periods is one of the 
outstanding successes of the theory, it seems worthwhile 
elaborating on it. Let T be the period of oscillation of 
the bubble at a depth H feet beneath the surface. [In 
Section II it is shown that 7(H + 33)°/© varies linearly 
with 9, (H + 33) 71/5 where 9, is a complicated function of 
H, so that we have 


5/6 -1/3 


T(H + 33) = % + Bp, (H + 35) 


where @ and B® are constants independent of H. It is also 
shown that @ = c,zl/> and 6 = c,x*/s where E is the 
amount of energy left in the bubble after the shock wave 
has passed and Cy and Co are two constants depending upon 
the exponent in the equation for the adiabatic expansion 
of the explosive. 

From the experimental data, T(H + 35)9/6 and 
p(B + 33) 71/5 are calculated and then the constants aw and 
6 are determined by the method of least squares. From the 
values of ~ and @ the amount of energy left in the bubble 
and the adiabatic constant can be determined. [In the par- 
ticular case considered in Section II it is found that 
about 48 percent of the original energy of the explosive 
is left in the bubble. 


Assumptions 
As in Report 37.1R we shall idealize the problem by 
making the following assumptions: 
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1. The water is an ideal incompressible fluid. 


2. The bubble remains spherical in shape. 
3. The gas inside the bubble expands adiabatically. 
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Section I 


Sumnary of Formulas 


Units of Length and Time 


Let A be the radius of the bubble at time T, B the 
distance of its center from the bottom, and H the dis- 
tance from the surface. We put Z =H + Zon where VA is 
the height of the water column whose pressure equals at- 
mospheric pressure, so that the hydrostatic pressure at 


H 
Raa 


botlom 


the center of the bubble is pgz. 
Let E be the amount of energy left in the bubble 


after the shock wave has passed and let M be the mass of 
the explosive. We write E = rQM so that rQ is the amount 
of energy per unit mass of explosive left in the bubble 


after the shock wave has passed. 
All the formulas will be given in dimensionless 


terms. The unit of length is 


fae) L= (38/4npez,)/5 


where Zo is the value of Z at the time of detonation. 
The unit of time is 
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(1.2) 


C= L(282z,,/3) 1/2. 


Note that the unit of velocity is proportional to the 
square root of Zo? for 


(1.3) 


L/o = (2¢2,/3)/?, 


Parameters in the Bubble Motion 


If the pressure and volume of a unit mass of the gas 


formed by the explosive are connected by the adiabatic 


relation: 


(1.4) 


Pv’ =K, 


then the internal energy of the bubble when expressed in 


non-dimensional terms will depend upon a parameter k 
which is defined as follows: 


(1.5) k 


Since y - 1 is very close to zero, the value of kK will 
hardly change when Zo varies slightly. In most cases, 


= K(B/M)“"(pez,)"""/(¥ - 2). 


therefore, we shall be able to treat k as constant inde- 


pendent of Zo° 


The effects of free surface, gravity and bottom are 
expressed with the help of a function Pi: We put 


(116) 


p= -[f(x) + log 2]/(H + B) 
= -f (x)/H 
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and 


oO 
1 SNA Sh a A CE Se pgp ame Le am 


1 (Qn +1)" - =x 


Tables and graphs of the functions f(x) and F (x) are 
given in the appendix (see Figures 13, 14 and 15 and 
Tables 3 and 4). Note that if the water is infinitely 
deep, B = o so that from (1.7), (1.9) and (1.6) we have 


(1.10) xu= ljpa et (x) =1/ 25/000 m=) 1/28. 


Bubble Quantities at Time of Maximum Size 


Small letters, a, b, h, etc., will be used to repre- 
sent the non-dimensional values of the quantities repre- 
sented by the corresponding capital letters. The sub- 
script zero attached to these quantities will indicate 
their value at the beginning of the bubble motion, the 
subscript one their value at the time of maximum size, 
and a bar attached to them will indicate their value at 
the time of recompression when the bubble size is a mini- 
mum. 

The non-dimensional time from the beginning of the 
bubble motion to the stage of maximum size is 


Be, 1 
where 
a 3/2 
a, 1 -a™ - ka 
and 
a 5/2 
(1.13) 194 =f - — 
a l-a - ka” Xs 
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Here, a, and ay denote the smallest and largest roots, 
respectively, of the denominator. Graphs of Ty and Ip 
for the most frequently occurring values of k and ¥ are 
given in Figures 1 and 2. 

The vertical momentum at the time of maximum size is 


fa gyn edt tat pal Spee ey Tee oop etl eee 
: 1 Epp nee Ne Se On -5) ae ies 
where 
a 
(quaoy Meas = ppt cecciiget as Suieeg Ggnlgaa 
a 
(eo) 
as ade 
Geigy wus UR /eV) ao pec ont!) ag, 
a 
O° 
a 9/2 
(1.17) Ip = 1 pees Mice esi 210" eaecraoe “ 
ao Vi = a ee ka™ nag 
a 1/2 
(1.18) cae 2 = 
ao 1 os a° — ka™ ia 


The maximum radius of the bubble, ay» is the root 
near 1 of the equation: 


(1.19) aoe kan ar 3a, /e6° = 1. 
A good approximation to ay is given by the formula: 


(1.20) a, == 2 = (L354 + ge -3 a0: 


Bubble Quantities at Time of Minimum Size 

The time, t, from the beginning of the bubble motion 
to the stage of minimum size is twice the time to the 
stage of maximum size, that is, 


(1.21) t= et,- 
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The vertical momentum, s, at the time of minimum 
size is twice the vertical momentum at the time of maxi- 
mum size, that is, 


lees) S = 28). 


The minimum radius of the bubble, a, is the root 
near zero of the equation: 


(1.23) a> + ka (1) 4 552/o05 = 1, 
If we put 

(1.24) Ea/(r-1), ¢ = 382/2z 
and 

(1.25) a> = Eu, 


then u is the root of the equation: 
(1.26) amiss Gee 


A graph of u for various values of € and y is given in 
Figure 7. 

The non-dimensional distance the bubble moves down- 
ward is given approximately by the formula: 


pg a 
where 
a -3/2 
ere 
= deca |= kag tc) Sac) ea 
and 
ay a7l/2 ae 


(1.29) I, = ; 
: J Vie a aa One 33°/2a° 
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The non-dimensional peak pressure at the time of min- 
imum size is 3é 


(2.30) (a?a)" = g-8/8 y-8/81g* . SUED) BV) + age 


where 


4.51) ase ED. 


Actual Values of Bubble Quantities 


If T is the actual period from the beginning of the 
bubble motion to the time of minimum size, then 


f= ct 


or using (1.21), (1.11), (1.1) and (1.2) we find that 


ogee 6 -7/6 
(1.32) iy =%Z, / + BP,2, i 
where 
(1.33) w = 21, (28/3)"°/5 (anp)-V> BVS, 
(1.34) p= 1,(28/3)~7/6 (2np) 72/3 22/5, 
Note that 
= 5/6) = -1/3 
so that 72/6 is a linear function of pag tee In a later 


section we shall use this formula to find w and g and then 
the value of E. 

The maximum and minimum radii are found from formlas 
(1.20) and (1.23) after multiplication by the unit of 
length, L, given in (1.1). 

The peak pressure of the bubble at a distance R from 
the center of the bubble is 
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(iL. 06) Ey pean * Fla 


where the value of (a”a)" is given by formula (1.30). 
At the time of maximum size the pressure in the bub- 


ble is 
5 


(1.37) Py 2 eee 
aL ess ° Bak 
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Section II 


Analysis of Experimental Data 


In this section some experimental data obtained by 
A. Arons and his co-workers at Woods Hole Oceanographic 
Institution will be analyzed. It will be shown that the 
theoretical values of the period agree very well with the 
experimental data while the values for pressure and mi- 
gration do not agree as well. _ 

The experiments consisted of exploding three hundrec 
grams Tetryl at various depths beneath the surface in 
water 25.5 feet deep. Table 1 shows the values observed 
for the period of bubble oscillation. 

Before these data can be compared with the theoretical 
results, the value of E must be known. We shall find E 
by fitting a straight line to the points obtained when 
72° is BLopted against pines Table 2 eves val- 
ues of TZ, and the corresponding values of P12, ° 

A straight line is fitted to these values by the 
method of least squares. The equation obtained is 


= 5/6 _ -1/3 
Figure 8 shows how closely the straight line fits 
the data. This closeness of fit is a confirmation of the 
theory. 
When equation (2.1) is compared with (1.355), we find 
the t 


(2.2) = 3.876, p = 16.96. 
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16S. *OuGiT 

9SbT* ‘OGPT° SGT9OT* ‘PT9T° 
meg’ = "Sort: -9V9T° 
TS9T° 


OLS 
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L 


T 9TaBL 


SvST° 
*99ST° 
“609T* 
‘OvOT* 
‘QD9T° 
OS9T* 
Oo 
Trg: 
Ps9T* 
ESI 
‘ZO09T° 
3sST° 


Lb 


WoT. 
*PQGT° 
‘PO9T* 
‘8c9OT° 
‘Cv9OT* 
‘SP9T° 
*829T° 
‘1S9T° 
“T39T° 
*“809T° 
“86ST° 
*LLST* 


(spuooes) 


344 


3.225 
3.209 
5.247 
3.265 


5.290 
5.296 
5.507 


3.5085 
5.557 
5.565 


5.419 
3.450 
5.458 


5.442 
5.448 
5.452 


5.516 
5.527 
5.001 


Table 2 


15.4 


16.4 


17.3 


18.5 


18.8 


19.0 


20.2 


20.4 


5.850 


5.895 


5.969 


5.958 


5.971 


5.915 
5.933 


35.930 


3.925 


5.965 
3.996 
4.167 


5.917 
5.953 
3.969 


4.091 


4.174 


-000620 


-.00210 


- .00525 


- .0108 


0122 


-0140 
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Formulas (1.35) and (1.34) show that @ and 6 depend 
on the value of E and of I, and Iy- If we consider the 
ratio a” /p we have 


2 
2 if 2 
Grae 2h 7 -1/2 es a 
(2.3) ana t 4IjI, (22/3) or a0 = 1.155 eo 


which is independent of E. A graph of ie / es for different 
values of k and y is given in Figure 9. 

Three physical quantities are needed to fully describe 
the bubble motion--the values of K, y and E. Since we have 
only two constants @w and § determined, we must assume the 
value of one of the three quantities. We shall assume that 
vy = 1.25, the value proposed by Jones for T.N.T., and then 
by the use of Figure 9 we find that k = .23. From this 
value of k, using Figures 1 and 2 and formulas (1.35) and 
(1.54), we find that rQ = 500 calories/gram. Since the 
detonation energy of Tetryl is 1060 calories/gram, this 
value for r@ is another confirmation of the theory. 

Since we know the value of E = rQM, we can use (1.1) 
and get 


(2.4) L = 15.88 (w/2,)7/% 


where L is in feet, W in pounds and Zo in feet, and 


¢ = 2.997 wi/5z-5/6 | 

Since k varies with depth as ners the value, k = .23, 
is really an average value over the range (te 55 to 
Zo = 56.5. If we assume that this value of k corresponds 
to a depth halfway between the bottom and the surface of 
the water, we find that k varies from .2135 to .244. This 
change in k can be neglected in the calculation of the 
period, momentum and migration. However, in the calcula- 
tion of the peak pressure it must be taken into account 


since the pressure varies as yn 2/35 (y-1) | 


>) ee ee ee ee 
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Figure LU shows how the periods calculated from the 
equation (2.1) compare with the observed results. The 
agreement is excellent. 

Using k = .235 and formulas (1.27) and (1.28) the mii- 
gration was found by numerical integration of I, for each 
value Zo: The calculated results are compared with the 
observed values in Figure ll. The agreement seems to be 
fair. 

The peak pressure is calculated from rormulus (1.06) 
and (1.50). It we use the values of k and y determined 
by the period measurements, the calculated pressures are 
about one-half the observed pressure. Theoretically, it 
would be possible to use one experimentally determined 
value of pressure with the two constants w@ and g to solve 
for the three quantities rQ@, k and y. This was done but 
it did not lead to consistent results. It seems likely 
that the value of y at the time of minimum size may be 
different from the value of vy during the time of expan- 
sion and contraction. 

Despite this difficulty with the magnitude of the 
pressure, the variation of pressure with depth is given 
approximately by formula (1.50). If we multiply the cal- 
culated pressures by a constant chosen so that the calcu- 
lated pressure agrees with that experimentally observed 
at the depth of 18.5 feet, we get Figure lz. 
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Section III 


Derivation of Formulas 


Consider the motion of a gas bubble in water of fi- 
nite depth, taking into account the effects of the bottom, 
the free surface and gravity. As before, we let A be the 
radius of the bubble at the time T, B the distance of its 
center from the bottom, and H the distance from the sur- 
face. We put Z =H + 4 where ig is the height of the 


R— 


water column whose pressure equais atmospheric pressure, 
so that the pressure at the center of the bubble is pgZ. 

Just as in Report 57.1R we find that if we use coor- 
dinates R and © to describe the motion of the water, the 
velocity potential describing the flow is 


ert of 
$ = AA a AB cos @ 


(oie!) meee +9 
R al 


R 
where e is the "image" potential necessary to satisfy 
the boundary conditions on the bottom and on the surface. 
The primes indicate time derivatives. 

By classical hydrodynamics we can show (see Report 
$7.1R) that the kinetic energy of the water is given by 
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(3.2) arpa’ ta'=(1 + Ap,) - 20" pA B + = ecateal + Ag) 
where 9), Po and yg, are functions of A, B and H which 
represent tne efiect of the surtace and the bottom. Note 
that 91, M5, Mz, are of the dimensions (length) 7+, 
(length) ~”, (length) 7° respectively. 

The potential energy of the displaced water is equal 
to the volume of the bubble multiplied by the hydrostatic 
pressure at the center of the bubble, that is, to 
4na°pez/3. 

Assume the pressure and volume of one unit mass of 


the gas in the bubble under an adiabatic change are con- 
nected by the relation 


(3.3) py’ =k. 


If M is the mass of the explosive, then for the actual 
bubble 


pv’ = xm’ 


and the internal energy of the gas when the bubble has 
radius A is 


Jrav = ray -Y/(y - 1) 
an (setae). w/e 


G(A) 
(3.4) 


By our assumption the total energy, E, left in the 
bubble after the shock wave has passed is equal to the 
sum of the kinetic energy of the water and the potential 
energy of the displaced water and the internal energy of 
the gas. We have, then 


1e 


, 3 
enpA° ta (1 + A°gs)] 


i, Gin is peal 
(1 + Ap,) - 2A°~oA B + @B 
(3.5) 
E. 


+ 3 mA°9eZ + G(A) = 
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If we use L and Cc defined in (1.1) and (1.2) as 
units, equation (3.5) can be written in terms of non- 
dimensional quantities as follows: 


a°[ar(1 + aL, ) = 2abe"L"p, + z b7(1 + aL ps) ] 


(3.6) 3 


-1 
oe 
& ZZ, 


rage ee ee tip 
where ka~°(’-!) 45 the internal energy of the gas ex- 
pressed in non-dimensional quantities. k is defined in 
equation (1.5). 

It was shown in Report 37.1R that the period can be 
found by assuming b is constant so that b=0. Equation 


(3.6) reduces to 


(527) ava"(1 + aLg,) + POLE wa 79 (¥-1) = yl. 


If we approximate (1 + aL, )1/? by 1 + aLp,/2; equation 


(3.7) can be solved for a and we get 


3/2 
(1 + aLgp,/2)d 
(3.8) i alsa Mean ee ee 


Let 
a 3/2 
(3.9) ri [ ae 
a eae Manors) 
(e] 
a 5/2 
(3.10) a ii Lt 2 ea does! Re -* 
se op eee 


where ay and a, are respectively the smallest and largest 
zeros of the denominator. we find then that the time 
from beginning to maximum is 


= aL 
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which is formula (1.11). The total period from beginning 
to minimum will be twice ti: 


Momentum of the Bubble 


The vertical momentum, s, of the bubble is equal to 
a°b/3. Using the Lagrangian equation associated with the 
b coordinate, we find that 


2 Al 5-1 


. 
(3.12) ¥(a°b/3) = a*g*1, zee + a°z 


Integration gives the value of s at the maximum as 


t a9 t 
sjt = af 1 a aol ae dt + Zr (i 1 a°at]. 
t 


eS ° 


Using equations (3.7) and (3.8) and the fact that 
adt = da 


we express s, as integrals over a. We have 


z 


fe) a 
Lt i » 48/2 (sang, )7t/?\1-29-ka (11) ae 


eT ab 


9/2 
(1 + alg,/2)da 
(3.13) + 27t re: a rest ant 


ay 1 - a® - kao (¥-1) 


where 
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(3.14) 


: 4 es ail/2 da 
6 a a e 
oe PAU Bae Ot eae a) 


fo) 
These equations are the same as (1.14)-(1.18). 

The momentum can be used to give us an approximation 
to the energy equation (3.6) which takes into account the 
fact that b does change. We shall neglect the terms 
at, and a” Lp, which are of second and third order, 
respectively, as compared to the first order term aLp)- 
Now, since 


b = 3s/a°, 
equation (3.6) becomes 
Sye1'5)) av’a-(1 + alg, ) + ao = ka~9(Y-1) + 3s°/2a° = ip 


If s were known as a function of a, this could be inte- 


grated: a 
ao/2 (4 + aLp,/2)da 
(3.16) ——_— = ‘te 
Wawa = Ee Ogle 3s°/2a° 


The vertical distance the bubble moves can be found 
from this formula since 


oa 3s/a° 
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so that 


-3/2 
sa 
(S227) Aas f sat/a® = 3 i 2 


(1 + alg, /2)da 


Since s is given as the indefinite integral of the right 
side of (3.12), Ab is really a double integral but we can 
change it to a single integral by the following argument: 

During the first part of the bubble motion, that is, 
until the bubble reaches its maximum size, s increases 
from zero to S)- During the second part of the motion, 
from the bubble maximum to the bubble minimum, s increases 
from s) to s = eS) The momentum at any time during the 
second half of the motion is s minus the momentum devel- 
oped as the bubble contracts from its given size to its 
minimum size. Because of the symmetry of the bubble mo- 
tion, this minus momentum is the same as the momentum de- 
veloped when the bubble increases from its initial size 
to the given size. We may then conclude that the dis- 
tance moved during the bubble expansion just balances the 
distance which would be produced by the minus momentum so 
that the total distance moved is given by one term 


ine a7/2 (4 + aLp /2)da 
Ab = 3s af 
(3.18) ay Te Sail 33°/2a° 
= See Soph) 
We) nee 

a -3/2 

(3.19) I, = [ eee ba eee ’ 
a, Vi - go ihaTottsh) ase /an° 

a 72 

(3.20) Ig = iy g ce 


se 
This proves (1.27). 
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Radius of the Bubble 


The maximum radius of the bubble is found by putting 
a = O in equation (3.15) and solving 


(3.21) a fia Secu 


for the root near one. If we expand a in powers of k and 
solve (3.21) we find that 
2 
a © 287 


(3.22) a, =1- z - (45 14 3) -— . 


This is the same as formula (1.20). 

To find the minimum radius of the bubble we put 
a = O in equation (3.15) and consider it at the time of 
minimum size. The equation reduces to 


(3.23) a> + wa F(Y-L) 4 352/on5 = 1 


and the root near zero is the minimum radius. Note that 
(3.23) is the same as (3.21) except for the value of the 
momentum. The equation simplifies if we put 

(3.24) pee Oo See 6 = 33°/2e 


3 


and neglect that a term, since a is near zero. We have 


gE) nee = 
or 
(3.25) MW aacn pees 


Peak Pressure 


The pressure in the water is given by Bernoulli's 
Law as 


= as = 3(78)*. 


oly 
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The second term can be neglected compared to the first. 
Using (3.1) we find that 


2R 
For moderate distances from the bubble only the first 
term is important, so that 
5 2. e 
(3.26) gee Mc 


Pp Ge OR 
The value of (a°a)° can be found by multiplying 
(3.15) by a and then differentiating. This gives 


2 


2a"a(a-a) (1 + aLg,) + a*a"éng, + 40° 


FE eB Byya> oe = 3s°a a = & 

Since the peak pressure will be found at the time of min- 
imum size, we may put a = O and solve for (a”a)°. The 
result is 


1 , 38% _ k(4 - 3y) 1-37 
ee) ao eae aE 
1 + ale, 
(3.27) ig 
95° | 3k(y - 1) =1-37 


1 + alg, 


if we make use of equation (3.23). Using the notation of 
(3.24) equation (3.27) becomes 


(e7ay* = Sige + SS) ay 
a 


= (7 - 1) 1 Ty 


& - 
per One Cee ae 


0 
u 


(3.28) 
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Notice that since u is near one the bracket does not 
change much as k changes. 

We may write formula (3.26) for the pressure ina 
more convenient form as follows: 


(3.29) 


by formulas (1.3) and (3.28). 
Replace L by its value given in (1.1); then 


(y - 1)pgz 
h2230) Bes epee o73 st i eee ee ie. 
u 


This formula can be combined with the formulas (1.33) and 
(1.34) for w and B to solve for the three parameters of 
the bubble motion: rQ, K and y. 

Suppose, for example, that we know P when the momen- 


tum, s, is zero. This means that € =O andu=i1. Con- 
sider the ratio P/w. We have 


(y - 1) pg (5B Beyer gel® 
x 21, RE 2/3 


(3.52) 


Rit 


and the right side depends only on k and ¥. Combining 
this with the formula for wo” /p , which also depends only 
on k and y, we will be able to solve for these quantities. 
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Section IV 


The Electrostatic Problem 


In Section III functions P, > Po and Pes were intro- 
duced into the energy equation to take account of the 
presence of free and rigid surfaces. However, the re- 
sults obtained depended only on the function Py° This 
function P, can be evaluated, to a first approximation, 
by finding the kinetic energy of water motion due to a 
fixed expanding bubble. Consider the velocity potential 
for a fixed expanding bubble, assumed spherical, located 
at a distance H beneath the surface in water whose depth 
is D feet. If we take spherical coordinates, R, 0, W 


a sp 


3S 


with pole at the center of the bubble, the problem can be 
formulated mathematically as follows: 
Find a potential function $(R,@) such that 


(4.1) = = A on the sphere, 
(4.2) oe = 0 on bottom, 
(4.3) @ =O. on surface. 
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The last condition is obtained by taking Bernoulli's 
equation on the surface, assuming that gravity can be 
neglected, and then neglecting square terms. 

Equation (4.1) is satisfied by taking 


This is equivalent to assuming a source of strength a°k at 


the center of the sphere. We can then satisfy equations 
(4.2) and (4.3) by reflecting this source in the bottom 
and in the free surface. It turns out that the image with 
respect to one boundary must be reflected in the other 
boundary and this process carried out on the successive 
images leads to an infinite sequence of images: Let 


(4.4) @ = a*i(e + 9') 


where 6! is the potential due to the images. It can be 
evaluated by a method similar to that in Report 37.1R. 

After $ has been found we get the kinetic energy of 
the water by evaluating 


go fetas 


over all boundaries. Because of conditions (4.2) and 
(4.3) this reduces to the integral over the sphere. 
Using equation (4.1) we have that 


(4.5) E=50? Hi 6 2B as = 4 fbn? = 074 f ba0 
sphere 

where dw is the element of solid angle so that ds = Av dw. 

By the Mean Value theorem 


# [3 ao = 8'(0) 
where 6'(0) is the value of the potential $' at the center 
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of the sphere. From equation (4.4) and this result we 
find that 


enpa ta? (d + 8'(0)) 


4 
I 
ele 


(4.6) 
2npA°A-(1 + Ad‘ (0)) 


so that p, = 6'(0). 


Solution of the Electrostatic Problem 


This shows that we need the value of $ only at the 
center of the sphere. It will be found by considering 
the infinite set of images produced by reflecting the 
original source at the center and its images in the bot- 
tom and free surface. 

For convenience of representation we shall draw the 
surfaces vertically. The situation is as follows: 


free surface 
bottom 


Here, Se is the source of strength one at the center 


of the bubble. Sy S_y So» S_o» e++ denote the image 
sources and sinks. They are obtained as follows: 


: 
; 
} 
: 


| 
| 
a 
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is the reflection of in the bottom 


Sei is the reflection of in the surface 


So 
Sy 

is the reflection of Si in the bottom 
ae 


Ss is the reflection of 1 in the surface. 


Note that a reflection in the bottom, to satisfy equation 
(4.2), gives an image of the same strength, while a reflection 
in the free surface to satisfy equation (4.3) gives an image 
of the same strength with the opposite sign. (A source of 
negative strength is to be considered a sink.) We find that 


the strength of Son is (ay at a distance 2nD from Sy 
the strength of 54,1, is (Sys at a distance 2nD-2B from 5, 
the strength of S_on is (ay® at a distance 2nD from Se 
the strength of S _on-1 is (jes at a distance 2nD+2B from So 


$'(0), the potential at the center of the bubble due to 
this collection of sources and sinks can be obtained by com- 
bining the effects of S, and S_.- 


The potential at So due to § and § is 


an -2n 


while that due to Sonid 
al a 


7 = (-)? (4B-2D) 
(2n+2)D-2B 2nD+2B 


n a 
mer) 6(-) t ~ [(2n+1)D+D-28] [ (2n+1)D-(D-2B) ] 


The total potential due to all the image sources and sinks 
is, therefore, 


CO n (ee) n 
(4.3) > oo + (3 fy See ee 
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or, if we let 2B _ 1 = x, this can be written as 


D 

log 2 , 2x (ae 
4.9 2 Se 2 * = sao 
D D, O (2n + 1)? ~ x” 


The series on the right can be expressed in terms of 
tabulated functions as follows: 
fee) n 
Ey es 


een, 
OMS (2ni-e inex 


Li(e) 


(4.10) 


2 tllog TILES) + AZ*)1 - F tan | 


and we have 


$ (0) =.= 5 (f(x) + log 2) 
(4.11) 
=- aa F(x) = - Bib; F(x) 


Note, that if D—> oo, 6'(0) =- By differentiation 


we find that 


= 
2pae 


(4.12) Sp 77 pf (x) 3B = - yt Ue. 
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Appendix 


Table 3 Table 4 


-09184 
-1852 
-2816 
0829 
4910 
-6081 
7579 
-8840 
1.051 
1.246 
1.481 
1.769 
2.156 
2.619 
5.292 
4.298 
5.968 
9.3505 
INS) o@al 
feo) 
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NOTATION 


Cosines of the angles between the upward vertical and the X, Y, 
Z axes, respectively 


Depth of water 


Hydrostatic pressure, including atmospheric pressure, expressed 
as an equivalent depth of water 


Acceleration due to gravity 


Components of the acceleration due to gravity in the directions 
of the X, Y, Z axes; gy =-gcy, gy =-gCy, Gz =- 9Cz 


Vertical component of Q 
Impulse per unit area or [pat 


Impulse per unit area due to the peak of pressure included be- 
tween the instants at which p has one-fifth of its intervening 
maximum value 


Functions of the distances from certain surfaces, varying from 
case to case 


Pressure in the water 


Hydrostatic pressure, including atmospheric pressure, at the b 
level at which a charge is detonated ty 


Hydrostatic pressure p, expressed in atmospheres 
Pressure of the gas in a gas globe t 


Linear displacement of the center of the gas globe from the 
time of detonation until the time of the first peak 
recompression 


Radius of the gas globe 


Radius of gas globe when its pressure equals hydrostatic pres- 
sure at the level of its center 


Maximum radius of the gas globe 


Distance from the center of the gas globe to a point in the 
water 


Horizontal component of Q 

Period of first oscillation, up to first peak recompression 
Value of T, at the same level if no bounding surface is near 
Time 

Weight of charge 

Coordinates of the center of the gas globe 

Values of X, Y, Z at instant of detonation of charge 


A dimensionless coefficient referring to depth below the sur- 
face and occurring only in Figure 5 


Ratio of the specific heat of the gas in the gas globe at con- 
stant pressure to its specific heat at constant volume 
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DIGEST* 


The gas globe formed by an underwater explosion not only pulsates 
in size but also usually changes position as each pulsation occurs (1).** 
This migration may be of importance because the first recompression or con- 
traction of the globe thereby comes to be centered at a point different from 
that of the initial detonation, and the location of the point of recompres- 
sion influences the damage that may be done by the associated secondary pulse 
of pressure. 

Accurate solution of the general equations of the motion of the gas 
globe set up by Herring (4) in this country and by G.I. Taylor and others (5) 
(6) (7) (8) in England is, in general, possible only by numerical solution of 
the differential equations; it has not yet been found possible to embark on 
such an enterprise in this country because of the labor involved. For pur- 
poses of analysis, calculations of the motion of the gas globe have been made 
by an approximate method. The assumptions underlying this method are set 
forth in the first part of the report, 
together with a discussion of the ap- 
parently conflicting and paradoxical 
motions of the gas globe under various 
conditions. 

For example, in free water of 
unlimited extent the gas globe rises be- 
cause of its buoyancy. Near a rigid 
boundary such as a vertical wall, the 
globe is attracted toward the boundary, 
as shown in Figure 2. Near the surface 
of the water, the gas globe is repelled 
from the free surface. However, although 
the action of gravity is always present 


Distance from Wall in inches 


Time in seconds 


Figure 2 - Curves of Size and 


to cause the globe to rise through the Position of a Gas Globe 
water by virtue of its buoyancy, the at- near a Vertical Wall 
traction of a rigid bottom in shallow The charge was fired 9 inches from a rigid 
water, or the repulsion from the free vertical wall. Note that the velocity of 


the center of the globe is greatest during 
surface of the water, may decrease the the compression phases. 


* This digest is a condensation of the text of the report, containing a description of all essential 
features and giving the principal results. It is prepared and included for the benefit of those who 
cannot spare the time to read the whole report. 


sue 
Numbers in parentheses indicate references on page 33 of this report. 
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rise due to gravity; in certain cases, they may actually produce a downward 
motion of the globe. 

The results found by acceptance of the assumptions given and by use 
of the approximations are summarized in a series of formulas and curves. Many 
of the results are stated in terms of the radius R, of the globe at maximum 
expansion. For tetryl or TNT, this is estimated from observation as 

Blt 
Rp allo) [18] 
where R», is in feet, 
W is the charge weight in pounds, and 


P, is the total pressure, including atmospheric, expressed in 
atmospheres. 


Figure 4 presents this information graphically. 


Moximum Radius Rp in feet 


il 
HCE 
2 


\ 2 5 10 
Charge Weight W in pounds 


e 


Figure 4 - Maximum Radius R, on First Expansion of the Gas Globe 
Produced by a Charge of W Pounds of Tetryl or TNT 


The center of the globe is d feet below the surface of the sea; lines are drawn for 
several values of d; see Equation [18] at top of page. 


Vertical migration due to gravity alone is a special case treated 
first by the approximate method. By neglecting the action of the gas in the 
lobe, it becomes possible to express the solution in dimensionless terms, 
and this is done for four depths in Figure 5 on page 13, and in Table 1 on 
page 13. The minimum depth below the surface at which recompression will 
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occur is assumed to be equal to 


the sum of the maximum radius g 
and the rise to the time of the é 
first peak. The results are = 
shown in Figure 6. a) 

The migration caused 2 
by the proximity of a surface, g 


in the absence of gravity, is 
shown in Figure 7 on page 16, 
expressed as a fraction of Rp. 
The combined effect of gravity 
and a vertical wall for a sin- 
gle small charge is shown in 
Figures 9 and 10. Curves for 
estimating the rise of the gas 
horizontal bottom are given in 
wide range of charges. 


on 
(eo) 


§ 


Charge Weight W in pounds 


Figure 6 - Curve Giving a Rough Estimate of 
the Minimum Depth D, below the Surface 
at which a Charge W may be Detonated 
without Blowing through the Surface 


before Undergoing Recompression 


globe under a free surface and above a rigid 
Figure 11 and 12 respectively, page 20, fora 


In Figures 15 and 16 on page 26, the two components of migration, 
vertical and horizontal, are given for the combined effect of gravitation, a 


free surface, and a vertical wall. 


As the weight of the charge increases, 
the gravitational effect is shown to predominate; 


thus the downward motion of 


the globe from a small charge is reversed with an increasing charge in the 


1.4 Free 
Surface 

1.2 ar SS 
o 
210 [etal A 
c 
2 Ose ent upward 
$ 0.6 E 
lone am Horizontal Displacement 
= ‘ ; 
204 foward rigid vertical wall 
fa) 

0.2 | 

L 


fo} | 2 faa Siac th Match Ele ale 
Distance from Wall Z in feet 


Figure 9 - Upward and Horizontal 
Components of Displacement of 
the Gas Globe from 3/4 Ounce 
of Tetryl or TNT 


The charge is assumed to be detonated 10 feet below 
the surface of the water, far above the bottom, and 
Z feet from a rigid vertical wall. The curves show 
the displacement from the point of detonation up to 
the point of greatest recompression, according to 
approximate calculations. 


Rise in feet 


CO TPAC Siw e lo re IE 1S 
Height above Bottom in feet 


18 20 


Figure 10 - Displacement of the Center 
of the Gas Globe from 3/4 Ounce of 
Tetryl or TNT, up to the Instant 
of Maximum Recompression 


Detonation is assumed to occur at the height shown 
above a rigid horizontal bottom in water 20 feet 


deep. Positive ordinates represent a rise, negative 
ones a descent. The curve is based on approximate 
calculations. 


ll a 
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cases studied, and the motion is upward for all charges over 1/2 pound. The 
horizontal motion diminishes with an increasing size of charge in the cases 
studied at all charges over 1/2 pound. 

Finally, a rough estimate is made of the effect of the migration 
upon the pressure that is generated in the water by the recompression of the 
gas globe; curves are shown in Figure 17 on page 28. A migratory displace- 
ment equal to one-third of the maximum radius R, decreases the peak pressure 
by about one-third, whereas a displacement equal to R, reduces the peak pres- 
sure to one-tenth of its value for zero migration. The impulse, however, is 
much less affected by the migration. 

Important cases remain to be taken up, in particular those in which 
the distance from the wall is less than 2R,, and in which the charge lies be- 
tween two rigid surfaces, like the ground and a ship's bottom. 

The conditions for exact similitude with respect to migration can 
not be reconciled with those governing the flow of destructive energy from a 
charge to a target, as applied in the nominal theory of TMB Report 492 (11). 
The application of model tests of migration effects to the prediction of full- 
scale phenomena is therefore subject to correction for scale effect and any 
direct expansion from a very small scale to full scale, without full know- 
ledge of the scale effects, may lead to erroneous conclusions. The exact 
formulation of the scale effect corrections will form the subject of further 
work. 


ae 8S th or 
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MIGRATION OF UNDERWATER GAS GLOBES DUE TO 
GRAVITY AND NEIGHBORING SURFACES 


ABSTRACT 

Approximate formulas are assembled, and illustrated by curves, for 
the migration of gas globes under water due to the action of gravity and of 
neighboring surfaces. In addition to the effect of a single surface, rigid 
or free, consideration is given to the combination of a free surface with a 
rigid bottom or a vertical wall. The general’ analytical procedure by which 
the formulas were obtained is described but most of the details are omitted. 


INTRODUCTION 

The gas globe formed by an underwater explosion not only pulsates 
in size but also usually changes position as each pulsation occurs (1).* 
This migration may be of importance because the first recompression or con- 
traction of the globe thereby comes to be centered at a point different from 
that of the initial detonation, and the location of the point of recompres- 
sion influences the damage that may be done by the associated secondary pulse 
of pressure. Measurements of the migration will be reported separately but a 
number of analytical results have been obtained, and these results will be 
assembled here for convenience of reference. Deductions of the formulas may 
be found elsewhere (2). 

The motion of the water around the pulsating gas globe is suffi- 
ciently slow so that compression of the water can be neglected. Furthermore, 
good experimental support exists for the assumption that the globe remains 
approximately spherical during the larger part of the first cycle at least. 
For these reasons certain aspects of the migration are adequately covered by 
old investigations on the motion of spheres, which are summarized in Lamb's 
Hydrodynamics, Section 100 (3). 

A thorough survey of the problem has been given recently by Herring 
(4) and numerical studies have been made, especially of the gravitational 
displacement, by Taylor and others in England (5) (6) (7) (8). Calculations 
by an approximate method have been made under the author's supervision at 
the David Taylor Model Basin. More extended calculations are in progress 
under the direction of Professor R. Courant of New York University; these 
will be described in a later report. 


* Numbers in parentheses indicate references on page 33 of this report. 
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GENERAL FEATURES OF THE MIGRATION OF A GAS GLOBE 

The migration results from the action of gravity and from the ef- 
fects of bounding surfaces such as a rigid wall or bottom or the free surface 
of the water; see Figure 1. These various actions are not simply superposed 
upon each other, because the extent of the migration is greatly increased by 
the periodic compression of the gas globe and the degree of compression is 
itself materially decreased when the rapidity of the migration becomes large. 
The migratory motion implies the existence of kinetic energy of translation 
in the surrounding water; this energy is abstracted from the energy of the 
radial motion, with the result that the inward motion of contraction ceases 
sooner than it would in the absence of the migration. 

If the gas globe were fixed in size and far removed from all bound- 
aries, it would simply rise with an acceleration of 2g, or twice the ordinary 
acceleration due to gravity; for the water surrounding the gas globe is acted 
on by a buoyant force equal to the weight of the displaced water, and the ef- 
fective mass of the water is only half of the mass of the displaced water for 
the type of motion that results in the upward displacement of the globe (3). 

The effects of a bounding surface or wall in the neighborhood of 
the globe can be regarded as arising in the following manner: While the gas 
globe is compressed, the pressure in the water is positive, and this pressure 
is increased owing to the blocking effect of the wall. The pressure increase 
due to the wall is greatest between the gas globe and the wall, and the in- 
equality of pressure thus produced has somewhat the same effect as if it were 
due to a gravitational field acting toward the wall. The gas globe then 
floats away from the wall in accelerated motion. During the expanded phase, 
on the other hand, the pressure is less than hydrostatic, and the deficit of 
pressure is greater on the side toward the wall, as it is relieved less on 
that side by the inflow of water. Thus during the expansion phase motion of 
the water is developed that acts to carry the gas globe toward the wall. The 
action on the globe throughout one cycle can be regarded as equivalent to a 
sort of buoyant force acting alternately away from the wall and toward it. 

The action during the expansion phase predominates, however, both 
because this phase lasts longer than the compression phase, and because the 
buoyant action on a large globe is much greater than that on a small one. 
Since the first phase after detonation is one of positive pressure, the ini- 
tial effect will be a slight displacement of the globe away from the wall; 
but thereafter the distribution of momentum in the water will always be such 
that the gas globe moves toward the wall, the momentum increasing in magni- 
tude during each expansion phase and losing only a little during each com- 
pression. The actual velocity of the gas globe, however, will be greatest 


Figure 1 - High-Speed Photographs of a Gas Globe 
from a Charge Fired near a Wall 


The charge was fired 6 inches from a rigid vertical wall shown at the left of the photographs. In 
Photograph 3 the globe begins to move toward the wall. Photograph 4 shows the peak of compression 
at the end of the first cycle. After reaching the wall, the globe continues to pulsate on it, as 
shown by Photographs 5 to 9. 
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during the compression phase, when the 
momentum becomes concentrated into a 


Diameter of Globe 


Velocity =!90 ft/sec 


af Taine comparatively small volume of water sur- 
ZH | rounding the globe. Thus the center of 
3 i a 

= Fo AF Globe TS the gas globe moves continually toward 
: — the wall but advances chiefly in spurts 
£ mh tN during the compression phases, as shown 
$6 SS P in Figure 2. 

| SE 

£ | The effect of a free surface, 
ae} 

oO 


when the gas globe is not near enough to 
the surface to break through, is approxi- 
mately opposite to that of a rigid sur- 
face. The initial expansion of the gas 


See 


(e} 0.01 0.02 0.03 0.04 0.05 
Time in seconds 


Figure 2 - Curves of Size and 


Position of a Gas Globe globe accelerates the water above it up- 
HOS 2 VERE NOI EN ward and that below it downward. While 
The charge was fired 9 inches from a rigid 
vertical wall. Note that the velocity of the globe is expanded, the pressure near 
the center of the globe is greatest during it is very low, and this deficit of 


the compression phases. 
pressure acts so as to check and then 


reverse the radial motion. Because the 
pressure remains constant on the free surface, the deficit is less, or the 
pressure is greater, near the surface than it would be if there were addi- 
tional water instead of air above the surface; and because of this relative 
excess of pressure, the water lying either above or below the gas globe is 
given an excess of momentum downward. During the next compression phase this 


_ momentum becomes concentrated in a much smaller volume of water and, provided 
the effect is not canceled by the simultaneous and opposed action of gravity, 


_ the globe is carried downward. Arguments from momentum in the water are dan- 


_ gerous, however; some further remarks on this subject are introduced at the 


end of this report. 
By this action, the gas globe is attracted toward a rigid boundary 


' but repelled from the free surface of the water. Although the action of 


gravity is always present, to eause the globe to rise through the water by 
virtue of its buoyant nature, attraction by the bottom in shallow water or 
repulsion from the free surface of the water may merely decrease the rise due 
to gravity, or it may actually produce a downward displacement of the globe. 
The effect of a boundary should increase as the gas globe approaches 
the boundary. Under certain circumstances, however, observation shows that 
-marked departures from sphericity of the globe may occur. Near a free sur- 


face, for example, part of the gas may blow through the surface while the re- 


) mainder migrates fown into the water; see Figure 3. Furthermore, a gas globe 
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Figure 3 - High-Speed Photographs of a Gas Globe from 
a Charge Fired just under the Free Water Surface 


The charge was fired 1 inch under the surface of the water. In Photograph 2 part of the gas 
has vented through the water surface. In Photographs 4 to 9 the lower part of the globe is 
moving downward. More gas appears to be venting through the surface on the second expansion 
shown in Photograph 7. 
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midway between two rigid boundaries may break in two, one half migrating each 
way (1). Such features can only be handled by a more complete analysis in 
which the shape of the globe is not limited by assumption but is left to the 
control of the hydrodynamic action. 


DESCRIPTION OF THE MATHEMATICAL METHOD FOR DETERMINING MIGRATION 

Provided the gas globe remains spherical, the effect of gravity 
alone is easily found. The analysis can be extended to include the effect of 
plane boundaries by using the method of images that is familiar in electro- 
static theory, and by expanding in negative powers of the distances from the 
surfaces, as in Herring's report (4) The entire analysis, including a spe- 
cial method of approximation for the first oscillation, has been completed 
(2) but is not given here. 

If the solution is required to satisfy the boundary conditions only 
as far'as the inverse second powers of the distances from the boundaries, dif- 
ferential equations of the following type are obtained: 


: 1 (G 2 ese 9 24g 
© = Sarre oles = +7242) [1] 

+ SEK 
2 


+ + RR (NX + Ny¥ + N;Z) — 2 lax(x =X Netgu (Vas) eign (2 = zh 


Gof ats) or ONG 492 Ber 3 

X = TNyRPR > gt | RRP at HE | reat [2] 
ie t 

y= Sy pep — 3 Ny ff papzg, _ 2 3 

¥ = SN, RR > Ri | RiR at He f reat [3] 
t t 

y= 3p pep _ 3 N, TOP on AA Ta 

Z = TN, R'R > gt [Rik at yh | Rat [4] 


Here R is the radius of the bubble, 
X, Y,Z are the cartesian coordinates of its center, 
t is the time, 
R, X, Y, Z stand for dR/dt, dX/dt, dY/dt, dZ/dt, respectively, 


Xo, Yo, Zy denote values at t = 0, 


p is the density of the water, 

Po is the total hydrostatic pressure including atmospheric 
pressure, at the point X,, Y,, Zp, 

iD is the pressure of the gas in the globe, supposed to be a 


known function of R, 


: 
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Jy: Jy» Jz + +are components in the X, Y, Z directions of the gravita- 
tional acceleration g, 
6 is a constant depending on the initial conditions, and 
M, Nx, Ny, N, stand for simple functions of X, Y, and Z, depending 
upon the choice of axes and upon the nature and location 
of the boundaries. 


An accurate solution of these equations can be effected only by 
numerical integration. This method has the disadvantage that many repeti- 
tions of the entire calculation are required to obtain results covering a 
wide variety of conditions. 


For the first oscillation of the globe, on the other hand, formulas 


ean be obtained which, although less accurate, are widely applicable. These 
formulas give the position of the gas globe at the peak of the first recom- 
pression, which is particularly important because it is the point of origin 
of the first secondary pulse of pressure. 

The method of approximation is based upon the observation that, as 
the time t advances, the integrals in Equations [2], [3], and [4] grow chief- 
ly while R is large, whereas, because of the factor 1/R® preceding the inte- 
grals, they are effective in causing displacement of the gas globe chiefly 
while R is small. Approximate values for the displacement during the first 
recompression can be obtained, therefore, by substituting for these integrals 
in Equations [2], [3], and [4] constants equal to the values of the integrals 
at the instant of greatest compression. In calculating these values, on the 
other hand, an approximate value of dR/dt, obtained by neglecting certain 
terms in Equation [1], is sufficiently accurate. The same expression for 
dR/dt leads to a corrected value of the period. 

The first period is thus found to be 


T, = Ty(1 + 0.20 MR2) [5] 


where T,, is the period when no bounding surfaces are near. Here M is the 
coefficient that occurs in Equation [1], and R, is the maximum radius of the 
gas globe during the first expansion; see Equation {18]. 

The approximate formulas obtained for the displacement of the cen- 
ter of the gas globe from the position of detonation Xp», Yo, Zo to the point 
X,, Y,, Z, at which the next minimum radius occurs, may be written 


Xf =X, = Ve Ber. U [6a] 
Ye~ Yeu=.V 6. ByRaU [6b] 
Z, = 4 = VO BpRsU [6c] 


389 


where 
pees (*2 QR, + 3PN,R,’) [7a] 
xX V6 Po Ix Vito x tte 
1 /6p 2 
By = Vales gyQR, + 3PNyR,’| [7b] 
ss 1 (6p 2 
By =~ ye (sr 929R, + 3PN,R,') [Te] 


Here Ny, Ny, and Nz are to be evaluated at the point X,, Y,, Zo, and P, Q, 
and U represent the three integrals defined as follows: 


1 
p= [vt(1+ dunn) [5 - SES )”— a} ay [8] 
ae 51 C' 1, VRE ate oF 
eee a a) Pseeriel <1 [9] 
U -f (1+ Laeyy)? [cry - me (ey a 2h] a [10] 
_ in which 
B? = By? + By’ +B,” fisted 


R, is the radius of the gas globe when the pressure of the gas equals the hy- 
drostatic pressure at the level of its center, and C’and C” have such values 
that the roots of the quantity in square brackets are in each case the same 
as the limits of integration, that is 1 and y, or ¥,- The gas is assumed to 
behave as an adiabatic ideal gas, in which the ratio of its specific heats 

is y. 

For gas globes due to underwater explosions, R,/R, exceeds 2.5 and 
the term in y has only a small influence upon the values of P and Q; this 
term represents the effect of the gas upon the motion during the expansion 
Dhase. If this term is dropped, P and Q are easily obtained as series in 
powers of MR,: 


P = 0.182(1—0.18MR2--- -) [12a] 


. Q = 0.467(1+ 0.23MR,:-- -) [12b] 
) A curve for the integral U, defined in Equation [10], as a func- 
|tion of B* has been constructed by numerical integration, on the simplifying 
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assumption that y = 4/3. As B® increases, U decreases; the conversion of the — 
energy of oscillation into translatory kinetic energy, as a result of gravity 
or of the presence of boundaries, checks the inward motion and thereby dimin- 
ishes the extent of the compression, with a resulting decrease in U. For 
R,/Ry = 2.65, which seems to be within reason as an estimate for actual gas 
globes, the curve is represented closely by the formula 


i 1.06 
US 0.009 [13] 
1+ 4000B" 


With the introduction of these approximate values of the integrals, 
Equations [6a, b, c], [7a, b, c], and [11] become, for sea water of specific 
gravity p = 1.026, if Wis in pounds, 


Kite hg = By Waa Xo ae Bye Sq elo SB, [l4a, b, ec] 
where 
i 2.60 R 
p= [15] 


0.009 
B+ 744000 B? 


B=+/YyBy +By +B,’ [16] 


By = 0.0346 (1 + 0.23 MR,) cy = ~ 0.223 (1—0.18MR,)NyR, [17] 
A 


with two other sets of equations similar to Equations [15], [16], and [17], 
in which X is changed to Y or to Z, respectively. Here in the products MR,, 
N,R,’, NyR,”, N,R,* it is sufficient to use the same unit of length in both 
factors, but elsewhere R» has been assumed to be expressed in feet; p, is the 
hydrostatic pressure at the initial level of the center of the gas globe 
measured in atmospheres; and cy, cy and cz are the cosines of the angles be- 
tween the upward vertical and the X, Y and Z axes, respectively, so that gy = 
wICx. Gy, = Jey. 97 S97. 5 

Here R,, the maximum radius, may be assumed to vary as (W/p,)8. For 
tetryl or TNT a fair estimate seems to be 

W)3 


R, = Pe feet [18] 


where Wis the weight of the charge in pounds and p, is the total pressure in 
atmospheres. For tetryl the best experimental evidence available would re- 

place 4.1 by 4.2, whereas for TNT, Figure 2 in Reference (7) gives 3.95. Equa- 
tion [18] is plotted for several values of p, in Figure 4; p, is specified by 
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Figure 4 - Maximum Radius R», on First Expansion of the Gas Globe 
Produced by a Charge of W Pounds of Tetryl or TNT 


The center of the globe is d feet below the surface of the sea; lines are drawn for 
several values of d; see Equation [18]. 


giving the equivalent depth d in feet below the surface of the sea, so that 
P,= 1+ 4/33. 

With this value of R» and with M, N,, N,, N, now expressed in terms 
of feet, Equations [15] and [17] become 


at 
10.7 (#)° 
A 
pe eee [19] 
i, , 0.009 
1+ 4000 B? 
1 1 2 
: wy), wi me wi) n,.(%) 
By = 0.142(1 +0.94m(7) han 3.75 [1 0.74 M (7) INx(5)° (20) 
or, if the small term in Mis dropped, approximately, 
w2 W\3 
By 102 142) celina IB eT ONGA allt [21] 
3 P 


with similar equations in Y and Z. 

The accuracy of these approximate formulas is hard to estimate. 
Serious doubts arise as to their validity when the center of the gas globe 
comes closer to any bounding surface than 2R, or twice its maximum radius. 


No correction has been made for the change in hydrostatic pressure as the 


392 


gas globe rises or sinks. Furthermore, effects due to compressibility of 
the water, associated with the emission of acoustic radiation, have been 
neglected. 


MIGRATION DUE TO GRAVITY ALONE 
If X is taken vertically upward, Equations [1] and [2] become, when 
no boundary is near, 


x G 2 1 Ces 2 
Roa it spt | Op = mR eh Xk + gk Ke leet 
(3 
Ee 
X=) Roa [23] 
0 


Here g is the acceleration due to gravity. 

Numerical integrations of these equations have been given by Taylor 
(5) and others (6) (7) (8) The effect of the gas, as represented by the 
occurrence of p, in Equation [22], is usually not large; its smallness arises 
from the fact that, in practical cases of motion due to gravity alone, the in- 
ward motion of the water during each compression phase is arrested chiefly 
not by the gas but as a consequence of the conversion of radial kinetic ener- 
gy of the water into kinetic energy of translational motion. That is, when 
the center of the gas globe is nearly stationary, the radial kinetic energy 
of the inrushing water becomes converted, at the instant of peak compression, 
entirely into energy of compression of the gas; but if translational motion 
of the gas globe occurs, part of the kinetic energy remains in the water in 
association with the translational motion. For this reason the inward radial 
motion is checked at a larger radius than when the globe is stationary. In 
migration due to gravity alone, nearly all of the energy usually thus remains 
in the water, and the motion during the compression phase is nearly the same 
as if no gas at all were present. Because of this conversion of the energy, 
the radial oscillations gradually die out, as the velocity of rise increases, 
especially if the hydrostatic pressure is very low or if the gas globe was 
produced by a large charge. 

In UNDEX 10 (7), Figures 1 and 8, two plots are given, based upon 
numerical integrations, from which estimates of the rise due to gravity can 
be made for a wide range of charge weights and depths. These estimates agree 
within 8 per cent with values calculated from the convenient approximate 
formula 


eta 
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where W is the weight of the charge in pounds, 
p, is the total hydrostatic pressure, including atmospheric pressure, 
expressed in atmospheres, and 
H is the rise in feet from the point of detonation to the location of 
the next peak compression. ; 


The total rise during the first compression and the re-expansion should be 
about 2H. The charge may vary from 1 ounce to 1000 pounds, and the depth may 
be as much as 300 feet for the larger charges. 

In using this formula it must be remembered that if the point of 
detonation is too close to the surface, the gases will blow through the sur- 
face, at least in large part, and no typical recompression can occur. This 
ought almost certainly to be the case if the point of detonation is closer to 
the surface than the maximum radius attained by the gas globe in its first 

- expansion. 
The formula for H as given by the approximate calculations of the 
| present report may be found by putting By = Bz = 0, cy = 1, Ny = 0 and drop- 
Ping the term in B? in Equation [19], which turns out to be negligible in all 
interesting cases of purely gravitational action. Then Equations [14a], [16], 
[19], and [21] give H= X, - X, = 4.0 VW/p,, in exact agreement with Equa- 
tion [24]. 

It will be noted that the rise H up to the first peak compression 
increases as the weight of the charge increases, and also as the hydrostatic 
pressure decreases. The increase results partly from the greater buoyant 
force on a larger gas globe and partly from an increase in the time occupied 
by the oscillation. 

An interesting plot given in Reference (8) is reproduced in Figure 
5. It shows the radius of the gas globe and the upward displacement of its 

center as functions of the time, for four different values of the initial 
hydrostatic pressure, as found by numerical integration. The plot applies 
approximately to any charge at suitable depths; small errors will remain 
‘owing to the fact that in the calculations no allowance was made for the gas 
_ pressure. It is interesting that at the smallest depth, z, = 1, the gravita- 
“tional effect is so large that the radial motion is almost deadbeat, so that 
‘no succeeding pulses occur. 
| The scales in Figure 5 vary with W, the weight of the charge in 
jpounds. Unity on the axis of ordinates represents L feet, and unity on the 
‘axis of abscissas represents T seconds, where L and T are given by the 
formulas 


| 
| 


1 
L=10W 4 feet 


aL 
T = 0.55 W8 seconds 


— 
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Radius of Gas Globe and Rise of Globe toward Surface 


Time 


Figure 5 - Curves, Obtained by Numerical Integration, Showing 
Variation with Time of the Radius of the Gas Globe 
and the Rise of the Globe toward the Surface 


For notation and units, see the text. This figure is copied from Reference (8). 


TABLE 1 
Values of the Coordinate Units for Figure 5 


# 
Here z,L is the total hydrostatic pressure in equivalent feet 
of sea water, where 33 feet = 1 atmosphere. 


The four pairs of 
curves refer to an initial 
hydrostatic pressure, in- 
cluding atmospheric pressure, 
at the center of the globe 
equivalent to z)L feet of 
sea water, or to L, 2L, 3L, 
and UL feet, respectively. 
Some values are given in 
Table 1. 

A question of in- 
terest in practice concerns 
the depth at which the globe 
from a given charge may be 
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= 7 expected to execute a complete 
= oscillation and emit a second- 
é ary pressure pulse during a 
£2 a first phase of recompression. 
2 20 If the charge is too near the 
Eye surface, at least part of the 
= gas will blow through the sur- 


IL tT ; 

0.01 Ol \ 10 100 1000 face and no recompression of 
Charge Weight W in pounds 

the full globe can occur, as 


Figure 6 - Curve Giving a Rough Estimate of 
the Minimum Depth D,, below the Surface 
at which a Charge W may be Detonated 5. The proper criterion is un- 
without Blowing through the Surface 
before Undergoing Recompression 


illustrated in Figure 3 on page 


certain. It may be assumed 
tentatively as plausible, and 
as supported somewhat by exper- 
iment, that recompression will occur only when the depth exceeds both the 
maximum radius as calculated for a spherical gas globe and the calculated 
gravitational rise to the first peak compression.* The minimum depth D,, de- 
termined in this way is plotted on a basis of charge weight W in Figure 6. 
If the depth of detonation exceeds D,,, recompression of the gas globe should 
occur, although the emitted pulse of pressure may not be very effective if, 
because of the gravitational rise, the recompression occurs very near to the 
surface of the water. 


GENERAL EFFECT OF SURFACES 

A nearby surface limiting the body of water attracts or repels the 
gas globe. In a rough way this effect is superposed upon that of gravity, as 
is evident from the linear combination of the two terms in By, By, Bz, as in 
Equations [7a, b, c], [17], [20], [21]. Some interaction of the two effects 
arises, however, from the fact that the integral U in Equation [6a, b, c], or 
the quantity B defined by Equation [16], depends upon both effects. 

Comparisons for charges of different weights are most easily made 


at distances from the limiting surface in proportion to the maximum radius R,. 


Then at corresponding distances the factors Ny, Ny, Nz in Equations [7a, b, 
el, [17], [20], [21] actually vary as 1/Re so that thé corresponding surface 
terms in By, By, Bz do not vary at all, ee under fixed hydrostatic pres- 
_ sure the gravity terms vary as R, or as W3, where W is the weight of the 
charge. For this reason it turns out that, at distances of the order of 2R, 


‘4 For small charges, where the rise is decreased or even made negative by an effect of the free surface, 
_ D,is determined by the maximum radius. 


7 aria 
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from the surface and at ordinary depths below the surface of the water, the 
effect of a bounding surface should predominate for small charges like deto- 
nators; for charges of a few ounces the two effects should be comparable in 
magnitude, and for charges of 100 pounds or more the gravity effect should 
usually predominate. 


MIGRATION DUE TO A SURFACE IN THE ABSENCE OF GRAVITY 

If Z denotes the distance from the surface, Ny = Ny= 0, and it is 
found that 

Meee Nea [25a, b] 
Sea Aue Zz TWA ’ 

where the upper sign refers to a rigid surface and the lower sign to a free 
surface. 

The period of the first oscillation will be approximately, from 
Equation [5] 


Pe = Ena eee 020 [26] 


SE 


in terms of the period T,, for Z = «© and the first maximum radius Ry. Thus a 
rigid boundary lengthens the period, a free surface decreases it. For Z = 


2Ro, however, the change in the period is only 10 per cent. 

If the gravitational effect is neglected, as is justifiable for the 
gas globe produced by a detonator under ordinary pressures, from Equations 
[14c], [15], [16], and the Z analog of Equation [17], 


LiL a 2.60 B 
“1 “0 — 5 —____4:9* 4 [27] 
R, b+ 0.009 ) 
1+ 4000 B? 
eu = R2\(Rey 
B = 0.223(1 ¥ 0.18 Files) (28] 


Here Z, - Z, represents the displacement of the gas globe, from the point of 
detonation up to the first peak recompression, measured positively away from 
the surface. 

For R,/Z near. 1/2, approximately 


Zein ¥ 1.23 42 [28a] 


whereas at very small R,/Z, approximately 


= 2 
Pata nen Gee [28] 
Ry Z 
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Figure 7 - Effect of a Single Surface on a Gas Globe 
when Gravity is Neglected 


|Z,- Z | denotes the displacement of the center during the interval until the first peak 
compression, Z, the distance of the point of detonation from the surface, 
Ro the maximum radius during the first expansion. 


Thus the effect of the surface should fall off with increasing distance Z at 
first nearly as 1/Z, then more rapidly and ultimately as 1/Z?. 

The sign indicates that a rigid surface (upper signs) should at- 
tract the gas globe, whereas a free surface (lower signs) should repel it, in 
agreement with observation. The two effects are nearly equal in magnitude, 
but the repulsion is a little greater. 

Equation [27] is plotted in Figure 7. In using these formulas it 
must be remembered that R, varies with the hydrostatic pressure, as indicated 
in Equation [18]. The formulas probably become unreliable when Z < 2R,; the 
corresponding parts of the curves are shown broken in Figure 7. 


MIGRATION DUE TO GRAVITY AND A SINGLE SURFACE 

Assume that the surface is rigid, and let its normal, drawn toward 
the gas globe, make an angle 6 with the upward vertical; let Z denote dis- 
tance of the center of the gas globe from the surface, and let X be another 
coordinate of the center measured parallel to the surface and more or less 
upward in a vertical plane; see Figure 8. Equations appropriate to this case 
are Equations [14a, c], [15], [16], and [17] and its analog in Z. Here cy = 
Sin 6, cy = 0, cz = cos 6; and the analysis indicates that 


M= 5, N,= 3 [29a, b] 


398 


47 


Figure 8 - Diagram Illustrating a Gas Globe under the Simultaneous 
Influence of Gravity and a Neighboring Rigid Surface S 


The circle represents a globe of gas surrounded by water; the mass of water is 
bounded on one side by a rigid wall. 


while Ny = Ny= 0. Hence, for the displacement of the globe to the first 
peak recompression 


XH Xp = FB ZZ =F By, [30a, b] 
Poa oat [31a] 
OA es 41a 

Big: 1 + 4000 B* 


B=yB,y +B,” [31b] 


By = 0.0346 E +0223 £3 Re sing [32] 
aN fay 
= R,| Re woe = Ra] (fe ; 
B, 0.0346 [1+ 0.23 52 pe os8 — 0.228/1— 0.18 7 CA) 33] 


or, to a good approximation, 


B, = 0.0346 2 sing [34a] 
Pa 
2 
B, = 0.0346 Pe eos 6 — 0.223 (2) [34b] 
D4 Z 


Here X, - Xo and Z, - Zy) represent components of the displacement measured 
positively in the direction of increasing X or Z. 
The first period, from Equation [5], is 
Re 


D. aOPe 1 + 0.20 Fa) [35] 
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In the formulas, values of W are in pounds and all values of X and 
Zin feet; p, is the total hydrostatic pressure in atmospheres. 

The case, 6 = 0, applies to a rigid horizontal bottom. The formu- 
las for 6 = 7, on the other hand, are found to apply to a free surface, with 
Z measured away from the surface and hence downward, provided changes are 
made corresponding to the assumption that, for the free surface, 


1 1 
in place of Equations [29a, b]. Hence for a rigid horizontal bottom and for 
the free surface of the water, the formulas can conveniently be written 
together as follows: 


— a Ee 
4,5) 26 0.009 (37) 
|B| + 3 
1 + 4000 B, 
R,|R = Ry] /Ro\? 
= Se a5 Sea See el), 2 
B, + {o.0846[1 + 0.23 2] = 0.2281 F 0.18 ("| [38] 
or, to a good approximation 
R R ; 
= +19. Ti: Ft) 8 
B, +[o 0346 52 — 0 223 (2) [38a] 


The upper sign refers to the rigid bottom and the lower sign to the free sur- 
face. The symbol |B7l denotes the numerical value of B, taken without regard 
to sign; and Z, - Z, represents in each case the displacement measured posi- 
tively away from the surface. 

The first period is 


ie ay 1 + 0.20 Fa) [39] 


These formulas probably become unreliable when 
Z<2R, = 8(- 


Because of the negative sign between the two parts of Bz, the grav- 
itational effect and the effect of the surface oppose each other in the case 
of a free surface or a rigid surface below the charge, whereas the two ef- 
fects are in the same direction when a rigid surface lies above the charge. 
The gas globe from a small charge near the surface of the water sinks instead 
of rising. 


400 


Horizontal Displacement 
toward rigid vertical wall 


Displacement in feet 


(0) 1 2 34 SiG Tf) mute Te) 
Distance from Wall Z in feet 


Figure 9 - Upward and Horizontal 
Components of Displacement of 
the Gas Globe from 3/4 Ounce 
of+Tetryl or TNT 


The charge is assumed to be detonated 10 feet below 
the surface of the water, far above the bottom, and 
Z feet from a rigid vertical wall. The curves show 
the displacement from the point of detonation up to 
the point of greatest recompression, according to 
approximate calculations. 
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Figure 10 - Displacement of the Center 
of the Gas Globe from 3/4 Ounce of 
Tetryl or TNT, up to the Instant 
of Maximum Recompression 


Detonation is assumed to occur at the height shown 
above a rigid horizontal bottom in water 20 feet 
deep. Positive ordinates represent a rise, negative 
ones a descent. The curve is based on approximate 
calculations. 


The effects due to gravity and to the surface are almost additive 


but not entirely so, because of the occurrence of Bor |B,z| in F. When grav- 


ity and the surface produce opposite effects, as in the case of a rigid bot- 


tom or a free surface, the net displacement is a little greater than the 


numerical difference of the values that the two displacements would have if 


they occurred singly. 


In such cases the gas globe contracts to a smaller 


radius than it would if only one effect occurred, and this decrease in the 


minimum radius increases the displacement. 


Otherwise, as in the case of a 


rigid wall located to one side of the globe or the rigid bottom of a boat 


above it, the two displacements are slightly decreased by their coexistence. 


The formulas are illustrated in Figures 9 and 10, which refer to a 
3/4-ounce charge of tetryl or TNT detonated at Z feet from a surface. In 
Figure 9 the surface is assumed tc be a rigid vertical wall, the charge is 


detonated 10 feet below the surface of the water, and the bottom is assumed 


to lie much deeper. 


The vertical rise of the center of the gas globe and its 


horizontal displacement toward the wall, up to the point of maximum compres-= 


sion, are shown by curves. 


Z feet above a horizontal rigid bottom in water 20 feet deep. 


In Figure 10 curves are shown for the same charge 


TG willbe 


noted that the gas globe descends if formed less than about 3.5 feet from 


either the bottom or the free surface. 


The formulas for a free surface and for a rigid bottom are plotted 


in general terms in Figures 11 and 12, as explained under the figures. 


; 
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Figure 11 - Rise H of the Gas Globe Formed by W Pounds of Tetryl or TNT 
Detonated at a Depth Z below the Surface of the Sea of Infinite Depth 


H is the rise of the center of the globe from the time of detonation up to the time of the 
first peak recompression; both H and Z are expressed in terms of Rg, the intervening maximum 
radius. Curves are shown for three values of Z. For R» see Figure 4 or Equation [18]. 


ae 


Figure 12 - Curves for Estimating the Rise H of a Gas Globe at a 
Distance Z above the Bottom of the Sea 


The rise is from the time of detonation up to the time of the next peak recompression. Ry 
is the intervening maximum radius in feet; Pp, is the total hydrostatic pressure in atmos— 
pheres or 1 + d/33 where d is the depth of water in feet at the point of detonation. Curves 
are shown for four values of Z/Rp. For Ro see Figure 4 or Equation [18]. The curves are 
drawn on the assumption of infinite depth; they are fairly accurate if the gas globe is at 
least 5R»2 below the surface. 
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Figure 13 = Plot of the Critical Depth Dy for Migration 
near the Bottom of the Sea 


In sea water of depth less than Dy feet, the gas globe should rise during the first recompression if 
detonation occurs at a distance Z > Zp above the bottom, where Zy= 2Rg; Zp is plotted in terms of a 
larger scale show at the right. In water of depth greater than Dj, the globe should sink toward the 
bottom if Z=Z,. For fair accuracy the gas globe should be at least 5R»g below the surface of the sea. 


From Figure 11 it is seen that migration downward can be produced 
by a free surface only if the charge is less than 0.2 pound, provided deto- 
nation occurs at a depth at least as great as 2R, below the surface. In the 
absence of more exact calculations, it may reasonably be surmised that the 
globe from 1 pound or more of TNT or tetryl should migrate upward, however 
close to the surface it may be formed. 

The effect of the bottom is more complicated because the total] hy- 
drostatic pressure, as influenced by the depth of the water, enters as a new 
variable. In order to illustrate more concretely the implications of Figure 
12, there is plotted on a basis of Win Figure 13 the depth of sea water Dy 
at which R,/p, = 1.33; the value of Z when Z = 2R, in water of this depth is 
shown, on a different scale, as Zp. 

The formulas for Dy and Zp, are 


D, = 33 [222 ( 4.1)* wt —4], Zz, = 8.2(2 aa) wi 


3 
4 
In water shallower than D), the gas globe should rise if formed at a distance 
Z, or greater above the bottom; in water deeper than Dy, it should sink when 
it is formed at a distance equal to Z,, and also at progressively greater dis- 
tances as the depth of water is increased. 

Unfortunately the approximate formulas become unreliable at those 
short distances which are of greatest practical interest; they should be 
fairly accurate if Z2 2Ro. 
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It is particularly unfortunate that calculations do not exist for 
charges detonated on the bottom. They are made difficult by the inevitable 
distortion of the gas globe. As Z is diminished below 2R,, the attractive 
effect of the bottom should probably increase and then decrease again. This 
conclusion is based on the following ideal case. The water flow around a 
hemispherical charge lying with its flat face on a rigid bottom and detonated 
at its center should resemble half of the flow around a spherical charge of 
the same radius detonated in open water; gravity should, therefore, cause the 
gas globe from the hemisphere to rise. From the analytical results it may 
reasonably be surmised that the gas globe from 10 pounds or over, detonated 
on the bottom under any depth of water of practical interest, will probably 
rise during the first recompression. 


MIGRATION OF A GAS GLOBE IN SHALLOW WATER 

The combined effect of the free surface and of a parallel rigid 
bottom can be obtained by extending the method of images. If Z is taken to 
stand for the distance of the center of the gas globe above the bottom, it is 
found that only those changes neéd to be made in the formulas, as obtained 
for a rigid bottom alone, which correspond to the assumption, instead of 
(29a, b] 

1.39 


Me i= “ay? Nz = So (40a, b] 


where D is the total depth of the water, 1.39 represents 2 log 2, and T, and 
S, stand for the series 


= a tyes ee Se 1 + 1 +e 

Ze (D7) ee) 2 Op=2Z) = CnenZ): 
Hence the displacement of the gas globe measured upward, during the first ex- 
pansion and recompression, is 


2.60 B,R, 


UE pe [41] 


B, = 0.0346 E + 0.23(T, 1.39) p,] Le 


— 0.223 [1 - 0.18(r, - 159) p,|s.R2 [42] 
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or, very nearly 


B, = 0.0346 at — 0.223 S,R,” [42a] 
A 


The first period, from Equation [5], is 
1.39 


T, = Ba 710.20(7y = =) R,| [43] 


Here distances are to be measured throughout in feet. The formulas 
become questionable if either boundary is closer than 2R, or 8(W/p,)3. 

These formulas are the same as those obtained for the bottom alone 
except that 1/Z is replaced by T, - 1.39/D and 1/Z* is replaced by So. If 
the small term containing T, and D is omitted, it is clear that the displace- 
ment is the same as that due to a single surface at a distance Z, such that 
1/Z2= S» or 


ee 
Lig az VS> 
In S, the effects of the bottom and of the free surface are added | 
in a sort of quadratic fashion. If Z=D/2, so that the charge lies midway 
between the surface and the bottom, 


4 1 1 1.83 
I = Os Sy pe (cee hee: fh) 
Thus 
Z, — 0.14.2 


so that the displacement is roughly the same as that when either surface 
alone is present at about three-fourths of the actual distance to either top 
or bottom. As the charge is moved toward either surface, however, the effect 
of the other surface rapidly decreases. Thus if Z= 0.35D or 0.65 D, the 
effect is about the same as that due to the nearer surface acting alone at a 
distance 0.91 times its actual distance. 

The effect of the free surface on the period somewhat exceeds that 
of the bottom. Hence when the charge is detonated midway between the two the 
period is shortened. The first period is 


T,= T1o(1 — 0.28 A) 


EFFECT OF PROXIMITY TO A FREE SURFACE AND A VERTICAL WALL 
The wall is supposed to be plane and rigid and to extend from the 
surface to a great depth. Let X denote the distance of the center of the } 
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Free Surface 


globe below the surface, measured down- 
ward, and Z its distance from the wall; 
see Figure 14. Then, in Equations [l4a, 
ce], [15], [16], [17] and its Z analog, 


5 
a clearly cy =-1, cy = cz, = 0. The analy- 
sis gives 
1 
M=5-$-¢ [4a] 
Figure 14 - Diagram Illustrating 
a Gas Globe near the Surface of x3 


the Water and also near a Nx = —(1 at alee [44d ] 
Vertical Rigid Wall x 


[44e] 


where L = VX? + Ze and Ny = 0. Thus, for the displacement from the point of 
detonation to the point of peak compression, 


2.60 (we? By R, 


I. SG f= agTUg Tet [45] 
—_— eee 
B 1+ 4000 B? 
W\3 
2.60 (5 )° B, Ry 
BS ig 0.009 (te) 
B+ +5 4000B? 
B=/yB, +B,” [47] 
R xs [ ] Rie\o 
— ue a = eui2A 
By 0.0346 E + 0.23 mR,| = + 0.223 (1 + a) 1 — 0.18 MR, i) [48] 
3 2 
B, = - 0.2231 — 0.18 MR, (1 - 2,)(22) [49] 
or, very nearly, 
R X3\/Ro\2 
Aig Re et ee 
By = — 0.0846 5% + 0.228 (1 += a)(=4) [50] 
= Z*\(R2\" 
Bye 0228 a ll [51] 


Here X, - X, is the upward component of the displacement, while Z,- 4, is 
the horizontal component measured positively away from the wall. 
The first period, from Equation [5], is 


T; = T[1+0.20(4 - + - 4)r,] [52] 
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The formulas are probably unreliable when either X or Z is less 
than 2R, or 8(W/p,)* 

Here the additional terms containing L represent the principal ef- 
fect of the interaction between the surfaces. Crudely speaking, the repul- 
sive effect of the surface is increased by a factor 1 LD.) Tie while the 
attractive action of the wall is decreased by a factor 1 - Z?/L®, as compared 
to what these effects would be if the other surface were not present. The 
interaction between the two effects is greatest when X = Z. Then L = ¥Y2X and 
the repulsion from the surface is increased in the ratio 1.35, while the at- 
traction toward the wall is decreased in the ratio 0.65. These numbers will 
be somewhat modified, however, by the concomitant change in B. 

On the period, the surface effect again predominates and results in 
a shortening; the first period is 


T, =T E — 0.20 e 

The most interesting feature in this case is the variation of the 
displacement with weight of charge. As the weight increases, the gravita- 
tional effect comes to predominate. In order to illustrate this fact, Fig- 
ures 15 and 16 show curves of vertical displacement H and the horizontal 
displacement S toward the wall, for a charge detonated at several distances 
Z from the wall in combination with several distances X below the surface of 
the water, plotted against the charge weight W. These figures also serve to 
indicate qualitatively the relative magnitudes of the two displacements at 
shorter distances from the surface, where the numerical formulas become un- 
reliable. 

This case has some resemblance to that of a floating mine exploding 
near a ship. For the relatively slow motion involved in the production of 
migration a ship should function as a rigid obstacle. The ship extends down- 
ward, however, only to a limited depth. For this reason the attraction to- 
ward the ship should be considerably less, and the rise a little greater, 
than in the ideal case here considered. 


PRESSURE IN THE WATER AS INFLUENCED BY THE MIGRATION 

The pressure generated in the water by the recompression of the gas 
globe may be greatly altered by the migration. The general effect is compli- 
cated, as is illustrated by G.I. Taylor (5). The pressure will probably be 
further modified, however, in consequence of departures from spherical sym- 
metry, so that calculations based upon the assumption of symmetry possess in 
most cases only a limited interest. For this reason the following rough meth- 
od of estimating the pressure as modified by the occurrence of migration may 
be of interest. 
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Figure 15 Vertical Rise H of a Gas Globe near the Surface 
of the Sea and near a Vertical Wall 


The rise is from the time of detonation up to the time of the next peak recompression. Rg is the 
intervening maximum radius. Curves are shown for 4 positions: (A) X = Z = 2R,; (B) X = 2Ro, 
Z = 3.5R9; (C) X = 3.5Ro, Z = 2Ro; (D) X = 3.5Ro, Z = 3.5Ry, where X is the distance of the point 
of detonation below the surface and Z the distance of this point from the wall. Wis the weight 
of the charge in pounds. For Rg see Figure 4 or Equation [18]. 


SOoIE 5 0.01 2 Cy oyfpe 2 Salter 2 5 100 2 5 1000 
Chorge Weight W in Rise 


Figure 16 - Horizontal Component of Displacement S 
of the Gas Globe of Figure 15 
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The motion of the water can be resolved into three parts superposed 
upon each other, a spherically symmetrical part associated with the radial 
oscillations of the gas globe, a part caused by any bounding surfaces that 
may be present, and a part associated with the motion of migration. The 
pressure can then be divided into three corresponding parts, provided the 
Bernoulli term pv?/2 is omitted, so that the pressure is simply proportional 
to the rate of change of the velocity potential. The part of the pressure 
that is associated directly with the migratory motion is then essentially of 
dipole character and hence falls off relatively rapidly with distance; it may 
therefore be dropped in a rough calculation, except near the gas globe. The 
part due to a bounding surface, if any, is simply the pressure due to the im- 
age of the gas globe in the surface and is easily allowed for on this basis. 
There remains then the part of the pressure that is associated with the rad- 
jal motion. This part is altered by the migration because the radial motion 
is altered. 

The radial part of the pressure is given by Equations [6] or [7] on 
page 45 of TMB Report 480 (10) with the omission of u®; it may not be cor- 
rectly given by Equation [8] of that report, however, in which the term in ud 
is not negligible and is influenced by the migratory motion. The pressure p 
at a point distant r from the center of the gas globe is thus 

p = 2 2 (RR) ae Foe [53] 
where p is the density of the water and p, denotes the total hydrostatic 
pressure at the level of the gas globe. Only the phase of intense compres- 
sion is of interest, hence Equation [1] of the present report can be simpli- 
fied as before, and even the small term MR/2 can be omitted for the present 
purpose. Thus from Equation [1] 


: C 2 (x? + Y¥2+4 2?) 
BP al ea | (By ~ Bol RE ae rrr [54] 


The approximate values employed previously for x, y, Z can then be inserted, 
and they may conveniently be expressed in terms of the linear displacement 


of the gas globe from the instant of detonation to the instant of peak recom- 
pression, which is 


Q = y(X, — X,)? +(¥, -Y,)? +(Z, —Z,)?_ = WH? +S? [55] 


The pressure as thus estimated is found to depend on the ratio Q/Ry» 
where Ry is the first maximum radius, and to be proportional to Pok;/r- The 
impulse I =[(p - pat, is proportional to RsVp,/r- A single graph applicable 
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Figure 1/7 - Curves and Formulas for Estimating Roughly the 
| Effect of Migration on the Pressure in the Water 


Pm, is the maximum pressure in the water at the instant of greatest recompression of the gas globe 
in pounds per square inch, p, is the total hydrostatic pressure in pounds per square inch and p, 
is the same pressure expressed in atmospheres, Ig 9 is the peak impulse defined as /pdt integrated 
between points before and after the peak at which py, -p, is one-fifth of its value at the peak, 
r denotes distance in feet from the center of the gas globe at the instant of maximum recompres- 
sion, Rj is the first maximum radius of the gas globe in feet, Q is the linear displacement of 
the gas globe from the point of detonation until the instant of greatest recompression, in feet. 


to all migratory cases can be constructed, therefore, by plotting against 
/Q/R, values of 


jae at 


iwhere p, is the total hydrostatic pressure p, measured in atmospheres and p,, 

is the maximum excess of pressure above p,. This is done in Figure 17. The 

| impulse I, , is taken between the two instants at which the excess of pres- 

sure p - p, is 1/5 of its intervening maximum value. The values of I,, thus 

serve to give an idea of the estimated width of the pressure peak. 

To use Figure 17, the value of the displacement Q is first esti- 
mated by use of formulas given previously; then values of y and z are read 


off the curves and p, and I, , are calculated from the formulas 


R. 
Pn — Po = a P,y pounds per square inch [56a] 
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Wega 7s Pp, Z pound-seconds per square inch [56b] 


in which r and Rog are in feet, p, in pounds per square inch and Io. in pound- 
seconds per square inch. 

If there is a plane bounding surface in the neighborhood, a correc- 
tion is then to be added representing the effect of a phantom gas globe lo- 
cated at the mirror image in the surface of the actual one. The pressure and 
impulse due to the image are calculated from the same formulas as those due 
to the actual gas globe, with r made equal te the distance from the image. 
The total pressure and impulse are then the sum of these respective quanti- 
ties for the actual globe and the image if the surface is rigid, or the dif- 
ference if the surface is a free one. At the surface itself, the effect of 
the image is to double the excess of pressure above hydrostatic pressure on a 
rigid surface, or to keep the pressure at the hydrostatic level on a free 
surface. 

From Figure 17 it is seen that, as the migration increases, the 
peak pressure decreases, but the width of the peak increases so that the im- 
pulse due to it is about constant. At Q = R,/3, the peak pressure has de- 
creased by about a third; the rate of decrease then becomes greater, so that 
at Q= 1 the peak pressure is only a tenth of what it would be in the absence 
of migration. 

The increase in IJ), at large values of Q/R2 in the figure arises 
from the fact that the total range of pressure becomes small and the peak, 
defined as extending from one-fifth of the maximum to one-fifth on the other 
side, comes to include almost the entire range of positive pressure. The 
ratio of I). to the total positive impulse increases from about 1/3 at Q= 
0 to 4/5 at Qi= Ro: 


MIGRATION OF A GAS GLOBE IN A TROUGH OR BOX 

The necessary formulas have been written out for a charge detonated 
inside a rectangular box partly filled with water; this obviously includes as 
special cases a deep well of rectangular cross section or a trough with par- 
allel vertical sides. The series obtained in these cases are complicated, 
however, and for this reason no results will be cited here. 


MIGRATION AND SIMILITUDE 

In considering similitude as it applies to phenomena of migration, 
it should be noted that physical processes of four different types are in- 
volved and each process imposes its own characteristic requirements for si- 
militude. These differing requirements are not entirely reconcilable. Thus, 
in order that similar motions may occur on different scales: 


f 
| 
’ 


| 


| 
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a. The laws of the non-compressive motion of water require 
that pressure differences and the squares of velocities shall vary 
in the same ratio, or 

Apa v2 


b. The intervention of gravity requires that all pressure 
differences shall vary, as do gravity heads, in proportion to the 
linear dimensions, or 

Ap=«L 


where L is any convenient linear dimension. 


ce. If a confined mass of gas is present, its pressure must 
usually remain unchanged with scale, on the assumption that the 
mass of gas present is varied in proportion to the cube of the 
linear dimensions. Hence, all pressures must remain unchanged. 


d. Certain boundary conditions, such as exposure to the at- 
mosphere or the presence of cavitation, may fix the actual value 
of the pressure at certain points. 


The hydrodynamical requirement a. is consistent with many types of 
Similitude. The addition of the gravity requirement b. restricts the choice 
to one in which v2? « L, as in ship model testing. Then, also, Ap« v2oL,. 

If the migration effect on a gas globe is large, the gas has little 
effect on the radial and translatory motion, so that the pressure in the gas 
globe may be assumed to be zero. The pressure at certain points is then 
fixed, as ind. To keep Ap« L, the atmospheric pressure must then be adjust- 
ed in proportion to L. Furthermore, since the kinetic energy in the water is 
proportional to L*v” or to L‘, and since this energy may be assumed to be a 
fixed fraction of the energy released by the charge, and since the latter 
energy is proportional to the weight of the charge W, it follows that W must 
be varied in proportion to L‘. Thus linear dimensions and pressures vary in 
proportion to Wi, and, since v2 « L, velocities and times vary in proportion 
toW8,. The atmospheric pressure must also be varied in proportion to Wi; and 
the depth of the water must be varied in the same ratio if the depth is sig- 
nificant. In corresponding positions, the maximum radius R, and the migra- 
tory displacement of the gas globe likewise vary as wi, 

When the migratory displacement is small relative to R,, the simil- 
itude is not exact, because the motion is then appreciably influenced by the 
pressure of the gas. The partial failure of similitude in this case is not 
apparent from the approximate equations written in this report, because these 
equations are based upon a fixed value of R,/Ry, whereas in reality this ratio 
will vary somewhat with the hydrostatic pressure. 
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In any case, similitude of the type described does not extend to 
the dimensions of the charge nor to the shock wave. These features can be 
included only if gravitational effects are neglected. If that is done, re- 
quirements a, c, and d can be met by keeping all pressures and velocities the 
same at corresponding points, while linear dimensions and times are changed 
in proportion to Wa. The effects of the gas pressure are then correctly 
covered; and the similitude will hold for migration due solely to the pres- 
ence of bounding surfaces. This is the type of similitude that is familiar 
in the discussion of underwater explosions with neglect of all gravitational 
effects. 

The various conditions requiring study thus lead to different cri- 
teria for similitude, a situation which occurs e2lso in other applications of 
the ship model testing method. Thus in model tests of ship propulsion it has 
long been the accepted practice to break down the model resistance into two 
parts which are stepped up to full-scale values by the use of different laws 
of similitude. 

It is hoped that a similar procedure can eventually be established 
in the present case, so that migration effects observed on small scale can be 
made the basis for a correction of the results of direct scaling according to 
the nominal theory based on the solid angle subtended at the charge by the 
tarret, as explained in TMB Report 492 (11). 

However, such a procedure is not yet possible. A study of migra- 
tion from that point of view is being made and the results will be communi- 
cated in a later report. 


NOTE ON MOMENTUM IN THE WATER 

In thinking about the motion of gas globes it is often natural to 
resort to reasoning based upon the principle of momentum. Much greater care 
must be used, however, in applying the principle of momentum to the noncom- 
pressive motion of liquids than in applying the principle of energy. It is 
very easy to go astray and arrive at the wrong conclusion. The fundamental 
reason lies in the fact that the transmission of momentum involves only the 
pressure itself, whereas the transmission of energy depends upon both pres- 
sure and particle velocity; because of this difference, momentum in an in- 
compressible liquid is more readily transmitted to great distances than is 
energy. 

To illustrate the care that must be used in considerations of mo- 
mentum, consider a sphere of the same mean density as water, so that it will 
remain suspended without rising or sinking. Let an upward force be applied 
to it, causing it to rise in accelerated motion. The sphere is thereby 
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caused to press upward against the water in order to accelerate it; the water 
loads the sphere, in fact, with an equivalent mass equal to half the mass M 
of the displaced water, and an upward force F = Ma/2 must act on the water 
where a is the acceleration of the sphere. This force imparts upward momen- 
tum frat to the water. 

Yet if the total amount of upward momentum is calculated from the 
usual formulas, for the water lying within any given distance r of the center 
of the globe, the result is zero. The water around the sides of the gas 
globe moves downward as that above and below it moves upward, and, as re- 
gards the water inside of any spherical surface concentric with the gas globe, 
the downward momentum on the sides just cancels the upward momentum above and 
below the sphere. The question thus arises, what has become of the upward 
momentum imparted to the water by the upward force F? 

The paradox is redoubled by the following consideration. Since 
the sphere moves upward, water must on the whole move downward. The total 
momentum in the water must, therefore, be directed downward, not upward. It 
is easily shown that this downward momentum is, in fact, of magnitude 2{Fadt. 

The solution of the paradox is found upon careful consideration to 
lie in the occurrence of a decrease in the pressure near the bottom. As a 
result of the motion of the sphere, the upward force of the bottom on the 
water is decreased by 3F. One-third of this decrease compensates for the 
lifting effect of the sphere caused by its upward motion and thereby absorbs 
the upward momentum given by it to the water; the remaining two-thirds of the 
decrease allows part of the downward force due to gravity to develop in the 
water downward momentum of magnitude 2 (Fat. 

These considerations are based, of course, upon the assumption of 
incompressible water. If the action is so rapid, or the body of water so 
large, that non-compressive theory is not adequate to describe the motion 
throughout, then part or all of the upward momentum given to the water will 
remain in it, although perhaps not in the neighborhood of the sphere. 

The motion of the water around a moving spherical gas globe of 
fixed radius is exactly the same as around a sphere of equal size moving at 
the same rate, hence the same considerations apply to the motion of the gas 
globe. The statements made in this report have been carefully worded so as 
to be correct as they stand; caution must be used if the references to mo- 
mentum are altered or extended. 
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* * * * * * * * * 


Summary. 


The work described in this report is concerned with the rate of rise of bubbles, ranging in 
volume from 1.5 to 100 cc., produced by the non-explosive release of a volume of air in nitrobenzene 
or in water. i 


Measurements of photographs of bubbles formed in nitrobenzene showed that the central portion 
of the upper surface was spherical in form, A theoretical discussion, based on the assumption that 
the pressure over the front of the bubble is the same as that in ideal hydrodynamic flow round a sphere, 
shows that the velucity of rise, U, Snould be related to the radius of curvature, R, in the region of 
the vertex, by the equation u = 2/3 VaR; the agreement between this relationship and the experimental 
results is excellent. 


For gecmetrically similar dubbles of such a diameter that the drag co-efficient should be 
independent of Reynclds number, it would be expected that U would be proportional to the sixth root of 
the volume, V; measurements cf abuut ninety bubbles show considerable scatter in the values of u/yt/6 r 


although there is no systematic variation in the value of this ratio with the volume. if u is expressed 

in cm./set. and V in c.cs., the experiments give the formula U = 24.8 yil/6, If this formula is applied | 
te the volume cf gas given off by the explesion of 300 Ibs. of amatol, the calculated rate cf rise is i 
abeut 17 ft./sec. Althcugh no direct measurements cf this velocity have been made, this estimate is au 
nct inconsistent with measurements of the time between the appearance uf the dome and the plume when ie 


depth charges 2re exploded at great depths. fi 


t 


want 


Introduction and Experimental Method. 


The rise of gas bubbles in liquids has been studied by several workers*, Dut in atl the work 
so far published, the bubbles have been so small that the results are not applicable to the study of the 
rise of large volumes of gas, such as those produced in submarine explosions. {In the experiments here 
described, bubbles ranging in volume from 3.5 to 34 c.cs. were formed in nitrobenzene contained ina 
tank, 2 feet x 2 feet x 2 feet 6 inches filled to a depth of about 2 feet with the liquid. The bubbles 
were photographed by spark photography at intervals of about 10 milliseconds, using a revolving drum 
camera in the manner previously described x. In some further experiments, bubbles covering a range of 
volume from 4.5 to 200 c.cs. were formed in 2 cylindrical tank, 2 feet 6 inches diameter, filled with 
water to a depth of 3 feet 6 inches, and their mean velocity of rise over a measured distance was 
determined. In both sets of experiments, the air volume was determined by collecting the bubble in a 
graduated glass cylinder. 


Considerable difficulty was found in producing single, large bubbles of gas, and the method 
finally adopted was to pivot an inverted beaker containing air, which was then tilted so that the 
Air was released, In general, the air is released from the beaker in a stream of bubbles of varying 
sizes, but by adjusting the rate of tilting, it was found possible to arrange that the air was spilled 
into a single bubble. 


Two successive photo-mphs of a typical bubble formed in this way in nitrobenzene are shown 
in Figure 1, the time-interval between the two photographs being 10,3 millisecs. {n addition to the 


bubble ...... 


* Allen, #.S., Phil.M2g., Vol. 50 pp.323 and 519 (1900). Hoefer, K, V.0.1., Vol.57, p»1174 (1913) 
Miy2gi, 0, Tohoku |mperial University, Technological Reports, Vol.5, p.135 (1925); Vol.8,p.587 (1929) 
Phil.M3g., Vol.50, p.112, (1925). 


* = Taylor, G.I. and Navies, R.M, "The Motion end Shape of the hollow produced by an explosion in 
2 liquid". 
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bubble, the photographs show a steel ball, 4 inch diameter, soldered at the lower end of a vertical 
rod immersed in the liquid; this arrangement was used to find the scale of the photographs and to 
give a reference mark from which the vertical disptacement of the bubble could be measured. 


In the original photographs, a region of turbulence is clearly shown behind the large bubble, 
This is due no doubt to some anisotropic optical property of nitrobenzene when subjected to viscous 
stresses. That such stresses exist could be inferred from the fact that the largest of the smal) 
bubbles in the wake of the large one is not spherical and is rapidly changing in shape. This bubble 
has a diameter of about 6 mm, Still smaller bubbles are less distorted and one of diameter about 
2 mm., seen to the left side of the 6 mm. bubble is distorted so that its length/diameter ratio is 
about 1.1. 


The rate of shear which might be expected to produce a distortion of this amount has been 


calculated 4. {n the field of flow represented by the equaticns | 
UN =) CX Ve = —Cyn AWi=s 10 Aor Wee. cod non Soc. doe (1.1) 
an air—budble of mean radius a would be pulled out so that 
i 
L-8 2C pa 
cete = T O6t Spooe pote ‘bOOnusbdo..© 605 (1.2) . 
where L and B are the length and breadth of the bubble and uw and T the viscosity and the surface 
tension of the liquid. For nitrobenzene, ££ = 0.018 poises, T = 43.9 dynes/cm., so that for the 
2 mm. bubbles, a = 0.1 cm., L/B = 1.1 and (L - B)/(L + 8) = 0.05, giving 
| 
0.05 x 43.9 5 a 
Gs WeRtOTOIEN LGD ke aa 
The rate » of dissipation of energy per c.c. in the flow represented by equation (1.1) is 


ou \? Ou 2 4 i 
We MV Ox + ey Se 2G =e taxed Om EGOS /iG.Ga//SeGr 1 


if the rate of dissipation were constant through the wake and if wake extends over the whole 
of the region which appears disturbed in Figure 1, namely through a diameter of 5.9 cm., the total ; 
rate of dissipation in the wake is 


1.34 x 107 x (volume of wake) 


“ 


1.34.x10'x Z (5.9)% x 3.8 
4 


6 


" 


1.4 x 10° ergs/sec. 


The total rate of dissipation would be known if the drag co-efficient, C, of the large bubble 
were known, Since the density 0 of nitrobenzene is 1.2 gm/c.c. whilst the velocity of rise, U, of 
the large bubble in this experiment was 36.7 cm/sec. and its maximum transverse dimension, 2A, was 
5.1 cm., the total rate of dissipation was 


Cnex see mae xu 


Bete 
Cy 2 120 Xe 365 TMT 2) 


Gol & OG 


" 


D ergs/sec. 

Since Cy is of the order 4.0 (see Table |) it will be seen that the rate of dissipation which | 
would distort the bubbles by the observed amount is of the same order 2s that deduced from the rate | 
of rise. \ 


FOr ssvuee 


éd G. |. Taylor "Formation of Emulsions in definable fields -f flow® 
Proc. Roy. Soc. Vol. 146 p.501, (1934) 
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For the largest of the small Dubbles in the wake, viscous stresses would produce such a 
distortion that the formula (1.2) would not be expected to apply. 


The uniformity of the velocity of rise of the subdles, and tne order of magnitude of the 
experimental error in tne measurement of the velocity may be judged from Figure 2, in which, time t, 
and the vertical displacement, X, of th: two bubbles ire plotted as =bscissae and ordinates, respectively. 
Tne actuz) measurec values of X and t for the bubble of Figure 1 are indicated by the circular dots 
in Figure 2, =nd those for 2 second, larger bubbl= by crosses; the straight lines of closest fit drawn 
through the observed points cre denoted by ‘a’ and *B' respectively. It will be seen that the scatter 
of the experimental points is not excessive and that the velocity of rise sf the two bubbles is reasonably 
constant over the interval measured. 


The shape of the profile of the bubbles was found by mezsuriny the films «na travelling 
micruscupe fitted with tw: independent motions at right angles ti one another. The results fur the 
lower phet-graphi ef Figure 1 are shown graphically in Figure 3 where the circular dots represent points 
on the central, regular portion of the profile of the bubble, deduced from the microscope readings. 

In Figure 3, the vertical and horizontal axes are parallel to the corresponding axes in the tank and the 

origin is taken at the uppermost point on the bubble; the dimensions given in Figure 3 refer to the 

actual size of the bubble. The crosses with vertical axes and with axes at 45° to the vertical in : 
Figure 3 represent points on the profile of the same bubble, obtained from measurements of photographs 

taken 105.7 and 132.5 milliseconds earlier than the lower photograph of Figure 1. The agreement between 

the three sets cf points shows that the shepe uf the cap cf the bubble undergoes very little variaticn 

over the range _f time covered by the three photographs. 


The curve in Figure 3 is an arc of circle of radius 3.01 cm., drawn to pass through the origin 
and since the scatter of the observed points around this curve is within the limits of the errors made in 
measuring the film, the upper part of the bubble is e portion of a sphere within the experimental error. 
{t is worth noticing that the angle subtended at the centre of the circle by the are in Figure 3 is about 
75°, whilst the angular width of the whole bubble in Figure 2 (referred to the centre) is about 90°. 


The vertical motion of a gas bubble with a spherical cap. P 


Measurements of the pressure over the front part of the surface of a sphere exposed ta a wind 
shows that the distribution of pressure is very similar to thet calculated assuming ideal hydrodynamic ww 
flow. Similar measurements over a solid spherical cap set with its vertex facing the wind show that 
the removal of the rear part of the sphere does not greatly affect the pressure distribution over the 
front except near tne rim of the cap. 


According to the hydrodynamic theory of ideal fluids, the pressure p at angle @ from the 


stagnation point of vertex of a sphere (see inset in Figure 3) moving with uniform velocity U ina 
fluid of density p is 


2 ieee 
P= pp + pu (1-_7 sin’ d O56. = <0, = 050, dou = 1006 (2.1) 


where , is the pressure at the depth z, of the point concerned, at a great horizontal distance from 
the sphere. 


Thus 
ih, 2 


ae eer O06» «000 cdo) ooo. ono (2.2) 


where Po is the atmospheric pressure, and, at angle @, for a sphere of radius R, 
z= d + R(1-cosg) 560) Boo ceo soo Gon (2.3) 
where d is the depth of the vertex. 
From equations (2.1), (2.2) and (2.3) 
2 a den) 
P = —R + Gd + gpR (1-cosd) + 4 ue (1-G sin’ d) ... (2.4) 
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The condition which must be satisfied over the surface of the bubble is that, apart from 
surface tension effects which are small when the diameter of the Dubble is greater than 2 cm., the 
pressure inside must be equal to the pressure outside. At the vertex, the pressure is 
(P, +g Od + 4 pu?) and this must therefore be the pressure of the air inside the Dubble. The 
expression (2.4) for the pressure is therefore satisfied all over the sphérical cap if 

Supe ee 

Ty UP Sire = ah: (1 - cos ~) Hoo. “den Hoa» one ‘dac do (2,5) 


This equation is satisfied for small values of Zif 


we @ 
oR 9 
2 

or Uo= 3 VgR 500 600 300 sie Gade doo (2.6) 


" 
ro 


for, in that case, lim /1 - cos @ ) 


2 


a1 Sin 

To see how far the theoretical relationship (2.6) is verified experimentally and to obtain further 
data concerning the rise of bubbles, fourteen bubbles, rising in nitrobenzene, were photographed. 
The results of the measurement of the films are summarized in Table |, where the first three columns 
give the volume, V of the bubbles, the radius of curvature, R, near the uppermost point, and the observed 
velocity of rise, U. The fourth column in the tadle gives the maximum transverse dimension, 2A of the 
bubble and the fifth column the angle £, =-sin + a/R. The sixth column gives the drag co-efficient, Co 
of the bubble, calculated from the equation 


Cy xmarxd pur = 9 Rate Pea oe one tana Moe (2.7) 


The last column in the table gives the value cf Reynolds number, Re, referred to the radius, A, 
of the maximum transverse section of the bubble, i.é., 


Re = — soo cop Goo cop 0D soo (2.8) 


where V is the kinematic viscosity of the liquid. Fer nitrobenzene, the viscosity is 0.018 poises at 
1u°c., and the density is 1.20 gm./c.c., hence v = 0 015 cm2/sec. 


TABLE I. 


Bubbles in N1itrobenzene. | 


Radius of Velocity Ma <imum Orag Reynolds 
curvature u (cm./ transverse co-ef— number 
sec.) dimension ficient Re 
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The accuracy of the relationship (2.6) can be judged from Figure 4, in which the values of u 
given in table | are plotted against the values of VR; it will be seen that the experimental points 
are, on the whole, reasonably well represented by the straight line given by the relationship U = 2/3 


VaR. 


The values of Cy given in table | are very variable and they do not appear to show any consistent 


variation with respect to either of the variables @, or Re. At an early stage in the experiments it 
was thought that cy might be a function of Gy and, for comparison, a series of experiments was carried 
out in a wind-tunnel in order to find how the drag co-efficient of a rigid spherical cap varied with the 
semi-vertical angle d,: The Cap was supported so as to face the wind and its leeward side was closed 
with a plane metal disc; using pressurc orifices connected in turn to a manometer, the pressures at 
various points on the curved and flat surfaces of the cap were determined and the drag co-efficient 
calculated in the usual way’. Four bodic¢s, with a radius of 4 inch and with @., equal to 90°, 75°, 

55° and 30° respectively were used in the experiments and the values cf on are given in the second column 
of table Il. In the experiments, the wind speed was kept constant at 1500 cm./sec., and the values of 
the Reynolds numbers, defined by equation (2.8) are given in the third column of the table. 


TABLE (I. 


Drag co-efficients of a rigid spherical cap. 


Reynolds Number 


These values of Cy plotted against ©,» are shown in Figure 5 by the circular dots; this diagram 
also shows the values of Cy given in table | for bubbles rising in nitrobenzene. 


It is clear that, wnereas the results of the wind-tunnel experiments lie on a smooth curve, the 
results of tne nitrobenzene experiments show a rather large scatter, and, in addition, the general trend 
of the curve of closest fit drawn through the points for the bubbles (indicated by the broken line in 
Figure 5) differs considerably from the curve given by the wind-tunnel experiments. 


It is difficult to be certain of the reason for these effects. They may, for example, be due 
to the variation in Reynolds numoer, although this is unlikely since the values of Cy for the Dubble show 
no systematic variation with Reynolds number. It is more likely that the effects in question are due to 
variations in the shape of the bubbles. In this connection, it must be remembered that our photographs 
show only the projection of a bubble on a vertical plane, so that the lower surface of a bubble is 
invisible unless it is convex downards. Visual observation shows that the lower surface is, in fact, 
usually concave downards, its curvature being less than that of the upper surface, and the difference 
between the odserved (Cp, v,) Curves for the bubble and for the wind-tunnel) experiment may be caused by 
the difference in the waxe in the two experiments, due to the difference in the geonetrical forms of the 
bubble and the flat-bottomed spherical cap. 


Similarly, in the case of the bubbles themselves, the scatter of the experimental vatues of C 
for a given value of ©, may be caused by differences in the value of the ratio of the curvatures of the 
upper and lower surfaces when a is constant 


Benooac 


See for example, R. Jones, Phil. Trans. A Vol. 226 p.231, (1927). 
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The relationship between the volume and the rate of rise of a bubble. 


{f all the bubbles were geometrically similar and if the drag co-efficient were independent of 
Reynolds number, it would be expected that the velocity of rise would be independent of the density 
of the liquld and would be proportional to (volume) 1/6, Figures 6 and 7 show the results of experiments, 
involving 13 bubbles rising in nitrobenzene and about 75 bubbles rising in water, which were carried out 
to test the truth of this prediction. In Figure 6, the velocity of rise, U, (in cm./sec.) is plotted 
against the volume, V, (in c.c.) whilst, in Figure 7, the ratio u/vi/6 is plotted as a function of yi/3, 
In the diagrams, the results for bubbles in water and in nitrobenzene are plotted as circular dots and 
crosses surrounded by circles respectively; the two diagrams also show the eurves derived from the 
experimental results of Miyagi and of Hoefer. 


Figure 7 shows a considerable scatter of the experimental points around the horizontal straight 
line of ordinate 24.8 which represents the mean value of u/vil6 derived from the observations; in 
the same way, the experimental points are widely scattered arqund the curve U = 24.8 yi/6 in Figure 6. 
{t is worth noticing that in Figure 7, there is no systematic variation of yvil6 with V, and that the 
points for bubbles in water and in nitrobenzene can be represented by the same curve; in al? 
probability, the scatter cf the pcints is pue to the reason already put forward to account for the 
discrepancies in Figure 5, namely the lack of gecmetrical similarity in the bubbles. 


The time of rise of gas from a deep submarine explosion.: 


Photographs of bubbles produced by a spark*® show that such bubbles pulsate violently and rise 
at a very variable speet during the first few pulsations. The amplitude of these pulsations dies down 
very greatly after three or four cycles and the rate of rise becomes more nearly constant, and, at the 
same time, the bubbles assume a mushroomJike form which is rather similar to that shown in Figure 1 for 
air released non-explosively. 


Measurements of the time-interval between the appearance of the spray dome and that of the plume 
have been made for depth charges filled with 300 tbs. of amatol, fired at different depths. The results 
show considerable scatter. The mean curve representing these experimental results, is shown in Figure 
8 of the present report. jt will be seen that the mean rate of rise of gas from the depth charge is 
very rapid (of order 45 ft./sec.) when the depth of the charge is less than about 90 feet; when the 
charge is deeper than 90 feet, the mean rate of rise rapidly decreases. From the sound-ranging 
observations it appears that the plume comes through the surface during the fourth oscillation if the 
depth is about 90 feet and that bubble oscillations can hardly be distinguished beyond this point. 


It is not possible from these observations to deduce the rate of rise of gas after the bubble 
oscillations have ceased. if, however, the rate of rise during the first four pulsations is assumed 
to be independent of depth, the slope of the curve of Figure 8 for times greater than 24 seconds would 
give the rate of rise after the fourth pulsation. With this assumption, the time for the gas to rise 
from 90 feet above the charge to 134 feet above it would be 3.0 scconds, corresponding with a mean 
velocity of 44/3.0 = 14.7 ft./sec. \f the time from 110 to 134 feet above the charge were taken from 
Figure 8 aS 2.2 seconds, the corresponding mean velocity is 24/2.2 = 10.9 ft./sec. 


Taking the amount of gas released from 1 gm. of amatol, after the water vapour has been 
condensed, as 650 c.c., the volume released from a 300 1b. depth charge is 8.8 x 107 C.Ce The formuta 
U= 24.8 yi/6 deduced from the present experiments would therefore predict that the rate of rise of gas 
from a 300 1b. depth charge would be 

u = 24.8 x (8.8 x 107)1/6 525 cm./sec. = 17.2 ft./sec. 

For comparison with the experimental results, a straight line whose slope corresponds with this velocity 
is shown in Figure 8. It will be seen that the actual vertical velocity of gas Yrom an explosion, when 


pulsation sseeee 


* Taylor, G. 1. and Davies, R.M. "The motion and shape cf the hollow produced by an 
explosion ina liquid. 
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pulsation has died away, is of the same order as that predicted from measurements with bubbles whose 
volumes are cf order one temmillicnth to cne millicnth of that of the explosion prcducts. 


Though the work here discussed is concerned with single bubbles, it may be remarked that if the 
ges separates into two bubbles, the velocity of each would only be reduced by 12+ per cent if the 
bubbles rose independently. if it scparates into 64 equal bubbles and each rises independently, the 
rate of rise would be reduced by 50 per cent, but if they co-operate so that each bubble moves in a 
rising current produced by the others, the rate of rise will not be reduced so much. 
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Summary. 


A simple physical explanation of the effect of surfaces on the displacement of an explosion 
bubble is suggested. This explanation leads to the same quantitative expression as the treatments 
given by Conyers Herring and by Taylor. It is shown that in order to calculate the effect of any 
given surface it is only necessary to determine the space gradient of the velocity potential due 
to the “image” sources "induced" by a unit source at the explosion centre. A table of this 
factor for a number of common surfaces is added for convenience. 


Introduction. 


The purpose of this note is to suggest a simple physical explanation of the influence of 
surfaces on an explosion bubble. It will be shown that this explanation leads, with comparatively 


Simple mathematics, to the same quantitative expressions as the treatment given by Conyers Herring (1) 
and Taylor (2). 


For purposes of explanation it will be convenient to consider a simple case first, viz. the 
influence of an infinite rigid plane on an explosion bubble. The generalization to any arbitrary 
surface follows at once. For the moment the effect of gravity will be ignored. 


? x° 
, ‘ 
{ 1 
2d ‘ 
' 
1 
A - 8 
4 0 
Figure 1. us 


In Figure 1, 0 is the centre of an explosion bubble of radius a, assumed small compared to 
its distance d from the rigid plane AB. The motion of the water outside the bubble due to its 
pulsation is the same cs that produced by a point "source" at 0 of strength 


e = Uma’a (1) 


The effect of the plane surface AB is then the same as that produced by a source e at the mirror 
image point of. 


The image source e at ot will produce a velocity in the water everywhere directed radially 
away from or to ot according as the sign of e is positive or negative, and this velocity is 
superimposed on the radial flow due to the explosion bubble at 0. 
neighbourhood of 0 will have a net velocity Uy towards o} given by 


_ Oe 


"t Ox {ato .) 


Hence the water in the 


where ¢ is the velocity potential due to the image source at ot the origin of tne x 
co-ordinate being taken at of, 


IM sewes 
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In addition the imaye source produces a presence pt at any point in the Wor For points 
not too close to ot the pressure pt is simply ost . Tne pressure gradient = im the 


neighbourhood of 0 due to the image source at o! is thus. 


Boel eee ay ae] 
| pa {ae ato 2 


Now it is a matter of common experience that a bubble or hollow in a liquid in which there 
iS a pressure gradient due to gravity will move upwards in the direction of the pressure gradient, 
i.e. from regions of high pressure to regions of low. In the same way the explosion bubble will 
tend to drift in the direction of the pressure gradient set up by the image source at of; this 
will be away from the surface AB if e is positive. 


G.I. Taylor has derived by a simple physical argument an equation for the velocity of the 
bubble U due to the action of a pressure gradient go. The argument runs as follows. The 
"floating power" of a spherical hollow of radius a due to the pressure gradient go is 377 2 gp, 
and this is therefore equal to the vertical momentum communicated per second to the water flowing 
round the spherical hollow. The inertia of the mass of water effectively moving with the bubble 
is 37 270 (a well known hydrodynamical result), and its moment um is hence $7 a“p U where U is 
the velocity of the centre of the bubble. Thus = (3 7 a? ou) = 3 7 ago, from which follows 
equation (4). The same equation is obtained by Conyers Herring by his perturbation method. 


Using Taylor’s equation for U 


t 
uU = 3 gardt (4) 
o 


It is clear that any pressure gradient, no matter how produced, will cause a similar drift velocity. 


1 

Thus 2 pressure gradient 9 x) elem due to the image source witli cause the bubble to acquire 

Oty (1Ouxy yj ated 
a velocity U, towards 0}, where 

Sy (ack 

ne ¢ 3 
U5 = =— a’ dt (5) 
Z 2 ot Ox at 0 
fe) 


The total drift velocity of the bubble U towards the rigid surface is thus the sum of 
Uy and U5. 
r A . i aca . 
In the particular case discussed here it can be seen that ¢ = a and the velocity U of 
the bubble towards the rigid plane distance Jd from the bubble 


2 t 
- aa 1 ay ko 2 
uo= —S - a5 age eilagaledt 
ud 2d°a dt 
° 
2 t 
= =3 Gl a 3 4,2 
= 2 3 a Adt (6) 
m ce 2d°a 
oO 


on integrating by parts. Equation (6) is that given by Conyers Herring and by Taylor. 


Extension to the General Case. 


The argument used above for the simple case of a rigid plane is quite yeneral, and can 
easily be extended to the general case. The result is simply stated here. 


Let there be any set of free or rigid surfaces symmetrical about the axis x of co-ordinates 
passing through the centre of the explosion bubble 0. Assume that a distribution of image scurces 
can be found which satisfies the boundary conditions at the given surfaces when a unit source is 
placed at 0. Let the velocity potential due to these image sources bed. Then the drift velocity 
Uo*% the bubble in the dircction of the x axis towards the origin of co-ordinates is 


U = cecvee 
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t 2 6 4,2 
+ 3a°a — a a° dt (7) 
3g a 


kc fe} J 


Strictly speaking a dipole source should be added to 0 to allow for the linear motion of the 
bubble (3), and further multipoles to allow for its change of shape. The effect of "induced" 
sources due to these will be second order small quantities if the effect of the primary image 
distribution is a first order small quantity. Similarly, since the drift is a first order smal) 


quantity the error due to assuming the distance from bubble to surfaces to remain constant will be 
a second order small quantity. 


image 


The velocity Uy is osciltatory and is directed away from rigid surfaces in the first half of 
the oscillation, and towards rigid surfaces in the second half, its integrated effect over a whole 
cycle being usually negligible, The velocity U, due to the pressure gradient set up by the image 
sources is directed away from rigid surfaces as lony as the pressure is positive, i.e. as long as 
the bubble is greater than the hydrcstatic pressure at the same depth. When the bubble pressure 
falls below this hydrostatic pressure the pressure gradients are reversed and the velocity U, is 
then towards a rigid surface, Since the force exerted on a hollow vessel is proportional to its 
volume the bubble acquires most of its momentum when it is large and as the pressure is below the 
normal hydrostatic pressure when the bubble is large the net effect at the end of one oscill«tion 
is a drift towards rigid surfaces. These statements may assist an understanding of the phenomene 
found by Temperley in calculating the effect of a deformable target plate on the motion of the 


bubble, and in particular the correllation between the sign of the motion and the sign of the 
pressure in the bubble. 


Approximate Formula for the Displacement of the Bubble. 


The integral for the momentum of the bubble towards a surface, and that for the vertical 
momentum due to gravity both become nearly constant towards the end of the first oscillation. It 
is in this region that most of the displacement of the bubble occurs. Hence it is a reasonable 
approximation to assume that the total displacements at the end of the first period due to the 


surface and to gravity are in the same ratio as the momenta. Denoting these two displacements 
by S and H respectively we have 


4,2 
S = .9¢ 6a sar (R.H.S. Non—dimensional) (8) 
H Olxpjivat (08 w2ulieacdt 


Where the inteyrals are to be taken over the whole period, S is towards the origin of the 
origin of the co-ordinate x. 


In obtaining (8) al) lengths and times on the right hand side have been ponverted to Taylor’s 
non—dimensional units, i.e. all lengths are divided by the standard length 1 = (w/go) + q» Where W 


ag the energy of the motion, 9 the density of water. All times are ceed by the standard time 
has the dimensions L_ 5, 


= In addition the samll oscillatory term 3a 25 in the expression (7) 
x 

has been dropped, since it may be exactly integrated and shown to be very small at the 2nd of a 
period. In Table 1 the value 


of these integrals are calculated for a number of cases, and compared 
with two suggested approximate formulae. 
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TABLE 1. 


Ze 2 
0.11 
Tee Weight (T.N.T) 475 1bs 
f atatat x 107 6.91 


(1) | 0.30 ere x 10? 


6 3 
0.370 an Ze x 10 


J ar x 107 


(1) Conyers Herring's formulae in non-dimensional form. 
(2) Formulae given in the report "The Behaviour of an Underwater Explosion Bubble.” 


The values of the integrals given in Table 1 were obtained from the numerical integration 
of Taylor's equations for the motion of an explosion bubble jn the absence of al) surfaces. It 
has been assumed that the perturbing effect of the presence of the surface on the radius/t ime 
curve of the Dubble is small during the time when the bubble is large and the two integrals are 
growing. 


{t will be seen that Conyers Herring's formula for atatat is considerably in error, and 
an alternative formula viz., 0.37 x 1077 angen obtained empirically, is put forward in the Table 
which gives reasonable agreement. Inserting this approximation, and the one given in the last 


line of the Table, in equation (8) now yields 


Saale desohale 6 (R.H.S. Non-dimensional) (9) 
H at 0 mac 


Q 
= 


To take the approximation one stage further the value of the rise due to yravity obtained, 
may be inserted. The equation given was 


Rise due to gravity h = aa (Non-dimensional) (10) 
z 6 
° 


Hence the displacement s of the bubble towards the surface in non-dimensional units 
becomes 


g 2 og 1.89 a 7z (Non-dimensional) (11) 
ox at 0 we AS 


But anaes is very nearly independent of c, i.e. independent of charge weight and also of 
4 (depth). Replacing it by an average value giving the best fit over the whale range, (11) 
becomes finally. 


Non-dimensional displacement 
towards origin of x co-ordinates 
in first period 


wt 


= 0537, 3o¢ (Non—dimensional) 
o0xJ ato (12) 
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This simplification agrees with equation (11) within 7% over the range z= 7.8, 


° 
C = 0.063 (1 oz. at 6 feet depth) to z, = 2, C= 0.11 (475 1b. at 93 feet). 


Comparison with a wil3 Law of Scaling 


Let S be the absolute displacement of the bubble at the end of the first period in any 
particular set up of charge and surfaces. tet st be the bubble displacement in a yeometrically 
similar set up where all dimensions are increased in the ratioA, the charge weight being increased 
in the ratio . Then it follows at once from equation (12) that 


SE ASS (13) 


Equation (13) is independent of the depth at which the explosion occurs. If the 
displacement had scaled according to the w/3 law S? would have been equal toAS, so that (13) 
indicates that the displacement of a large explosion bubble is less than the value obtained by 
scaling up from a smal) scale experiment. 


Conclusion. 


The effect of surfaces on an explosion bubble has been shown to be due to two principal 
causes, Viz., the velocity imparted to the water near the bubble by the image sources, and the 
pressure gradient set up in the water by the image sources. It is found that to calculate the 
effect it is necessary only to calculate the space gradient, along the axis of symmetry, of the 
velocity potential due to the image sources produced by a unit source at the explosion centre. 

A simple formula, equations (11) or (12), then enables the displacement of the bubble in the first 
oscillation to be palates These displacements are almost independent of depth. A table of 
values of the coefficient ge in equations (11) and (12) is appended for convenience. 
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APPENDIX, 


Table of Coefficient, 


= Sas ta aE IL od a 
| o¢ at bubble 


Nature of Surface Dimensions Distance of Bubble Centre 
x centre 
d 
Rigid Infinite Plane - from bubble to plane - a. 
ud 
d 
Rigid Sphere (4) Radius R bubble to sphere centre 2 SSS 
d 
Rigid Sphere with centre d 
in Infinite Free surface Radius R bubble to sphere centre +, 
ud 
@ 2 
Rigid Infinite Cylinder (5) Radius R bubble to cylinder axis | s oa 
“Rigid Infinite Cylinder with d 
axis in Infinite Free Radius R bubble to cylinder axis +4 - 


Surface (5) 4d 
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Summary, 


The work described by Taylor and Davies (1) is extended to volumes of gas of the order of 
gallons. The necessary large volumes of gas were obtained by overturning a bucket under water and 
by 4 ounce charges of burning cordite. The resulting bubbles were photographed in the glass-fronted 
tanks of the M,A.E. Establishment at Glen Fruin. The relation u = Len Vga between velocity and 
radius, found experimentally and theoretically by Taylor and Davies, was confirmed for bubbles with 
cap radii of up to 15 cm., and it was concluded that such bubbles are near the limit of stability. 


The work appears to be in general agreement with existing knowledge of the behaviour of the 
gaseous products from very deep explosions. It is concluded that the bubbles from such explosions 
break up into comparatively small fragments, once the oscillation has ceased, 


An attempt is made to improve the theoretical solution of the hydrodynamic equations found 
by Taylor and Davies, but it appears that the convergence of the method is rather slow. 


Introduction. 


The work described in this report was carried out in continuation of that by Taylor and 
Davies (1). The largest volume of gas used by them was of the order of 100 cc., and it was desired 
to extend the work to much larger volumes of gas to gain a more complete idea of what happens in the 
final stages of an underwater explosion. Thus, the volume of gaseous products released from one gram 
of Amato] (neglecting water) is given by Taylor and Davies as 650 cc. Thus we conclude that an 
ounce of explosive will liberate roughly four gallons of gaseous products at atmospheric pressure. 
in order t& deduce what happens during the final stages of an underwater exolosion, we wish to know 
whether such large volumes of gas can exist as coherent bubbles, or, If not, what is the volume of the 
largest bubble that can exist and rise through the water without breaking up. 


Methods of carrying out the Trial. 


The relative fragility of the glass windows in the Glen Fruin tanks prectuded the use of any 
form of high explosives and therefore two alternative methods were employed. 


(a) The method described by Taylor and Davies (1) was tried on a larger scale. A bucket 
(capacity 34 gallons) was lowered upside down to the bottom of the tank, a sinker being 
attached to the handle. A smal) out-of-balance weight (4 lbs.) was attached to the end 
of a short lever pivoted at the bottom of the bucket. While the bucket was being lowered 
this lever was supported by a string, and the bucket remained inverted with the air trapped 
underneath it. when the string was released the lever fel) to a horizontal position and 
the out-of—-ba.ence weight tipped the bucket upwards “emptying out" the air. 


(bd) 4 ounce burning cordite charges were ignited electrically by means of a "puffer™, Two 
types of container were used, a “pill—box" type of bakelite container which broke easily 


when the charge was fired, and a stout brass cartridge-case the only exit from which was 
a hole of 1" diameter. 
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The resulting bubbles were photographed by cine-camera (16 frames/second nominal speed) 
distances being determined by comparison with the edaes of the panes of glass (2+ feet), and the mesh 
of the protective wire-netting inside the tank (3 inches). The time-scale was established by 
photographing dials driven by a phonic motor controlled by a tuning fork. 


Description of Bubbles. 


The out-of-balance couple on the bucket had been adjusted in pretiminary experiments near the 
surface of the water, so that all tne air was “poured out" simultaneously. \f the couple is too 
small, the air escapes in the form of small bubbles, while if it is too large the bucket goes beyond 
the vertical before all the air can escape. ~ when the weight was properly adjusted, the air "poured out* 
caused a considerable upheaval and "whitening" of the water, similar to the "plume" from a deep 
explosion. When the bucket was 10 feet or more below the water surface, it was found that the air 
came up as about 4 - 10 large bubbles and a large number of smaller ones. The disturbance produced 
at the surface was very slight. It was concluded that the original large bubble had broken up. 
when the experiments proper were begun in the glass—fronted tank it was found that the large bubble 
broke up almast immediately into a small number of targe bubbles and a multitude of very small ones, 
All the large bubbles were of the characteristic "mushroom" shape described by Taylor and Davies (1) 
and rose at speeds of tne order of 2 feet per second, Some were observed to break up as they floated 
upwards and it was also thought that some were colliding and coalescing, but the latter impression 
provided, on examination of the films, to be a mistake. Two’ bubbles sometimes settled down intc an 
apparently stable configuration, one below the other, but with axes of symmetry offset, and rose 
together. No larger complexes were seen. 


The bubbles produced by the burning cordite were very similar tc the air—bubbles, and the 
general sequence of events seemed to be very much the same. {t did not appear to make any difference 
to the general nature cf the phenomena whether the cordite was fired in the easily breakable pitl—box 
cr the strong cartridgecase. Indeed, one of the largest bubbles cbtained in the trial was cbtained 
in the latter circumstances, which one wculd think were the most unfavourable. Some Close-up 
photographs were taken in the smaller tank at Glen Fruin in order to get the earlier stages of bubble 
formation in mere detail, but the earlier stages were cbscured by what appeared to be a cloud of small 
bubbles. A few photographs were taken from above of a bubble "breaking surface" but exhibited no 
feature of interest. The surface phenumena were confined to slight ripples (Figure 1(b)). 


Two features noticed by Taylor and Davies (1) were apparent in the records. First, the bubbles 
are often “lop-sided," i.e. not perfectly symmetrical about an axis, the "lopsidedness", when it exists, 
often persisting throughout the life of the bubble; secondly, in many of the records, there is an 
indication of a wake lying approximately in the sphere of which the bubble is a cap, similar to the 
effect shown by Taylor and Davies (1) in Figure 1 of their report. in our case the existence of a 
wake is suggested by clouds of smal) bubbles following each large one (Figure 1i(a)). 


Analysis of the Records. 


The trajectories of 31 bubbles of various sizes were plotted. within the errors of the 
experiment the velocities were all constant in time, in spite of the fact that the depth of water was 
33 feet so that the bubbles must have expanded to twice their volume during the rise. A few of the 
trajectories showed indications of a slight oscillation (too smal] to measure) about a mean velocity, 
but there was no definite upward or downward curvature. The images of the bubbles were somewhat 
blurred, but in some cases it was possible to estimate the radius of curvature of the upper cap of 
the bubble, in order to check up the relation u = 2/ Vea found by Taylor and Davies (1) for their 
smal] bubbles. The blurring of our images may be due to the condensation mist on the glass panes of 
the tank, which was difficult to remove completely. 


The radius of curvature was measured by projecting a magnified image of the bubble on to 
Squared paper and estimating the radius from the length of the chord and the distance from the chord 
to the top of the bubble. Owing to the blurring it was not possible to say how nearly the bubbles 
are to parts of spheres, but it appeared that the departure was not great, and that the estimates of 
the radii should be accurate to 20%. The radius was measured at several different points cn each 
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trajectory and a mean taken. The results are plotted in Figure 2, together with Taylor and Davies’ 
points. In one film the time-scale was uncertain, and the points obtained from it are shown 
separately on an arbitrary velocity scale. They have been included because one of these points was 
from a double bubble of the kind described above. The results indicate that its upward velocity is 
definitely less than that of a single one of the same mean radius (Figure 3). 


Leaving this doubtful film out of account it will be seen that the remaining 11 points agree 
with Taylot and Davies’ relation within the experimental error. Taylor and Davies' values for the 
radii of the caps of the bubbles extended from 2 cm. to 6 cm., while ours extend from u cm, to 15 cm 
The question of the stabllity of bubbles of various sizes was examined by measuring the velocities of 
9 bubbles that ultimately split up, but no correlation between velocity and stability could be traced, 
the bubbles appearing to split at all velocities in the range studied. This seems to indicate that 
we are near the limit of stability, which is perhaps fixed by the relative importance of surface 
tension and hydrodynamical forces. By tending to keep the surface small, surface tension would act 
as a stabilising influence, but would become less important for larger bubbles, Taylor and Davies 
(1) mention that conditions had to be adjusted carefully tu obtain their bubbles. This agrees with 
what we have found with our rather larger ones. 


if this interpretation of the results is correct, it would seem that the final upward velocity 
of the products of an explosion, after the oscillations have ceased, and the bubble has broken up into 
small ones, is of the order of 2 - 3 feet per second, compared with 17.2 feet per second inferred by 
Taylor and Davies for a 300 1b. charge on the assumption that the explosion products remain‘as one 
bubble. 


it is perhaps worth mentioning that the rate of rise of bubbles of exhaust gas from a torpedo 
is known to be of the order of 2 feet per second (again of the same order of magnitude). 


Theoretical Considerations. 


Although it is clear from Taylor and Davies’ and our photographs that these bubbles have a 
wake, the motion of the remainder of the water is probagly irrotational and it is of interest to 
examine whether there are any solutions of the hydrodynamical equations which enable the velocity 
and pressure conditions to be satisfied along a cap of a sphere of limited angle. A start on this 
problem is made by Taylor and Davies (1), who show that the ordinary solution for a sphere ina 
uniform stream satisfies the conditions for continuity of pressure as well as velocity as far as tems 
involving 62 (where 9 is the polar angle referred to an axis through the cap of the bubble) provided 
that velocity and radius are connected by the relation U = oy Vga which has been confirmed 
experimentally. If we take a more general velocity potential of the form 


i) oh) + 10089 . yr cos G, 
te If 


representing a combined source and dipole in a uniform stream, it is possible to satisfy the continuity 
conditions as far as terms involving oe", provided that we assume that the profile of the cap is of the 
form R=a+ Do 624 bp”. (It is unnecessary to introduce odd powers of 9), alternatively, if we 
assume A, zero, so that the bubble behaves as a simple source rather than as a dipole source, we can 
still satisfy the equations as far as terms of the order 62, The various solutions are tabulated 

in Table 1. 


TABLE 1. 


Taylor and Davies 


Source in stream 
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The last column is obtained by putting in the radius of curvature of the cap at its top point inste 
ofa. By the usual formula we have 


departures from the spherical shape of the cap. (It is known that the virtual mass of an ellipsoi 
of given volume is sensitive to the exact shape of the ellipsoid), 1t would therefore seem that 
one would have to go to high powers of &, and introduce a correspondingly large number of spherical 
harmonies in the velocity potential in order to determine the exact theoretical shape. tt is 
probable that one ould obtain a multiplicity of solutions, and one would then have to determine 
which are stable by assuming small perturbations. Asa matter of fact, substitution of the apparel 
better solution (3) for (1) would worsen the agreement with experiment. ; 


We have introduced a certain degree of arbitrariness by the fact that the origin of 
co-ordinates is unspecified. The same profile might be specified in quite different ways (as a 
function of 9) for different choices of origin. It will, in fact, be noticed that the discrepanci 
between the various values of uM ge are much smaller than those between the various values of UW 
so that it may be that the three solutions we have found are all really first approximations to t! 
same actual profile. These points seem well worth further investigation, but it has not been 
thought advisable to hold up the issue of the report as the investigation would be lengthy. The 
profiles corresponding to the various solutions are plotted in Figure u, {t might be thought that 
it would be an easy matter to decide experimentally bDatween them, but even curves 2 and 3 can be 
Drought nearly into coincidence over the relevant range of angles (about 60°) by shifting the ori 
co-ordinates, and choosing the scale so that the radii of curvature of the caps are the same. 


Conclusions. 


Taylor and .avies' formula relating upward velocity and radius has been confirmed for radii 
up to 15 cm., which is probably near the limit of stability. The available evidence suggests that, 


after an underwater explosion bubble has ceased oscillating, it splits up into many small bubbles of 
about this order of size. 


Reference. 


(1) The rate of rise of large volumes of gas in water. Taylor and Davies. 
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TYPICAL PHOTOGRAPHS OF RISING BUBBLES. 


BUBBLES FROM CORDITE CHARGE SHEWING WAKES. 
(SIDE view). 
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THE ATTRACTION OF AN UNDERWATER EXPLOSION 
BUBBLE TO A RIGID DISC 


A. R. Bryant 


February. 1945. 


* * * * * * * * 


Summary. 

The attraction of an explosion bubble towards a rigid disc has been calculated for two 
important cases, viz. (1) the disc fixed, (2) the disc moving along the line jotning disc and explosion 
centre. The case in which only part of the disc is moving has been treated in an Appendix. 


For the fixed disc the attraction falls off more rapidly with distance than the attraction of 
an infinite rigid plane, At one disc radius the attraction is one half that of the infinite rigid 
plane at the same distance. At one disc diameter the attraction is one seventh that of the infinite 
rigid plane. 


The attraction of the moving disc depends on both its velocity and acceleration. That part 
of the attraction which is due to its motion falls off more rapidly with increasing distance than the 
part due to its rigidity. 


It is suggested that the attraction of a bubble to a rigid disc is a reasonable approximation 
to the practical case of a target like a Box Model. It is pointed out that the motion of the Box Model 
as a whole due to the explosion pressures may have an appréciable influence on the displacement of the 
Dubble. 


Introduction. 


In considering the damage to finite targets caused by underwater explosions it is desirable to 
calculate, at least approximately, the displacement of the bubble towards or away from the target. 
So far the only finite rigid surface whose attraction has been calculated is the sphere. For targets 
like the D.N.C. box model, or the "drum" model used in the U.S.A., where a target plate is surrounded 
by a rigid "skirt" or baffle of finite extent, it is suggested that the attraction of an explosion 
bubble to a rigid disc would be a better approximation to the experimental conditions than the 
attraction to a sphere. The problem of a rigid disc is treated in the following note. 


The following assumptions have been made:- 
(1) The bubble remains spherical throughout its motion. 
(2) The maximum radius of the bubble is small compared to its distance from the disc. 


(3) The velocity of displacement of the bubble is small and its contribution to the 
attractive forces is neglected. 


the Attraction of an Explosion Subble to a “ixed Rigid Disc. 


The method of calculating the attraction of a fixed rigid disc is as follows. A point source 
of unit strength is placed at the explosion centre. A potential Pz is found which, when added to the 
potential Py due to the point source, gives the correct boundary condition over the surface of the 
disc, This potential may be regarded as due to image sources "induced" by the original point source. 
The required "attraction coefficient" is then the value at the explosion centre of the space gradient 


=) » where x is positive in a direction away from the disc along the axis of symmetry. It was shown 
x 


in an earlier paper* that the velocity of the bubble towards the surface at any time is the product 


of two ...6. 


"A Simplified theory of the Effect of Surfaces on the Motion of an Explosion Bubble." 
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of two factors, one the “attraction coefficient" 9 fy, which is a geometrical factor, and the other- 
x 


an integral expression involving the radial motion of the bubble and independent of the geometry of 
the surfaces. 


The Velocity Potential Equations. 


The most suitable co-ordinates in which to solve the problem are oblate spheroidal 
co-ordinates r, s, Wi, as shown in Figure 1. AB is the disc, radius c, and A, B, are the foci of 
the confocal oblate spheroids, r = constant and the hyperboloids of one sheet s = constant. OP is 
the axis of symmetry, and the explosion centre is at X an this axis, distance d from the disc. it 
is Convenient to choose o< r<™, so that s varies between - 1 and + 1, This choice makes the s 
co-ordinate continuous in the region of the fietd. It is to be noted that s changes sign on passing 
through the disc. 


The relationship between the spheroidal co-ordinates r, s, and cylindrical co-ordinates x, 9, 
origin at o and the x co-ordinate positve in the direction of OX, is 


x = crs (1) 


e [(1 + r2)(1- s4)]* (2) 


p 


Since the problem is entirely symmetrical with regard tow it will not appear in the equations. 


The disc AB is thus the surface r = o. Denoting the potential due to the pvint charge at 
XKaa= Thy Se 1 W = o) by Dy we have® 


ee a (3a) 
¢, = ie (2rs472)) Pe (ite) Qua(tin)/ipeal(s) eas (3b) 


Where ie and OF are the Legendre functions of the first and second kind, and i =V-1, 


To this must be added a potential @, which satisfies Laplace's equation, vanishes at infinity, 
and has no singularities in the region of the field. Thus 


xc 


od. _ 


5 AP. (s) 0, (ir) (4) 


no " 

The potential P= d, + PB, has to satisfy the condition that at the disc, i.e, the surface r =o, 
its gradient normal to the surface is zero, since the disc is both rigid and fixed. This gives an 
equation from which the ccefficients A, may be determined. Thus 


wo . 
a {a, one Giz) t (an + 1) Q, (ir) pst (ir)} 2 @) = 6 (5) 
for t= oc 
whence 
= 2 
A, Sire (ents) Quins) n odd 
= 0 n even, 
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Static and Dynamic EJectricity. Smythe, McGraw Hil? 1939, p.165. It may be verified that 
the potentials given in (3a) and (30) satisfy Laplace's equation in these co-ordinates, and 
reduce to Heine's expansion of er tT or ace respectively, along the axis of symmetry 


s = 1 (see Whittaker and Watson, 4th Edition p.322). 
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(it is to be noted that the function Q, has a branch line along the real axis between -1 


and +1, and that the value of Ry (ir) at r= 0 is really the limit of Bi (15), as & tends to zero 
through positive values). 


The desired potential due te the "induced" images is therefore 


foo} 
Sod (ir) (ir) (s) (6) 
Ba ala ee pt ) | Shay 20 Orin eta) 
The “attraction coefficient" of the disc is oo, = 2 og, at s=1landr= Te) = SS i.e, 
Ox or 
at the explosion centre X. 
ae, zi = (i ( 
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Equation (7) may be put in finite form as follows. 


Heine's development of 1/t-z is: 
(Whittaker and Watson, p.321) 


— -5 (2n + 1) P, (z) Q, (t) (8) 


The series in (8) is valid for all points z lying inside an ellipse in the complex plane 


Passing through t and with foci at +1. Changing the sign of z throughout and subtracting this new 
expression from (8) gives 


2 t 
eee ee 


Dividing both sides by -2 (t - 2)’, and integrating both sides with respect to z from —1 
to +1, yields 


(By A (i) esos agi ie ee Crd AL 
= (um + 3) 0, + 1 Voi + ai = 73 dis Ramen. 


2 
Lchat 
= -4 ios) eR (9) 


t= +5) 


Since the reversal of the order of integrating and summing may be justified for all values of 
t not on the branch line of the Q functions, i.e. the portion of the real axis between -1 and +1. 


Finally, replacing t in (9) by (ir). and taking only the principal value of the complex 
logarithm in (9) as necessitated by the boundary condition at the surface of the disc, equation (7) 
for the “attraction coefficient" of the fixea rigid disc becomes 


pee’ =) oe OUT an eae ee 0 
Ox 2 (10) 


where r= d/c 


It may be verified that as d tends to zero, the attraction coefficient in (10) tends to -1/ud?, 
the attraction coefficient for an infinite rigid plane. Recapitulating the resutt obtained in R.R.L. 
Note ADM/210/ARB, the velocity U of the bubble towards the disc is therefore 


a¢, AB cl San sz 
ax. at X {ats-§ J care a| (11) 


Where a is the radius of the bubble at time t, and 0¢,/0 x is given by (10), 
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Comparison of Fixed °igid Disc with Infinite Rigid Plane. 


In Figure 2 the “attraction coefficient" (10) for a fixed rigid disc has been divided by -1/ud?, 
the value for an infinite rigid plane, and plotted against Garo d/c, tt will be seen that the 
attraction of the disc is always less than that of the plane and falls off quite rapidly with increasing 
distance. Thus, for an explosion bubble at a distance of one disc radius the attraction is only half 
that for the infinite plane at the same distance, while the fraction is one seventh at a distance of 
one disc diameter. 


The Attraction of a Moving Rigid Disc. 


The extension of the foregoing to the case of a rigid disc moving with velocity v along the axis 
of symmetry, i.e. towards or away from the explosion centre, will now be made, The co-ordinate system 
is fixed in space and the surface r = o is made coincident with the disc at the instant considered. 


The vetocity potential due to a disc of radius a moving along its axis with velocity v away from 
the explosion centre at r= d/c is 


gd = = % (ir) s (12) 


If this is added to p= D, + d, the complete velocity potential for a moving rigid disc and a unit point 
source is obtained. Since this added potential is independent of the strength of the source the 
analysis given in R.R.L. Note ADM/210/ARB must be modified stightly. Pressure gradients and velocities 
along the axis of symmetry will be additive so that the drift velocity or displacement of the bubble 
due to the motion of the disc may be calculated separately and added to that due to a fixed rigid disc - 
equation (11). 


Following the physical arguments of the above mentioned paper the effect of this added velocity 
potential is two fotd. First, the motion of tne disc imparts a drift velocity re) p,/8 x towards the 
disc to the water in the neighbourhood of the explosion centre, Second, a pressure gradient 


ef OS 
ox \ ot 


is set up in the water in the neighbourhood of the explosion centre and this gives the bubble a drift 
velocity towards the disc 


t od 
2 C) tala 3 dt 
2 J, ox ot EB 


Adding these two drift velocities, separating out the geometrical factor, and inserting the value of 
5 from (12) gives for the drift velocity U™ of the bubble towards the disc due to tne disc's motion. 


suit least iis ae Lan RLY A ea ate ont 
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where r= dich 

og 1 3% 
since 5 = ae Sure along the line s = 1, i.e. along the axis of symmetry. 
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For convenience of use the geometrical factor in the first bracket in (13) has been plotted 
in Figure 3. It will be seen that the influence of the motion of the disc falls off more rapidly with 
increasing distance than the attraction due to the disc's rigidity. 


If the acceleration dv/dt is a constant independent of time it may be removed from the integral 
in (13). This integra) is now the same as that occurring in the equations of motion of the bubble 
under the influence of gravity and in the absence of surfaces; in fact the velocity and displacement 
of the bubble gue to the acceleration of the disc are a constant fraction k of the velocity and 
displacement of the bubble under gravity, where 


kK = seccee 


= 449 


=), dv 
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a is the factor in the first bracket in (43) which has been plotted in Figure 3. 


Application to ®ox Yodel Experiments. 


In Box Model and similar experiments where the target is slung in such a way that it is free 
to move as a whole under the influence of the explosion pressures acting on it, the effect of such 
movement on the dis placement of the bubble may be estimated by means of equation (13). The following 
approximate numerical example suggests that this effect may be of real importance. 


The area of the target plate and "skirt" of the R.R.L. box model fs 5 square feet, i.e. for 
the purposes of using equation (13) the equivalent disc would have a radius of 1.25 feet, Consider 
the case of a 1 oz. charge, 3 feet deep, fired at a distance of 1.5 feet from the target plate. it 
will be supposed that the effect of the explosion pressures on the box model as a whole is to give it 
an initial velocity away from the explosion centre which ¢s rapidly reduced to zero by the drag forces 
in the water. 


It is not practicable with present knowledge to calculate the initial velocity and the deceteration, 
but in order to estimate the importance of the effect arbitrary values will be assumed, Let it be 
assumed that the box model is brought to rest by the drag forces with a uniform deceleration of 4g, and 
that it comes to rest in 50 milliseconds. This corresponds to an initial velocity of 6.4 feet/second 
and a total displacement of the box of 1.9 inches. These two latter figures do not seem unreasonable 
for a box model slung at the same horizontal level as the charge. 


The displacement of the bubble due to the motion of the box model alone may be calculated from 
(13). The overall displacement is away from the box and is found to be afproximately one half the 
rise of the bubble under the influence of gravity at the end of the first oscillation, i.e. it is 
displaced about 5 inches. 


Strictly speaking equation (13) only holds for cases where the maximum bubble radius is smal) 
compared to the distance from the disc, anc this condition is considerably exceeded in the numerical 
example above. The example does, however, Suggest the desirability, either cf measuring the overall 
movement of the tox model so that this effect may be estimated, or of fixing the box model so rigidly 
that the effect becomes negligible. 


Conclusions. 


(1) The attraction of a fixed rigid disc for an explosion bubble has Ceen calculated and is found 
to decrease rapidly with distance. If the explosion centre is one radius distance from the 
disc the attraction is one half that of an infinite rigid wall at the same distance. Ata 
distance of one disc diameter the attraction is only one seventh of that due to an infinite 
wall at the same distance. 


(2) The attraction of a rigfd disc moving towards or away from the explosion centre has been 
calculated. The effects due to the motion of the disc fall off with increasing distance more 
rapidly than the attraction from a stationary rigid disc. Both the velocity and the 


acceleration of the disc give terms in the equation for the velocity of the explosion bubble 
towards the disc. 


(3) It is pointed out that in experiments with box models or similar targets with flat plates 
Surrounded by rigid flanjes the foregoing analysis is relevant. In particular the motion 
of the Dox model as a whole due to the explosion may have an appreciable influence on the 
displacement of the explosion bubble. 


Appendix ..... 
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APPENDIX. 


The Attraction of a Rigid Disc of which Part 1s Moving. 


The attraction of a rigid disc of which the centre portion moves with a given velocity while the 
outer annulus remains fixed is of some practical interest as being rather Vike the case of a fixed rigid 
box model with a rigid "skirt" in which the target plates moves as a result of the pressure in the water. 
This case will now be solved formally, thought it has not been found possible to reduce the solution to 
a simple finite form suitabl> for computation. The case where the rigid “skirt” extends to infinity has 
been treated by Temperley. 


Let the velocity of any point of the disc be v. Only the case of radial symmetry is considered 
and over the surface of the disc r = o, the other spheroidal co-ordinate s is a function only of the 
radia) distance p of the point from the axis. The relation is 


fy = eo lisveecta ie 


Hence if v is a given function of g it may be written as a function of s and, with the usual restrictions 
on the form of the function, may be expanded in a serics as follows. 


co 
sv = sf(s) = 2 a, P, (s) (14) 
1 
where a, = See Se t f(t) Pp. (t) dt (15) 


The potential dy fits the boundary condition that the normal vehocity over the surface r =o 
is everywhere equal to v is 


z < (ir) p(s) 
dy = ic a Pus 
nro aE (ina) FS 


This potential is to be added top= d, + G, to give the complete potential for the disc and the 
unit point source. The "attraction coefficient” in equation (13), i.e. the term in the first bracket, 
js replaced in this case by 


z=) ay iy cigs 
Ox /at X 6 OF ate = dic = ire, s=1 
By eni th Mie) (17) 
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The special case of a piston of radius R moving with velocity v in a fixed finite circular baffle 
of radius c is given by 
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Fig.4.SPHEROIDAL CO-ORDINATES 
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THE EFFECT OF AN ADJACENT DEFORMING TARGET 
UPON THE BUBBLE DUE TO A SUBMARINE EXPLOSION 


Lil. G. Chambers 


November 1946 


Summary. 


Reference is made to previous work on the sudject. An alternative theory is put forward 
to account for discrepancies which have arisen in Box Model work and calculations are described 
based on certain Box Model shots and discussed. It is concluded that the effect of the rigidity 
of the target on the bubble is small and may, in general, be neglected, 


Notation and Symbols used. 


The suffix 0 indicates values at t = 0. The quantities are non-dimensional, being defined 
in terms of the units introduced by G 1. Taylor in the report "Vertical motion of a spherical 
Dubble and the pressure surrounding it" 


= radius of bubble, assumed to remain spherical. 

= equivalent radius of plate. 

= an explosive parameter. 

= depth of centre of bubble below target. 

central deflection of target. 

= a constant of integration, chosen to satisfy the initial conditions. 
= time. 

= velocity of bubble =-% 
= upward velocity of centre of plate. 

= depth of bubble below virtual surface. 


(eh Ss TS} tap ee Se TeX Con fer fs 
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Introduction. 


it is well known that the mechanism of damage due to an underwater explosion is extremely 
complex, even in the comparatively simple case of a single plate rigidly clamped at its edges, and 
that the phenomena involved are many - for example, the elastic properties of the steel, the 
occurrence of cavitation either at or away from the steel-water interface, and lasily the effect 
of the motion of the gas bubble, It is with this last phenomenon that this report is mainly 
concerned. 


|t has been shown by Conyers Herring and by others, that the bubble is liable to migrate, 
the nature of this migratio depending on the nature of adjacent surfaces. On the whole, the 
bubble is attracted by a rigid surface and repelled by a free surface, although there is initially 
a repulsion away froma rigid surface. Thus, for a given charge and distance, there may be a 
particular strength of plate such that the bubble migration is negligible during the very 
important first oscillation of the bubble. 


if the plate was weaker than this, the net effect would be a repulsion, so that the first 
minimum of the bubble would occur farther from the plate than the original explosion. If the 
plate is stronger, the net effect would be an attraction, which increases rapidly as the distance 
from the plate decreases, so that the first minimum of the bubble would occur very near to, or 
even in contact with, the plate, and might thus give a large contribution to damage, while the 
contribution in the repulsive case would be negVigible. 


It was found that in certain Box Model shots inconsistencies arose and this was thought 
to be due to some intrinsic instability in the dependence of the bubble movement on the movement 
of the plate. Thus in considering the attraction of the bubble towards the target, it is 
desirable to know whether the motion of the target plate in the baffle effects the bubble or 
whether we can assume with sufficient accuracy the target plate to be rigid. 
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A difficulty is encountered as water is compressible. This question was attacked by 
first considering the plate tc start at rest and secondly by considering the plate to be given an | 
impulsive velocity equivalent to the experimentally measured impulse per unit area due to 14 1b. 
of T.N.T. In this case the motion of the Box Mcdel plate was subject to the following 
assumptions:- 


(a) The "skirt" of the Box Model was assumed to be an infinite wall. 


(b) The tension of the plate, during the process of stretching, waS assumed to be 
constant at the yield point, the plate being represented as a piston backed by a 
spring closing hole in an infinite wal}. This representation was deemed to 
hold after the stretching when elastic recovery makes the plate move out again. 


It was concluded by Temperley that a deformable structure may act either as a free surface 
or as a rigid surface, and also that the nature of the effect may be reversed during the interval 
of the experiment. The valid objection has been made against this treatment that effectively 
the whole infinite baffle is moving. An alternative derivation of the equations of motion, due 
to Temperley is presented here, together with a discussion of the results of integrating the 
equations in two Cases. 


Theory. 


The target is treated as a fixed rigid plate and the motion of the taraet plate is allowed 
for by introducing at its centre a simple source whose strength is cnosen so that the flow through 
a hemisphere with centre at the source is equal to the volume actually swept aut by the target. 


The conditions of ccntinuity of pressure and velocity at the gas-water interface give, 
cn equating terms independent of cos @, and terms in cos @, respectively. 


a ae Oz ane 2 a2 yy eaunaeaian 
oe Bed goa 
and z= sus ais Se 4 2 a 
(2) - 22 (av + av) 


where Taylor's units are used throughout. 


To aid in the computation we form a pseudo-energy equation. This is derived by 
multiplying (1) by 477 aa, and (2) by 37 a’z, substracting and integrating the resulting 
equation with respect to time. We cbtain 

3:2 


; 3 aes 
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We may note in passing that (a) presents several interesting features. It is, in fact, 
similar to equation (2) of the report "Vertical motion of a spherical Dubble and the pressure 
Surrounding it". The radial kinetic energy is increased by a factor (1 + ) due to the rigid 
surface as pointed out by Conyers Herring. The cross product a z does not occur in equation (2) 
of above mentioned report which is a true energy integral. k is not equal to unity, being 
analogous to the total energy of the systom, which includes an unknown amount of energy in the 
moving target plate system. 


Putting ..... 
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Putting (2) in the form 


2 gine. 
3 d 3 Bawred 3. 3Za"b” 9d 
re 2 oo“ ibe) + =, -- (aca) — ay (av) 
6) dt ud dt 2d at 


we note that putting the left hand side of (@) equal to zero gives the case of zero gravity. 


Also we have 


Ga a)-oot% 
dt 


This assumes that d is measured from the centre of the bubble to the centre of gravity 
cf target plate, It might be more consistent with the other assumptions to measure d from the 
initial position of the plate, in which case & (d-z) = 0. The values of d obtained from the 
two assumptions only differ by Sg V dt which is never more than a few inches, and since the 
other two equations only involve d itself, and not its derivatives, the difference between the 
two assumptions is small. 


Experimental Data. 


Fortunately there became available records of the 80x Model shots detailed below. 
The diagrammatic set-up is as shown in Figure 3. In the actual calculations the set-up was 
simplified to the case of Figure 4. It was assumed that the mutual effects of the target and 
bubble would be the same whether the target was above the charge or to its side, The canditions 
of the experiments were:- 


Test 48; Depth of charge = 5 feet. 
Stand-off = 2 feet. 
Charge = 1 oz. of T.N.t. 
Test 50: Oepth of charge = 5 feet. 
Stand-off = 24 feet. 
Charge = loz. Of ToNat. 


In both cases the equivalent radius of the plate was 8.25 inches. For this charge the 
Taylor unit of length is 5 feet, and the Taylor unit of time is 0.394 seconds. 


Description of Tables. 


The integration of the equations derived in paragraph 3 were carried out under the 
following conditions:= 


ay = 0.016 
Zo = 7.6 
(3) a (3) 26 
at Fr at b 
c = 063 
D = els 
k = 1.4006 
There were four cases. 
Table 1: dn = 40 a) v=0 
B) v from Test 48 
Table 2: dy = oo! a) v=0 
8) v from Test 50 


The values of v used in cases 18 and 2G were derived from smoothed graphs of the deflection 
time curves, 
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For the purpose of computation, a variable x was introduced, defined by:— 


t dt 
Xo LO ar ies 
le} a?! 2 


In fact, in the Tables the quantities involved are defined in terms of equal intervals of 
x, which obviously increases continuously with values of t, although the corresponding values of 
t are given. The computations were carried out to the point where the equations ceased to have 
any physical meaning owing to the radius of tne bubble becoming greater than the distance from 
the model. (in the case of ‘test 50, this happened just before the first minimum of the bubble 
and the equations would have broken down in any case). As regards the accuracy of the solutions, 
the following should be noted:- 


(a) 4 warning must be given about the interpretation of the computea figures. 
In some cases more figures than are justified have been retained in order 
to keep a fixed number of decimals. The computer is fully aware of this 
and precautions have been taken accordingly. 


(b) It is realised that 4 decimals in a and z are meaningless but it is 
essential to keep this number of figures in order to comprehend the full 
behaviour of the solution and to understand the structure of the differential 
equations. No great pains have been taken to maintain this accuracy, though 
owing to the inherent stability of the equation for a, the last figure should 
be reasonably good, even to the end. 


The tables give - for the rigid case a, t, z, and — for the case where there assumed to 
be a source a, t, z, h, V. 


Discussion of Results. 


It will be seen by reference to Tables 1 and 2 and Figures 1 and 2 that the actual effect 
of the plate motion on the bubble appears to be fairly small. In fact from Figure 1 it appears 
that the effect of the mobitity of the plate has not appreciably affected the depth of the centre 
of the bubDie. This may be due to the fact that over the greater part of the period under 
consideration, i.e. from t = .02 to t = .17, the motion of the plate is comparatively small, the 
bubble being fairly large over this time. As is well known, the bubble acquires momentum, chiefly 
when large, and at this time the plate is practically stationary. The motion of the plate has 
little effect on the radius. The maxima occur as far as can be seen practically at the same time 
and the maximum radius is diminished by about 2% by the plate being assumed to be non-rigid. 


In both cases the bubble begins to flatten itself against the target before the minimum 
is approached although at this time the approximations coase to be valid in any case. 


Considering Table 2 and its graphical representation Figure 2, it may be seen that, 
although the plate has sprung back, and has even come back beyond its original position, the effect 
on the bubble is somewhat the same as in the case where the plate remained dished inward. 


The differences between the rigid case and the moving plate are very slight, as regards 
the movement of the bubble, and less than the probably accuracy of the theory. This might be 
expected as the subsequent movement towards the plate is governed mainly by the momentum constant. 
This agrees with photographic observations of the bubble moving towards the box mode) when a 
rigid plate theory gave excellent results for both 4 inch and * inch plate. 


{t should be noted that in the actual experiments the Box Model and charge are at the 
same depth, where gravity is approximately cancelled out by free surface and bottom. v 
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Conclusions and suggested further work. 


It ts concluded on the whole that the bubble is not very sensitive to the motion of the 
target plate, tnere deing a slight tendency for the dDubdle to follow the motion of the target 
plate, and for the budDDle not to expand quite as much as it would if the target were rigid. 

It is intended to determine by photography or ctherwise the behaviour of the bubble in two 
experiments, the conditions of which are identical except that the two target plates are of 
widely varying strength, the motion of the plates being recorded and correlated with the 
behaviour of the bubble, 
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x a 
) -0160 
1 20353 
2 0698 
3 21073 
4 014.50 
5 1816 
6 ©2162 
7 22h79 
-2760 
9 2997 
10 «3184, 
14 0 3514 
412 3384 
13 «339 
44. ©3335 
45 3219 
416 3050 
17 2823 
18 22577 
19 2290 
20 


fe) 
36 
156 
424 
870 
4532 
24.24 
3544 
4,884. 
64.32 
8155 
40014 
41954. 
13931 
45886 
17766 
19524, 
21122 
22532 
23734 
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TABLE 4. 


(Test 48. d,, 


7.6000 40160 
76000 20352 
7.6003 +0697 
7.6009 1074 
7.6024 ALLO 
7.6039 1805 
7.6062 22143 
7.6087 24.54. 
7.6110 2729 
7.6123 +2964 
7.6120 23143 
7.60% 3270 


7.6030 +3338 
7.5929 5545 
705783 3290 
725591 3177 
725352 | 3011 
7.5065 +2799 
74-727 + 2548 
74333 22266 

1963 
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NON RIGID PLATE 


Ec ea a 


7.6000 
76000 
7.6002 
7.6006 
7.6018 
7.6044 
7.6066 
7.6092 
766415 
726129 
7.6127 
7.6101 
7.6045 
725953 
7.5820 
7» 56LL, 
752k 
7.5160 
74.854 
7 LL95 
74.078 
7-3593 


+0000 4808 
20010 1243 
+0038 927 
20110 1966 
0184 -237 
20145 -184 
.0138 17 
20150 0 
00137 -28 
20135 -17 
20128 “14 
20127 6 
0434 6 
20131 0) 
20134 ) 
0134 40 
20159 79 
0184. 14 
0167 -6 
0180 14 
-0173 -51 
01614 -28 


———— 
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TABLE 2. 


(Test 50, d = 0.50) 


RIGID PLATE NON RIGID PLATE 


0160 7.6000 7.6000 
0353 7.6000 7.6000 
.0698 7.6002 | . 7.6001 
-1077 7.6006 c 7.6004. 
+4460 7.6014. - 7.6013 
01832 | 1545 | 7.6026 4542 | 7.6030 
-2183 | 2447 | 7.6044 : 24.36 | 7.6048 
-2505 | 3584 | 7.6057 s 3561 | 7.6065 
.2789 49L9 7.6070 : 4909 | 7.6078 
3026 6520 7.6075 < 6459 | 7.6084 
-3210 | 8265 | 7.6066 | . 8178 | 7.6078 
03333 | 10144 76037 140025 | 7.6052 
-3395 | 12096 7.5984. . 41952 | 7.5999 
~3395 | 14078 7.5902 5 13901 | 7.5915 
14. +3333 | 16033 7-5790 3284.) 15817 | 7.5799 | --0025 1 
45 ~3210 i 17909 7.564) 03152147646 | 7.5651 | -.0019 -11 
46 -3032 | 19656 | 7.5463 2967 | 19342 | 7.5470 | --0002 45 
17 ~2800 | 21234 | 7.5247 2734 | 20867 | 7.5252 | .0020 339 
18 -2530 | 22613 | 7.4992 2464 | 22193 | 74987 | 0223 339 
19 .2228 | 23776 74.694 62159 | 23305 |7.4684 | .0192 -3l. 
20 -1906 | 24717 74330 -1840 | 24201 | 7.4319 | .0196 96 
24 -1579 | 25445 | 7.3882 | .1518 | 24889 | 7.38641 | .0211 45 
21.5 21420 | 25735 7.3612 -1364 | 25162 | 7.3584 | .0211 -6 | 
22 1269 | 25984 7.3301 21220 | 2539h | 7.3265 | .0210 -23 | 
22.5 01133 | 26189 | 7.2944 | .1093 | 25590 | 7.2897 | .0209 45 | 
23 | 1019 | 26365 | 7.2534 | .0991 | 25758 | 7.2477) 0207 -62 | 
| 


23.5 20934 | eeotig 7.2075 | .0918 | 25905 | 7.2014 0205 -56 
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Summary. 


Pressure-time curves have been obtained, by means of piezo-electric gauges, at points 2, 3, 4 
and 5 feet above 1 oz. charges of P.A.G. fired underwater at distances from 0 to 3 feet froma rigid 
bottom. The results have been compared with those observed previously with a gravel bottom. 


The shock wave tail was not reduced so much for the charge near the rigid bottom as when it 
was fired near the gravel bottom As before, it was found that lower intensity pulses of unknown 
origin occurred some 4 to 7 milliseconds after both the shock waves and bubble waves, their occurrence, 
but not their form, being independent of the presence of the bottom. 


The forms of the bubble waves with a rigid bottom were similar to those obtained with a gravel 
bottom, but with the charge near the rigid bottom were more intense and of shorter dumtion. Ata 
given distance from the charge the pressures and impulses in both the 1st and 2nd bubble waves, when 
plotted against the distance of the charge from the rigid bottom, nad maxima for some value of this 
distance between 0 and 2 feet. with the gravel bottom this effect was only cbserved for the ist 
bubble wave impulses. whereas for the gravel bottom no second bubble-wave was detected when the 
charge was 1 foot 6 inches or less from the bottum the corresponding distance from the rigid bottom 
was 6 inches. 


The ist bubble period increased as the charge approached the rigid bottom; with the gravel 
bottom the period decreased. 


Introduction. 


The object of the tests was to termine the underwater pressures produced by exploding charges 
near to a rigid bottom and to compare the results with those previously obtained near a gravel bottom. 


Experimental, 


Site;- The tests were made in a concrete tank in a depth of 9 feet 6 inches of water. 
The bottom of the tank was flat and the "rigid bottom" used in the tests consisted of a steel plate 
3 feet square and 12 inches thick placed flat on the bottom of the tank. 


Charges:— as before, 1 oz. charges of P,A.G, were used, detonated by No. 8 A.S.A. detonators. 
The charges were cylindrical in shape with height equ2) to diameter. They were placed with their 
axes vertical and detonated from the top. 


Pressure measurement:— Pressures were measured by means of piezo-electric gauges recording 
photographically ving cathode-ray cscillographs. 


Arrangement of tests:— The gaug@s were suspended vertically above the charge =t distances 
of 2, 3, 4 and 5 feet from it. Tests were made with the charge at distances from 0 to 3 feet 
from the bottom. 
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Results. 


The forms of the pressure-time curves recorded at a point 5 feet above the charge, for various 
distances of the charge from the bottom are shown in Figures 1 and 2; the shock-wave peaks have not 
been recorded and portions of the records between the pulses have been omitted. The records exhibit 
the same general features as those obtained in earlier work where Charges were fired near a gravel 
bottom though there are certain differenves as mentioned below. 


Shock waves:— The recorded parts of the shock waves were similar in form to those obtained 
previously except that with the charge very near to the bottom the reduction in the tail was not so 
Pronounced. a few measurements were made of the magnitude of the peak shock wave pressures produced 
with the charge on the bottom. The results indicated that there was an increase in peak pressure 
above the ‘open water’ value. Further investigations are required to determine more precisely the 
action of the bottom in this case (e.g. to determine whether the charge plus bottom acts as a single 
charge cf greater weight or as two separate charges). 


waves of unkncwn origin:- Pulses similar in form and magnitude tu those observed in the 
earlier tests were recorded some & to 7 milliseccnds after both the shock wave and bubble waves, 
This is further evidence against these waves being produced by reflections from a denser substrata 
Since the two sets cf tests were made at different sites. 


Bubble waves :— In most cases two bubble waves were observed, tn the previous tests, only 
one bubble wave was observed for charge distances of 1 foot 6 inches or less from the bottom, whereas 
here two pulses were recorded at 1 foot from the bottom. At distances of 1 foot 6 inches or less, 
there was a difference in wave form in the two cases, e.g. with the charge fired on the rigid bottom, 
the bubble wave was more intense and of shorter duration than when fired on the gravel bottom. 


The maximum pressures and impulses in the 1st and 2nd bubble waves at points 2, 3, 4 and 5 
feet above the.charge are shown in Figures 3, 4, 5 and 6 for various distances of the charge from the 
bottom. 


The pressures and impulses in the ist bubble waves with the charge 3 feet from the bottom are 
about the same as observed before. The present results, however, show an increase in both pressure 
and impulse with the charge about 6 inches from the bottom. This effect was not previously observed 
for the pressures, but was observed to some extent for the impulses. 


The variations of pressure and impulse in the 2nd bubble waves with distance of the charge 
from the rigid bottom were appreciably different from those with the gravel bottom. Thus Figure 5 
shows that the pressure has 2 maximum value for the charge aDout 2 feet from the bottom and Figure 6 
shows that the impulse has a maximum for the charge about 1 foot from the bottom whereas previously 
both pressure and impulse decreased with distance of the charge from the gravel bottom. 


NO measurements were made of the rise or fall of the bubble. It is proposed to make these 
measurements using ‘he underwater camera, which will also give information on the shape of the bubble. 


Bubble periods:— The periods of the ist and 2nd bubble oscillations are shown in Figure 7 
as functions of the distance of the charge from the bottom. Also shown in Figure 7 is the theoretical 
curve for the 1st oscillation of 1 oz. of T.N.T. neglecting tne effects of the free and rigid surfaces. 
It is seen that the ist period increases as the charge approaches the bottom, until the charge is 
6 inches from the bottom where the period is a maximum. This increase is expected theoretically if 
the bottom behaves as a rigid surface. with the gravel bottom no such increase in period was observed. 
The bubble periods observed here are greater than those obtained in the gravel pit. This mayibe 
due to the proximity cf the sides of the tank tu the explosion 


Conclusions. 


The principle effects observed with the rigid and gravel bottoms are summarised below for 
charge distances of 3 feet or less from the bottom 
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Rigid Dottom Gravel bottom 


Shock wave Some reduction in tail with charge As for Figid bottom but effect more 
near the bottom. marked, 


wave of unknown Occurs at 4 - 7 milliseconds after As for rigid bottom. 
origin shock wave and bubble waves 
regardless of proximity to bottom 


1st bubble wave Pressure a maximum for the charge No maximum. Pressure decreases as 
about 6 inches from the bottom. charge is brought nearer to the bottom, 


Impulse 2 maximum for the charge Indications of maximum impulse for the 
about 6 inches from the bottom. charge about 6 inches from the bottom. 


2nd bubble wave Pressure a maximum for the charge No maximum for either pressure or 
about 2 feet from the bottom. impulse, both of which decrease as the 
charge is brought nearer to the bottom. uy 


(mpulse a maximum for the charge 
abcut 1 foot from the bottom 


No bubble wave for the charge No bubble wave for the charge 4 foot 
6 inches or less from the bottom 6 inches or less from the bottom. 


ist bubble period increases with ist period decreases as distance from 
decreasing distance from the bottom the bottom decreased. 

until the charge is 6 inches from 

the bottom where the period is a 

maximum. 
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Secondary Pressure Pulses Due to Gas Globe Oscillation in Underwater Explosions. 
I. Experimental Data*} 


A. B. Arons,** J. P. StirKo,*** AND A. CARTER 
Underwater Explosives Research Laboratory, Woods Hole Oceanographic Institution, Woods Hole, Massachusetts 


(Received January 13, 1948) 


Pressure waves emitted by the oscillating gas globe in underwater explosions of T.N.T. have 
been recorded at depths great enough to render small the perturbation effects due to migration 
of the bubbles under the influence of gravity. The first eight periods of oscillation have been 
measured and the pressure-time curves analyzed in order to obtain peak pressure, positive 
impulse, and energy flux resulting from the first two pulses. The scaling of pressure pulse 


parameters with charge size is examined. 


I. INTRODUCTION 


1.1. The detonation of an explosive charge 
results in the conversion of the initial solid 
material into a globe of gaseous products at 
exceedingly high temperature and pressure. This 
is followed by expansion of the gas globe and 
propagation of a strong shock wave through the 
fluid medium surrounding the charge. 

In underwater explosions, the succeeding phe- 
nomena are associated with the oscillation of 
the gas globe, which expands to a maximum 
radius and then collapses under the influence of 
the hydrostatic pressure. A pressure pulse (called 
the first bubble pulse) is emitted while the 
bubble is near minimum size, and second, third, 
etc. bubble pulses are emitted as the bubble 
proceeds with successive oscillations. A typical 
pressure-time curve for the entire phenomenon 
is reproduced in Fig. 1. 

1.2. The gas globe produced in an underwater 
explosion tends to migrate vertically upwards 
under the influence of gravity, the migration 
being most pronounced in the interval when the 
bubble is near its minimum radius. In the process 
of migration, some of the potential energy is 
converted into kinetic energy of vertically mov- 
ing water. This energy is not restored to the 
bubble as it collapses, and hence the amplitude 
of the emitted pressure wave is less than it 


This work was performed under contract NOrd 9500 
with the Navy Department, Bureau of Ordnance. 
Contribution from the Woods Hole Oceanographic 
Institution No. 430. 
* Present address: Department of Physics, Stevens 
Institute of Technology, Hoboken, New Jersey. 
4 Present address: Naval Ordnance Laboratory, Wash- 
ington, D. C. 


would have been had no migration occurred. 
This effect does not scale with charge size in 
the same way as other parameters because of the 
constancy of the acceleration of gravity, g. 

From the foregoing, it is evident that the 
pressure pulse will be at a maximum under 
conditions which make the bubble migration 
negligible or cause the bubble to be in a “rest 
position.”’ It is known that for relatively small 
charges a rest position occurs at a certain critical 
depth below the water surface owing to the 
balancing of gravitational effects by the repulsion 
from the free surface. However, accurate pres- 
sure-time measurements under these circum- 
stances are not possible because proximity to 
the free surface causes serious interference from 
the surface reflection of the pressure wave. 

Since migration decreases with increasing depth 
of detonation, it is possible, by performing experi- 
ments at sufficiently great depths, to make the 
migration effects relatively small, or in some 
cases completely negligible, and thus determine 
the parameters of the bubble pulse unperturbed 
by the effects of nearby surfaces and bubble 
migrations. 

1.3. The object of the present investigation 
was to obtain such unperturbed measurements 
in order to test the scaling of bubble pulse param- 
eters with charge size and to obtain better 
impulse and energy flux data than have hitherto 
been available for the stationary bubble. 

Cast T.N.T. was used in three charge sizes: 
0.505 lb., 2.507 lb., and 12.01 Ib. Measurements 


1B. Friedman, “Theory of underwater explosion bub- 
bles,” Report IMM-NYU 166, Institute for Mathematics 
and Mechanics, New York University, September 1947. 
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Fic. 1. Pressure-time record showing shock wave and bubble pulses. Charge: 0.505 lb. T.N.T.; 
Gauge dist.: 2.25 ft. Depth: 500 ft. 


were made at a depth of 500 ft. in water having 
an over-all depth in excess of 650 ft. (For com- 
parison several 0.505- and 2.507-lb. charges were 
fired at 250 ft.) Under these conditions, surface 
and bottom effects were negligible. The half- 
pound charge is deemed to be the smallest T.N.T. 
charge which can be reliably detonated under 
these circumstances. The twelve-pound charge is 
the largest that could be tolerated at a distance 
of 500 ft. below the vessel performing the experi- 
ments; thus, the range of charge size was the 
widest attainable with the available experi- 
mental equipment and with T.N.T. as the 
explosive. 

All pressure-time measurements were made at 
a distance from the charge such that the value 
of W*/R was constant and equal to 0.352, W 
being the charge weight in pounds and R the 
charge to gauge distance in feet. A typical pres- 
sure-time record is reproduced in Fig. 1. Periods 
of pulsation have been measured to the seventh 
and, in some cases, to the eighth bubble pulse. 
Peak pressures, impulse, and energy flux have 
been obtained for the first and second pulses. 


II. PERIODS OF OSCILLATION 


2.1. Theoretical analysis shows! that to a first 
approximation the period of oscillation of a gas 
globe is given by 


T =KW1!3/Z, 51, (1) 


where K =constant of proportionality, W=charge 
weight, and Z)=absolute hydrostatic depth. 

If the energy associated with the oscillation 
were constant (i.e., if there were no dissipation 
or acoustic radiation), the period would also 
remain constant. However, appreciable energy is 
lost, principally in the neighborhood of the 
bubble minimum owing to the emission of the 
pressure wave and other dissipative effects and, 


consequently, the period of successive oscilla- 
tions decreases. A summary of the experimental 
results is given in Table I in terms of the pro- 
portionality constant, K, defined by Eq. (1). 

2.2. It will be noted in Table I that the values 
of K, for the 2.5- and 12-Ib. charges are sig- 
nificantly lower than those for the 0.5-Ib. charges. 
The reproducibility of the period measurements 
and the fact that charge sizes were alternated in 
a definite sequence during the shooting program 
make it very unlikely that the difference is due 
to systematic experimental error in the measure- 
ment of T or Z. The discrepancy can be in- 
terpreted only as a slight but significant depar- 
ture from the ideal cube root law of variation of 
period with charge weight. (Although correction 
has been made for the effect of the tetryl booster 
present in each charge, one cannot be certain of 
the accuracy of the correction, and it is therefore 
possible that the observed discrepancy may be 
due to the relatively larger proportion of booster 
in the half pound charges.) 

Examination of K, as a function of m shows 
that the period drops off sharply during the first 
three oscillations and then decreases slowly but 
steadily in such a way that the results do not 
yield a value of K which could be regarded as 
an accurate limiting value, applicable to the 
ultimate small amplitude oscillations of the gas 
globe. 


III. PEAK PRESSURE: FIRST AND 
SECOND PULSES 


3.1. Peak pressures of the first and second 
bubble pulses are summarized in Table Il. | 

As will be indicated in Section V, the cylindri- 
cal~charges were oriented with their axes im 4 
horizontal plane. Pairs of gauges were placed 
above, below, and to the side of the charge 1 
positions denoted by G1, G4, and G2,3, respec 
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TABLE I. Summary of period constants for T.N.T. T,=K,W1/3/Z,9!6, T,=period of mth oscillation (sec.), W=charge 
weight (Ib.), Z=depth of charge below surface (ft.), Zo=absolute hydrostatic depth =Z+33 (ft.). 


Zz 
(ft.) Ki Ke Ks; 


Period constant, Kn 


Ka Ks Ke Ky Ks 
0.505 250 4.36+.01* 3.14+.03 2.564.02 2.384.03 2.16+.04 2.084+.04 1.96+0.1 — 
0.505 500 4.36+.01 3.064.01 2.51+.01 2.32+.01 2.15+.02 1.97+.02 1.90+.02 1.9.1 
2.507 250 4.27** shill 2.53 2.35 2.25 2.02 1.94 — 
2.507 500 4.26+.01 3.064.01 2484.01 2.314.01 2.174+.01 2.02+.01 — — 
12.01 500 4.294+.01 3.19+.01 2.564.01 2.394.01 2.16+.01 2.04+.01 1.94+.02 1.73+.05 


* The stated error ig the standard deviation of the mean. 


** The error is not indicated since only two shots were made under these conditions. Results of the two shots agreed very closely. 


tively, all the gauges being positioned off the 
cylindrical surface of the charge. It was assumed 
that the difference between the average pressures 
at Gl and G4 was due only to displacement of 
the bubble toward Gi, and the pressure was 
assumed to vary inversely as the gauge to bubble 
distance. This treatment neglects any effects 
resulting from possible asymmetry of the pressure 
field, but it appears to be justified by the fact 
that when pressures at G1 and G4 are corrected 
to the same distance as the G2,3 position, all 
the values agree within experimental scatter. 

The values given in Table II are the averages 
of pressures measured at all three positions and 
corrected (by means of the apparent migration 
result) to the given distance from the center of 
the bubble, R= W?/0.352 ft. 

Because of uncertainty as to the exact location 
of the true base-line of zero excess pressure on 
the individual photographic records, the records 
were read with respect to an arbitrary base- 
line and were then adjusted to the theoretical 
baseline value calculated by means of the theory 


_ summarized by Friedman. This is based on a 


calculation of the negative pressure (below sur- 
rounding hydrostatic level) existing at the time 


_ of the first bubble maximum, and for the condi- 


tions represented in Table II the values are — 80 
and —120 lb./in.2 at depths of 250 and 500 ft., 
respectively. 

3.2. Ideal scaling would require that all the 
peak pressure values at a given ratio of W!/R 
be equal regardless of charge size. Examination 
of Table II shows that this is not the case. 
The principal cause of the observed variation is 
undoubtedly the migration of the bubble. Theo- 
retical calculation of the influence of migration 
on peak pressure! predicts very much less effect 
than is observed, the expected decrease in peak 


pressure for the worst case (2.5 lb. at 250 ft.) 
being less than 1 percent, whereas Table II 
indicates 15 percent, if AP for the half-pound 
charges at 500 ft. is used as a basis of comparison. 
Further discussion of this result will be found 
below in Section IV. 

3.3. The results summarized in Table II indi- 
cated that the pressure field was cylindrically 
symmetrical with respect to the axis of the 
charge. A number of shots were fired with 
the charge so placed that gauges in position G2 
faced the cap end while gauges at G3 faced the 
butt end of the charge. Gauges at G1 and G4 
were still above and below the charge, respec- 
tively. In Table III the pressures at G2 and G3 
are compared with the pressure at G2,3 (off the 
cylindrical surface) given in Table II. It will be 
noted that a marked degree of asymmetry exists, 
particularly in the case of the small charges, 
with the pressure from the cap end being sig- 
nificantly higher than the pressure from the 
butt end. 


IV. POSITIVE IMPULSE AND ENERGY PULSE 


4.1. For convenience in describing and work- 
ing with various portions of the continuous 


TaBLE II. Apparent bubble migration and corrected 
peak pressures. AP, =excess peak pressure of nth pulse 
(Ib./in.2), R=distance from bubble center of point where 
AP,, is measured; R=W1!/0.352 (ft.), W=charge weight 
(Ib. T.N.T.), Z=depth of charge below surface (ft.), 
Ahn =Vvertical displacement of center of bubble from initial 
charge position at time of mth bubble minimum (ft.). 


w Zz APi Ahi AP2 Aha 
(Ib.) (ft.) (Ib./in.?) (ft.) (Ib./in.2) (ft.) 
0.505 250 1120+16* 0.32 22545 0.51 
2.507 250 1020+10 0.80 215+5 aly 
0.505 500 1210+10 0.11 250+5 0.16 
2.507 500 1160+10 0.32 245+5 0.47 

12.01 500 1140+10 0.86 260+5 0.79 


* Stated error is standard deviation of the mean. 
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TaBLeE III. Bubble pulse peak pressures for various 
charge orientations. Notation for position of measurement: 
G2,3—gauge facing cylindrical surface of charge, G2— 
gauge facing cap end of charge, G3—gauge facing butt 
end of charge. Gauge distance from center of bubble: 

= W13/0.352 (ft.), W=charge weight (Ib. T.N.T.), AP, 
=excess peak pressure of mth pulse (Ib./in.?). 


Ww Z AP, (Ib./in.2) AP2(Ib./in.?) 
(Ib.) (ft.) G2 G23 Gla G2 3 G3 
0.505 500 1365 1210 1095 285 250 230 
2.507 500 1200 1160 1150 280 245 240 
12.01 500 1200 1140 1120 295 260 250 
pressure-time curve illustrated in Fig. 1, an 


arbitrary subdivision has been adopted. The 
shock wave is defined as that portion of the 
curve lying between the shock front (where 
the time, t=0) and the point of first bubble 
maximum (t=7,/2). Similarly, the first bubble 
pulse is the portion between first and second 
bubble maxima, i.e., 71/2 <t<T>2/2, etc. 

4.2. The impulse delivered by the pressure 
wave during a fixed interval of time is defined : 


th 
I= f Apdt. 
t 


a 


(2) 


During a bubble pulse, the pressure is initially 
negative, becomes positive, and then again nega- 
tive. It can be shown from acoustic theory that 
the integral in Eq. (2) taken over the entire 
pulse as defined above must be very nearly 
equal to zero. (Actually, there is a small negative 
residual.) Of principal interest, however, is the 
magnitude of the positive impulse, the integral 
being taken only over the region of positive 
pressure. A summary of average positive im- 
pulse values is given in Table IV. 

4.3. Impulses measured at G1 vertically above 
the charge are systematically high and those at 
G4 below the charge are systematically low, as 
would be expected on the basis of the migration 
results given in Table II. As with the peak 
pressure (Table III), the impulse is higher at 
points off the cap end and lower off the butt 
end than off the cylindrical surface of the 
charge. 

Using the G2,3 position (off the cylindrical 
surface) as being representative of the unper- 
turbed impulse, it is seen that at each depth the 
impulse scales according to the ideal similarity 
law within the experimental precision which is 
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TABLE IV. Positive impulse: First and second bubble 


pulses (no correction applied for bubble migration), Dis- — 


tance of point of measurement from center of initial charge 
position: R=W1/0.352 ft., W=charge weight (Ib. T.N.T.), 
=depth of charge below surface (ft.). 


Reduced positive impulse, I/W! (Ib. sec. /in.? lb.) 


Ww Z 

ab.) (ft.) First pulse Second pulse 
Gi* G2 G23 G3 G4 Gl G2 G23 G3 G4 
0.505 | 250 139 — 134 — 1.32) 066 — 051 — 0.46 
2.507 | 250 143 — 133 — 1.22] 0.71 — 0:57 — (047 
0.505 | 500 1.10 1.22 1.16 1.12 1.15 | 0.45 0.48 0.44 0.40 0.39 
2.507 | 500 111 1.17 1.12 1.04 1.07 | 0.44 046 043 0.44 0.40 
12.01 500 1.15 1.16 1.17 1.06 1.11 | 0.51 0.49 0.47 0.46 0.46 


* See Section 3.3 and Table III for key to position notation. 


of the order of 4 percent. This agreement indi- 
cates that the pressure differences noted in 
Table II are confined to a very narrow region in 
the immediate vicinity of the peak of the pulse 
and do not affect the remainder of the pressure- 
time curve appreciably. 

Thus, the effect of migration on peak pressure 
is more than would have been expected on the 


basis of the theoretical predictions, but the other | 


parameters of the pressure-time curve remain 
virtually unaffected. Since the impulse obeys 
the ideal scaling law, it is presumed that the 
peak pressure also would if the effect of migration 
could be reduced still further, but this is not 
conclusively demonstrated and further measure- 
ments would be necessary to test the presumption. 

4.4. Theoretical analysis! shows that to a first 
approximation the positive impulse in a bubble 
pulse would be expected to vary as the inverse 
sixth root of the absolute hydrostatic pressure 
at the depth at which the bubble is located. 
A test of this prediction is given in Table V. 
Since the quantity JZ)!/*/W 3 is essentially 
constant with depth, it is seen that the prediction 
is confirmed within the available experimental 
accuracy. 

4.5. Integrations of the pressure-time curves 
were also performed for the purpose of deter- 
mining the irreversible energy flux which is 
given by acoustic theory as: 


1 pe 
= (Ap) *dt, 


Polo 


where Ap=excess pressure (Ib./in.2), ¢=time 
(sec.), poCo=acoustic impedance of water | 
ft./in.* sec.), and F=energy flux (in. Ib./in). 
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The integration was made over the entire bubble 
pulse as defined in Section 4.1, including both 
the positive and negative phases, and the aver- 
aged results are summarized in Table VI. 

4.6. Energy flux measured at G1 vertically 
above the charge is systematically high and that 
at G4 below the charge systematically low, as 
_ would be expected on the basis of the migration 
indicated in Table II. As with the peak pressure 

(Table III), the energy flux is higher at points 
off the cap end (G2) and lower off the butt end 
(G3) than off the cylindrical surface (G2,3). 

First pulse energy flux measured in the hori- 
zontal plane off the cylindrical surface (G2,3) is 
appreciably decreased by migration losses only 
in the most severe case—that of the 2.5-Ib. 
charge at 250 ft. The remaining scatter in this 
column of Table VI is probably due to experi- 
mental error. 

4.7. From the successive period measurements 
given in Table I, it is possible to compute the 
total energy lost by the bubble during the in- 
tervals defining the first and second pulses: 


(G. = Bs.)— Bat =) (4) 
aco L-G | 


n 


where B,=total energy associated with the mth 
oscillation ; 7,=period on nth oscillation. 
Taking B, as 490 cal./g. of charge and using 
the values given in Table I, it is found that the 
total energy lost by the bubble during the first 
h pulse is 300 cal./g. and during the second pulse 
85 cal./g. Assuming spherical symmetry about 
_ the center of the charge, the G2,3 results of 
Table VI were converted to obtain the total 
acoustic energy flowing through a spherical sur- 
_ face having a radius equal to the value of R as 
_ defined in that table. The resulting energies for 


_ TaBLeE V. Variation of positive impulse of first bubble 
pulse with depth of detonation. Z=depth below surface 
 (ft.), Zo2=Z+33 (ft.), J/W!=reduced impulse at R= W!/ 
0.352, W=charge weight (Ib. T.N.T.). 


Zo 1/Wwia 

(ft.) (Ib. sec./in.? Ib.1/4) 1Zo1/6/Wus 
40 1.66* 3.1 

283 1.34 3.4 

533 1.15 ASS) 


* Obtained at rest position for 300-g T.N.T.-charge near surface and 
Corrected for surface reflection. This value would be expected to be 
Systematically low. 


a ad] 
ena oy =e es 


a --- 


the first two pulses are 120 and 15 cal./g., 
respectively. 

It is evident that the measured acoustic radia- 
tion accounts for only a fraction of the total 
energy loss sustained by the bubble in each 
case. At this time there exists no concrete evi- 
dence pointing to the cause of the unaccounted 
energy loss, although various speculations have 
been advanced regarding the role of turbu- 
lence, chemical reactions among detonation prod- 
ucts, etc. 


V. EXPERIMENTAL TECHNIQUES 


5.1. The charges used were cylinders of cast 
T.N.T. boostered with pressed tetryl pellets. 
The weight of tetry! was converted to an equiva- 
lent weight of T.N.T. by multiplying by 1.03 as 
suggested by the results of various period meas- 
urements made at this laboratory. One gram was 
added to the charge weight to account for the 
explosive in the engineers special blasting caps 
which were used to detonate the charges. 

5.2. Tourmaline piezoelectric gauges** were 
used as the pressure sensitive element. The 
gauges were } inch in diameter and had an 
average sensitivity of 24 micro-microcoulombs 
per Ib./in.?. 

5.3. Eight piezoelectric gauges were mounted 
on ;;-in. steel cable in the plane of a 15-ft. 
diameter steel ring. The ring was suspended in 
a vertical plane and the charge was mounted at 
its center. Pairs of gauges were placed at equal 


TABLE VI. Acoustic energy flux: First and second bubble 
pulses (no correction applied for bubble migration). Dis- 
tance of point of measurement from center of initial charge 
position: R= W1!/0.352, W=charge weight (Ib. T.N.T.), 
Z =depth of charge below surface (ft.). 


Reduced energy flux; F/w3 (in. Ib./in.? Ib.}) 


Ww Zi 

(Ib-) (ft.) First pulse Second pulse 
Gi* G2 G2,3 G3 G4 |G1 G2 G2,3 G3 G4 

0.505 | 250 161 — 141 — 122) \\\23\ — 15° — it 

2.507 250 154 — 125 — 101 28 — 16 — il 

0.505 500 140 164 141 135 136 17 20 17 14 14 


2.507 500 138 145 134 131 121 19 20 16 16 13 
12.01 500 150 150 142 128 120 24, 21 22 17) 19 


* See Section 3.3 and Table III for key to position notation. 


2 Clifford Frondel, ‘Construction of tourmaline gauges 
for piezoelectric measurement of explosion pressure waves,” 
OSRD Report No. 6256; NDRC Report No. A-378. 

3A, B. Arons and C. W. Tait, ‘Design and use of 
tourmaline gauges for piezoelectric measurement of air 
blast,”” OSRD Report No. 6250; NDRC Report No. A-372. 
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distances vertically above, vertically below, and 
horizontally on each side of the charge. 

The center of the charge was in the plane of 
the ring, and two charge orientations were used : 
(a) axis of cylinder perpendicular to the plane of 
the ring, (b) axis of cylinder horizontally oriented 
in the plane of the plane of the ring. 

Dimensions were so chosen that the wire 
structure supporting the gauges did not come in 
contact with the bubble and was never damaged 
or appreciably loosened by the forces of the 
explosion. This insured against uncertainty in 
gauge position owing to displacement of gauges 
by the shock wave. 

5.4. The over-all depth of water was measured 
by means of a fathometer, and all experiments 
were performed in such depths that the charge 
was always at least 150 ft. away from the 
bottom. The depth of the charge was deter- 
mined by the measured length of suspension 
cable supporting the ring, the method being 
very reliable since experiments were performed 
in a region of negligible tidal currents, and the 
suspension always hung vertically downward. 
This is confirmed by the reproducibility of the 
period measurements given in Table I. 

5.5. Continuous 600 ft.-lengths of Simplex 
(F.O. 5879) signal free coaxial cable were used 
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between the gauges and oscilloscopes, thus avoid- 
ing occurrence of spurious cable signal for an 
interval sufficiently long to allow faithful record- 
ing of the first two bubble pulses. Cable effects 
were further minimized by the relatively high 
sensitivity of the gauges. The polythene core of 
the cable rendered negligible any low frequency 
distortion due to dielectric dispersion. The cables 
were compensated in accordance with principles 
discussed elsewhere.‘ 

5.6. Recording equipment consisted of eight 
oscilloscope channels’ on the schooner ‘‘Re- 
liance.”’ In order to avoid low frequency distor- 
tion, it was necessary to increase the input 
impedance of the oscilloscopes by using cathode 
follower preamplifiers. The final over-all time 
constant of the recording circuits was about 500 
millisec. 

A 110-v d.c. motor with variable armature 
voltage was used to drive the rotating drum 
cameras. Writing speeds were varied from 125 
to 400 millisec. per revolution of the 10-inch 
circumference drums. 


4R. H. Cole, ‘The use of electrical cables with piezo- 
electric gauges,” OSRD Report No. 4561; NDRC Report 
No. A-306. 

5 R. H. Cole, D. Stacey, and R. M. Brown, “Electrical 
instruments for the study of underwater explosions and 
other transient phenomena,” OSRD Report No. 6238; 
NDRC Report No. A-360. 
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Secondary Pressure Pulses Due to Gas Globe Oscillation in Underwater Explosions. 
II. Selection of Adiabatic Parameters in the Theory of Oscillation* 
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Department of Physics, Stevens Institute of Technology, Hoboken, New Jersey 
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A summary is given of the theory of pulsation of a stationary gas globe in an infinite incom- 
pressible fluid. If three parameters appearing in the formulation are selected by fitting the 
equations to three independent experimental results, it is shown that the theory fits the re- 
maining experimental results and can be used to predict bubble pulse properties over wide 


ranges of the independent variables. 


I. INTRODUCTION 


1.1. The theory of the pulsation of gas globes 
formed in underwater explosions has been treated 
by several investigators during the past few years 
and has been summarized by Friedman in a 
recent report of the New York University Insti- 
tute for Mathematics and Mechanics.! The theory 
in this formulation depends upon three parame- 
ters which cannot be accurately determined by 
means of a priori calculations, and recourse must 
be had to experimental information regarding 
certain properties of the bubble pulsation. 

Experimental results obtained in deep water at 
the Woods Hole Oceanographic Institution? afford 
the necessary information, and it is the purpose 
of this report to discuss the selection of parame- 
ters which make it possible to fit the theory to the 
experimental results over a wide range of the 
primary variables. 


Il. FORMULATION OF THE THEORY 


2.1. The theory referred to above! has been set 
up to treat the general case in which the gas 
bubble migrates as a result of the combined effects 
of gravity and the presence of neighboring free 
and rigid surfaces. A brief summary of the formu- 
lation will be given here, modified for application 
to the special case of the stationary bubble (i.e., 
negligible migration). 

Consider a perfect sphere of radius A expanding 


*Contribution of the Woods Hole Oceanographic Insti- 
tution No. 431. 

1 Bernard Friedman, ‘‘Theory of underwater explosion 
ubbles,” Institute of Mathematics and Mechanics, New 
York University, Report No. IMM-NYU 166. 

*A. B. Arons, J. P. Slifko, and A. Carter, ‘““Secondary 
Pressure pulses due to gas globe oscillation in underwater 
explosions. I. Experimental data,” this Journal. 


at radial velocity A’ in an infinite incompressive 
liquid of density p. The total kinetic energy of the 
fluid external to radius A is given by 


ye) p( "\2 
pe 4nR?——-dR=2rpAX(A')?, (1) 
A 2 
where the primes denote time derivatives. 
The potential energy of the system is 
U=(4/3)rA*P,+G(A), 4) 


where the first term represents energy stored 
against hydrostatic pressure (P» being the abso- 
lute hydrostatic pressure at the depth of the 
bubble center), and the second term represents 
the internal energy of the gas in the bubble. The 
zero of internal energy is defined as the infinite 
limit of adiabatic expansion, thus: 
G(a)= | pav, (3) 
A 
where the line integral is taken along an adiabatic 
and V represents the total volume of gas. 
It is assumed that the gas approximates ideal 
behavior : 


pvt=ki, (4) 


where v is specific volume, ki is a constant, and y 
is the ratio of heat capacities. 
Combining Eqs. (3) and (4), 


=dV ki My 
G(A) =n f - -, (5) 
va Vt (y—1)A30-Y (42/3) 


where M is the mass of gas. 
Denoting the total energy associated with the 
oscillation by &, 


E=2npA#(A’)?+(4/3)rA®Po+G(A). (6) 
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Following the convention adopted by Fried- 
man,! it is convenient to transform to dimen- 
sionless variables by using the following scale 
factors for length and time, respectively : 


L=(3E/4rP,)}, (7) 
C=L(3p/2P,)}. (8) 

Combining Eqs. (5), (6), (7), and (8), 
a*d?+a3+ka-80-) =1, (9) 


where a=A/L, the dot denotes derivative with 
respect to non-dimensional time, and k is given 
by 


kyP or! 


aaa (10) 
ye Ye 

e is the bubble energy per unit mass of gas (or 

original explosive charge). 

It will be noted that throughout the following 
analysis the total energy for a cycle of the 
oscillation will be considered constant. This is a 
very close approximation for most of the parame- 
ters since appreciable quantities of energy are 
lost by the bubble only during the very short 
intervals of time in the neighborhood of the 
bubble minima. The treatment of the peak pres- 
sure of the pulse, however, may be appreciably in 
error because of this approximation. 

2.2. Since the bubble is at maximum or mini- 
mum when d=0, the corresponding maximum 
and minimum bubble radii are given by the roots 
of the equation, 


a?+ka-80-) —1 =0. (11) 
The non-dimensional maximum radius is the 
root near unity of the above equation, i.e., 


alll —kay30-” ff. (12) 
The actual maximum radius is given by Ay, = Lay. 
The non-dimensional minimum radius is 


Amn ZkVIO-D, 


(13) 


2.3. Assuming the radius-time curve to be 


mmetrical about the time of bubble maximum, 


j. (9) gives the non-dimensional 
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period of oscillation, 
a} 


ay 
2) da. 
am [1—a?—ka-*0-0) }} 


The actual period of oscillation is given by T= Ct. 


(14) 


} 


Shiffman and Friedman have given a method — 


of obtaining this integral' with a high degree of 
precision. Figure 1 shows a family of curves 
giving ¢ as a function of & for various values of y, 

2.4. Bernoulli's equation affords a relationship 
for the excess pressure at points in fluid: 


Ap/p=(d¢/dr) —3(V¢)?. (15) 


Here +r is dimensional time and ¢ the velocity 
potential which, in the case of spherically sym- 
metrical incompressive flow, is given by 


e=A°A'/R. 
The second term in Eq. (15) is negligibly small 


compared with the first. Neglecting this term, the 
excess pressure is given by 


Ap=p(A2A’)'/R=2PoL(a%)'/3R. (17) 


An expression for (a?d)° can be obtained from 
the equations of motion; the most convenient 
method is the application of the Lagrange equa- 


tion to the energy relation of Eq. (6). The result 


is substituted into Eq. (17), yielding 


Py Lf ata (y—1)k 
Apel ge | (18) 
IR (LS) ae) 
since 
2(a2d) =ad? —3a+3(y—1)ka-*7+1, (19) 


When a is at a maximum or minimum, @ is zero. 
The excess pressure at bubble maximum becomes 


(20) 


au — 


{| 


2] 
APy= — ; 
R 


auiy 


Using Eq. (13), the excess pressure at bubble 
minimum is given by 


JEG Gp—i\) 1 
R R2/8G-) 


Bul) 
Gq) 


In Eq. (20) it will be noted that (since ¥ is of 
the order of 1.3, k of the order of 0.2, and Gy 
about 0.9) the first term predominates, the 


re | (21) 


second term representing a relatively small cor- | 


(16) 
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rection for the internal energy of the gas. Thus 
the minimum excess pressure is negative relative 
to the original hydrostatic level, as would be 
expected, and is not critically dependent upon 
the equation of state of the gas. 
Because of the base line uncertainties in the 
_ measurements described in the preceding paper,’ 
calculations based on Eq. (20) were used to select 
a baseline to which the pressure-time records 
were subsequently referred. 
2.5. It is seen from Eq. (17) that the non- 
_ dimensional bubble radius a at which Ap is zero 
is determined by the condition that (a*d): be zero. 
Applying this condition and eliminating ad from 
Eqs. (9) and (19), one obtains 


4ao3=1—(4—3y)kao80-», (22) 


2.6. The positive impulse J delivered by the 
pressure wave is defined by 


r= f ; Apdr, 


| 
t 
(23) 
where the integration is performed over the 
region lying between the point at which Ap rises 
to zero during the collapsing phase and the point 
at which it again falls to zero on the expanding 
phase, i.e., between points where the non-di- 
_ mensional bubble radii are denoted by do: and doz, 
respectively. 
Because of the radiation of acoustic energy, the 
_ pressure-time curve is not symmetrical about the 
peak pressure ordinate. For convenience, there- 
fore, the integral of Eq. (23) will be separated 


Bee es ee 
2 Snails bal ro 
fale aleaadl 
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into two parts, 


r= f apdr+ f Abars 
aol am 


where a,, is the non-dimensional minimum bubble 
radius, i.e., the radius when Ap is a maximum. 

Elimination of Ap between Eqs. (17) and (24) 
and conversion of dimensional! time 7 to non- 
dimensional time gives 


_2Pobs Ci 
—f{ d(a*a) 


2PoL2C2 Ce 
== i d(a’a), (25) 
3R am 


where Z, and C, are the scale factors of the first 
and ZL, and C; the scale factors of the second 
bubble oscillation. 

Since a is zero at the instant of bubble mini- 
mum, Eq. (25) becomes 


(24) 


2P 
Ta [haCi(a*a) en + LaCo( ad) oe) (26) 


(In Eq. (26), @ is understood to represent only the 
magnitude of the quantity, whereas in Eq. (25) 
the symbol has an associated algebraic sign.) 

The appropriate expression for (ad)9 can be 
obtained from Eq. (19) by setting (a’d)* equal to 
zero; the result is 

: (y—k 
(a?) o= 173200 1 - 


ao*¥ 


4 
| ; (26a) 


7a a & 


hd 

$ 

Hj 
Fic. 1. Non-dimensional © oe 
bubble period, ¢, versus pa- }. a 
rameter & for various values 3 i— 
mm (of 7. 5 ie 
= —— 
2 mM 
< |_| 
e || 
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TABLE I. Comparison of experimental impulse values with 
calculations based’ on Eq. (36). 


1/W} (1b. sec./in.2 Ib.}) 


Zo 

(ft.) Experimental From Eq. (36) 
40 eels! 2.0 

283 1.33 1.31 

533 1.15 il 


* This value is known to be systematically low because complete 
correction could not be made for surface reflection effects. 


‘III. SELECTION OF PARAMETERS 


3.1. The theory developed in the preceding 
chapter contains three parameters related to the 
properties of the gas in the bubble. These are the 
adiabatic parameters y and k; and the total 
energy € per unit mass. Although the values of y, 
ky, and e can be estimated roughly on the basis of 
a priori considerations relating to the properties 
and behavior of the detonation products, such 
estimates do not lead directly to results of suffi- 
cient accuracy to make the theory a means of 
calculating reliable values of the bubble pulse 
parameters over reasonably wide ranges of the 
independent variables. 

In order to obtain an empirical fit accom- 
plishing the latter purpose for T.N.T., recourse 
must be had to the experimental results reported 
in the preceding paper? and to radius-time curves 
obtained from high speed motion pictures by Dr. 
J. C. Decius and his co-workers at Woods Hole. 

3.2. In general, it is seen from Eq. (14) that 
the non-dimensional period of oscillation depends 
on y and k. Since the latter parameter is a func- 
tion of the hydrostatic pressure, as given by 
Eq. (10), one would expect the actual bubble 
period (J =Ct) to deviate from the ideal inverse 
5/6 power dependence upon the depth of deto- 
nation. Experimental results over a wide range of 
depth (ca. 10 to 500 ft.) indicate that no such 
deviation is observable within the precision of 
experimental measurements. 

Reference to Fig. 1 shows that the theory 
would be quite consistent with the above result if 
the value of y is taken to be in the neighborhood 
of 1.25,* since along this curve a wide variation 
in the value of k has very little effect on the non- 
dimensional bubble period ¢. This is equivalent to 


* This vi aiae is identical with the one obtained by Jones 
in Britain as a result of the theoretical study of the com- 
position of the detonation products and their equilibrium 
during the early stages of the bubble expansion. 
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making ¢ nearly independent of depth and allow- 
ing T to vary as Po*/® as given by the scale 
factor C. 

3.3. Substitution of the appropriate values in 
Eqs. (7) and (8) gives the following expressions 
for the scale factors: 


L=1.733e(W/Zo)!, 
C=0.373e!(W3/Z,5!8), 


(27) 


where L is in ft., C in sec., € in cal./g, W is charge 
weight in lb., and Zo is absolute hydrostatic depth 


in ft. If Z is the depth of the charge below the — 


surface, Zp =Z+33. 


The experimental data for the first period of 


oscillation of the T.N.T., bubble is represented 
by 
T =4.36W?/Z,5!5. (29) 


Since T= Ct, combination of Eqs. (28) and (29) 
gives 


SR SSISLE (30) 


It will be seen below that, for the depth range 
which has so far been accessible, k lies between — 
0.1 and 0.3. From Fig. 1, ¢ in this range has an 
average value of 1.483 along the y=1.25 curve. 
Putting this value of ¢ into Eq. (30) gives 
e= 490 cal./g. 


3.4. There still remains the problem of select- | 


(28) 


} 
| 


ing the third parameter, kj. Fitting it to the peak — 


pressure data is the most sensitive method. 
Expressing Po in terms of the hydrostatic depth 
Zo, setting y=1.25, e=490, and combining 
Eqs. (7), (10), and (21), 

3.55(107) W! 


2 l= 4k’), 
Bixee R 


AP, = excess 


(31) 


where peak pressure, Ib./in.’, 


W =charge weight, lb., e= bubble energy, cal./g, _ 


Z,)= absolute 
distance from bubble 


k=BZo"/(y—1)e*, 
depth, ft., R=radial 
center, ft. 


hydrostatic — 


The term (1—4k') in Eq. (31) represents a © 


correction factor which differs from unity by only — 


three percent at depths as great as 1000 ft. It can — 
therefore be disregarded for all practical pur- 

poses. The parameter 8 represents a numerical © 
factor in the general expression for k, and 6 must | 
be selected in such a way as to provide a fit to the 
experimental peak pressure data. 


485 


THEORY OF GAS GLOBE OSCILLATION IN UNDERWATER EXPLOSIONS 281 


Measurements of AP,, for the first bubble pulse 
in deep water under conditions of very small 
bubble migration give values? of about 1200 
Ib./in.2 at W!/R=0.352. Using this result in 
Eq. (31) gives 8 = 31.8, and the general expression 
for the peak pressure becomes 


wi 
AP, = 3450—(1 — 4k’), (32) 
R 
and k is given by 
k=0.0552Z 1. (33) 


IV. APPLICATION TO OTHER MEASUREMENTS 


4.1. In the preceding section, experimental 
| period and peak pressure results were used to 
determine the values of the three arbitrary 

parameters appearing in the theory. It is now 
_ necessary to ascertain whether the same parame- 
ters will also fit the rest of the available experi- 
mental data, consisting of (a) the maximum 
bubble radius, (b) the time and corresponding 
bubble radius at which Ap=0, and (c) the posi- 
tive impulse in the first bubble pulse. 

4.2. High speed motion picture measurements 
of T.N.T. bubbles give the maximum bubble 
radius as 

Ay=12.6(W/Z,)}, (34) 
/ 


where A x, is expressed in ft. This represents the 
average of a large number of measurements over 
a wide range of depths (ca. 100 to 600 ft.). The 
accuracy of the measurement is believed to be 
about +2 percent, and within this scatter there 
seems to be no systematic variation with depth of 
the numerical constant 12.6 in Eq. (34). The 
_ experimental non-dimensional maximum bubble 
! radius, @4,, is therefore constant and equal to 0.92 
if € is taken as 490 cal./g in calculating the scale 
factor. 
The theoretical values of a,, obtained from 
_ Eq. (12) vary from 0.94 to 0.90 for the range of 
depths cited above. This predicted variation is 
not confirmed experimentally, but since it is 
| small and of the order of the magnitude of the 
experimental error, the agreement between ex- 
_ periment and the theoretical fit can be considered 
quite satisfactory. 
B43. The pressure-time curves? which yielded 
the value of AP,, used in the preceding section, 


also provided measurements of the time (meas- 
ured from the shock front) at which the excess 
pressure dropped to zero during the initial bubble 
expansion and the time at which it returned to 
zero from the negative phase as the bubble 
proceeded to collapse. When compared with 
radius-time curves obtained from high speed 
motion pictures, these data show the non-di- 
mensional bubble radius ap to be 0.62 when 
Ap=0. Within the precision of measurement, 
this value appears to be independent of charge 
size and depth of detonation. 

The corresponding theoretical value of ap is 
obtained by solving Eq. (22) using y =1.25 and k 
as given by Eq. (33). It is found that ao is very 
insensitive to variation in the depth and has 
values of 0.62 to 0.61 over the range Z)=83 to 
533 ft. This is in excellent agreement with the 
experimental observation of 0.62. 

4.4. The positive impulse delivered in the first 
bubble pulse can be computed from Eqs. (26) and 
(26a), providing an adequate assumption can be 
made concerning the magnitude of the scale 
factors Lz and C2. Both of these factors depend 
upon e,', and e is known to be less than e,, owing 
to the radiation of acoustic energy associated 
with the emission of the bubble pulse. If period 
measurements are adopted as the criterion, one 
would expect as a first approximation that 


(€o/e1)'=T2/T,. (35) 


Experimental results give 72/7T,=0.72 as an 
average. 
Thus Eq. (26) can be rewritten 


I/W'=11.9Z5-!(W4/R)(1—1.59k)!, (36) 


y having been set equal to 1.25 and ap to its 
average value of 0.615 as determined above; the 
assumption is made that to a first approximation 
(a?G)o1 is equal to (ad) op. 

In Eq. (36), [/W*=reduced positive impulse 
(Ib. sec./in.? lb.*), Z>=absolute hydrostatic depth 
(ft.), W=charge weight (lb.), R=radial distance 
from bubble center (ft.), and k=0.0552Z,7—. 

A comparison of experimental values? of I/W} 
with those calculated from Eq. (36) is given in 
Table I for various depths Zp». It will be noted 
that the agreement is quite satisfactory. 

4.5. From Eq. (13) it is also possible to make a 
theoretical prediction concerning the minimum 


486 


282 ABs 


bubble radius. Combining Eq. (13) with the ex- 
pression for k, the non-dimensional minimum 
radius becomes 


Am =0.0210Z,}, (37) 
and the dimensional minimum radius, 
A, =0.286W, (38) 


where Z)=absolute hydrostatic depth (ft.), 
A,=minimum radius (ft.), and W=charge 
weight (Ib.). 

Unfortunately there is no direct experimental 
evidence available to check Eq. (38), since the 
bubble minimum cannot be measured on the high 
speed motion pictures owing to obscuration by 
carbon particles, etc. left behind in the water. 


Vv. SUMMARY 


5.1. It has been demonstrated in the preceding 
sections that if the parameters y, e, and k are set 
equal to 1.25, 490 cal./g, and 0.0552Z 9’, re- 
spectively, the theoretical equations provide a 
satisfactory fit to all the available experimental 
data. This fact increases the utility of the theory 
in that it should now be possible to make reason- 
ably accurate predictions of stationary bubble 
behavior under various circumstances, and the 
same parameters should apply to Friedman’s 
more general theory! which includes effects re- 
sulting from migration and the influence of 
neighboring surfaces. 
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It should be emphasized, however, that any 
detailed physical interpretation of the parameters 
y and & is tenuous at best. It is somewhat sur- 
prising that so satisfactory a fit to the peak pres- 
sure and impulse data can be obtained with the 
same parameters which fit the maximum bubble 
radius and period data. One would expect, for 
example, the true pressure-volume relationship to 
deviate appreciably from the ideal gas adiabatic 
which was used in the theoretical formulation, 
and the deviation would be most pronounced 
during the high pressure, high temperatures phase 
in the neighborhood of the bubble minimum. 

In view of the multitude of approximations 
and assumptions involved, it would appear to be 
more rational to regard the numerical values of 7 
and k as parameters affording a useful fit of 
simplified theory to experimental results rather 
than as actual physical properties of the deto- 
nation products. The distinction may appear to 
be subtle, but it is probably significant. 
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THE THEORETICAL SHAPE OF THE PRESSURE PULSE PRODUCED 
BY AN UNDERWATER EXPLOSION BUBBLE. 


A. R. Bryant and Ll. G. Chambers 


Naval Construction Research Establishment 


Summary. 


This reoort presents a method whereby tne actual shaoe of the oressure pulse produced by 
an underwater explosion bubbl<¢ may be delineated with little labour, It is shown that a single 
universal curve may, with aoorooriats adjustments cf the oressure and time scales, be made to 
fit reasonably closely the theoretical curves obtained by lengthy numerical Integrations for 2 
wide range cf charge weights ano deoths. A formula for the peak cressure in the pulse and 
curves for the minimum bubble radius and the half-ceriod of the pulse are given. 


Introduction. 


The theory develooed by Taylor (reference 1) aescribes the oscillation ana the rise of 


the bubble orcduced by an ungerwater explosion in terms of two simultaneous non-linear differential 


equations whicn so far have only Deen integrated for a very limited number of cases, In 
reference 2, a number cf 2ooroximate soluticns were developed for certain maximum and minimum 
values of the variaoles. It was found possible fer instance, to Jerive an analytic expression 


for the peak oressure in the ouls2 oroduced when the bubdle passes through its minimum size. 
The cresent oaver extends this work by oresenting an approximate method for calculating with 
little effcrt the actual share of tne oressure culss. For convenience in actual use, the 
imcortant formulae and the use ef the graohs is summariseo with an examole, in the last section. 


Theory. 


{If a is the non-dimensional radius of the bubble at time t, and z is its deoth relative 
tc an origin 33 feet above sorlevel, tne differantial equations derived by Taylor are 


tmaz+ 27a a Hee hie (1) 
3 3 W 
t 
and . 
2 3 
Zey = av dt (2) 
a 
° 


In these equations nomdimensicnal lengths are used, derived from real lengths in feet 
by dividing by the length scale factor L = 10 M* where M is the charge weight in 1b. T.NeT. 
(or equivalent weight of T.N.T. on an energy basis if some other explosive is considered). 
Nonm-dimensional times are converted to real times by multiolying by the unit of time V(Ug). 


In equation (1) the quantity G/W is the ratio of the energy left in the gas to the total 
energy of the motion ano for T.N.T. it can de written. 


c 

~ 
* 
wt 


ca (3) 
1 


16 


wnere c 0.075 M (4) 


Two assumations are ncw made which reduce equation (1) to an equation with only one 
dependent variable, It is assumed first that for times fairly close to the instant when the 
Dubble reaches its minimum size tne integral in (2) may ve regarded as sensibly constant at a 
value m which has been called the "momentum constant" since, 2oart from a numerical factor, it 
is equal to the momentum =f the water in a vertical direction associated witn the mcving bubble, 
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488 = He 
The reason for this assumotion is that near the time of the minimum radius the integrand is very 
small comcarea to its value during the large aart of the oscillation when the bubble is large.. 


Accordingly equation (2) is replaced near the time of the minimum radius by 


FP SES 


» In 
Wis 


(5) 


‘ 


Methods of comouting m in the oresence of various surfaces or in ooen water are described in 
references-2, 3, anc 4. It shoula be realised that in what follows it does not matter whether 
this momentum arises solely as the result of the buoyancy forces acting cn the bubble er from 
the attraction <r repulsion exerted by rigid or free surfaces. 


The second assumption made is that the term containing z in equation (1) is negligible 
Comcarea to the otner terms during the short oeriod near the minimum radius when the pressure 
pulse is mainly oroguc2d. The reascnadleness of both these assumotions is best demonstrated 
by comparison cf the results arising from this aacrcoximate treatment with the results calculated 
by numerical integration of the full differential equations. This Camoarison will be made below, 


With these two assumotions equation (1) reduces to 


Fs 
2 : 
3 a -#_ 47M 
aS | aes ACOs 6 
27 a 3a (6) 


Tne minimum radius ay follows at once from (6) by setting the quantity under the square root 
equal to zero, giving 


a aS) aoa aay een 
er ay (a ca, ) m (7) 
Equation (7) is not easily solvea by successive agorcximations. Moreover, since it contains the 
parameter c which deoends on cnarag weight, and the momentum constant m it is not easy to oortray 
it grachically. However it is shown in Apcendix 4 that by 2 suitabdle change of variables a 
universal minimum radius curve may be clotted, Such a curve has deen plotted in Figure 1. 


The pressure pulse. 


In the Bernoulli equation for the excess oressure = in the water the term falling off 
as the inverse first power of tne distance will predominate over other terms with higher inverse 
Ccw2rs excect quite close to the bubbl2. at a distance r from the centre of the bubble this 
term is 


fe ee (ea 
re dat 


Using (6) in this expression, and after some reaucticn, we get 


: 2 

= 1 2% ang? 
[sis}! «= eaonmey) 1- 4Ca oP 8 
47a 3a (2) 


Thus ¢ is given by equation (8) in terms of the radius a with c ana m as parameters. 
As it stands (8) is of little use since we nave no analytic exoression for a in terms of the 
time t. However, it may be shown that the maximum oressure arises at the instant of the 
minimum radius and by sudstituting from (7) into (8) we get the following exoression for the 
maximum oressure Ont 


= (bo Gaye) (9) 


(it is convenient to have the cressure exaressea in lod in.* and the distance in feet and this 
will result if tne quantity on the right hand side of (9) is multiplied by 43.4 ). 


The above formulae wer2 derivea in reference 2 and are reoeatec here for convenience. 

In order to make use cf (8) tc obtain the shape of the oressure pulse as well as its 
oeak value it is neccssary te obtain the radius a as a function of time t, i.e, it is-necessary 
to integrate (6) In the neiynbourhooa of the minimum radius. There seems no simple way, elther 


of integrating (6) by exoansion in series, or cf olotting or tabulating the resulting solutions 


OVET weaee 
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cver a large enough rany2 <f the two oarameters tc enable interpolation to be carried out. 
Howsver a lucky guess show2d that the variety cf oressure - time curves resulting from (6) ano 
(8) cculd ve reauced with fair acoroximation to 2 single universal curve by suitable adjustments 
cf pressure and time scales. Tne crocess by wnich this is achieved is described below. 


A value cf ¢ = 0.10 corresuonding to a charge of 10 1b. was selected as a useful starting 
ocinte Equaticn (6) was then integrated numerically, as described in Appendix 2, for the 
following vilues of m, vizs, 104m = 0, 25, 6%, 100, 225 and 400. Fer each of these values of m 
the oressure function given by tne excression on the right of (8) was comouteo from the values of 
a and olotted ayalnst time. Inscactlon of these pressure time curves showed that whereas for 
small values cf m the curves were narrow with large values of the peak oressure, for large values 
of m the curves were broad with low values of ocak oressure. Nevertheless the curves all had a 
certain similarity. The exoerlment was therefore tried of adjusting the oressure scales in cach 
to yive the same numzrical value for the ceak cressure, wnile the time scales were adjusted to make 
the family of curves colncident at tne coint where the pressure had fallen to half its maximum 
value. 


Thus fer each of the values of the momentum constant m tne quantity p/p was olotted against 


the quantity wt, (tne crigin cf the time scale being taken at the instant of minimum radius) where 
t, Is the time taken by the oressure to fall from its maximum to half its ocak value. it may be 
called conveniently the "half-oeriod". Two sucn curves for tne extreme cases m= 0, andm= 0,% 
have been olotted In Figure 2. It was found that in the regjlon where p/P, is greater than about 
0.2 these curves fittea each other very closely. In fact the closeness of fit is orobably better 
than It is reasonable tc cxoect as between oressure=time curves obtained from exact sclution of 
equations (1) and (2), and from actual exoeriments. Accordingly it seems quite adequate for all 
oractical ourocses te take any one of these cressure=time curves, exoressed in this manner, as a 
universal cressure time curve = as regards shace - for the oulse orcduced by the ccllapse and 
re-exoansicn <f the exclcsicn bubble*, 


So far we have only considered one specific value of the parameter c depending on the 
charge weight. In Appendix i it Is shown that tncse solutions may de Converted Into solutions 
for any other desired value cf tne charge welght by a simole linear transformation cf the length 
and time scales and for a corresocnaing altercd value of the mementum constant m. Since, as 
stated above, and demcnstrated in Figure 2, change in m makes an almcst negligible aifference 
to the shape cf the pressure tlme curve wher expressed in terms cf tne oeak cressure and the half 
ceric: it fellows that all ssluticns for .ther values cf ¢ ant m (within reasonable limits) will 
lie very close t> the tw: curves in Figure 2. 


Also plotted on Figure 2 are ooints obtained from the full integration of Taylor's equations 


for four cases ranging from 1 gram 3 feet deep to 460 1b. at a deptn of 60 feet. It will be 
observed that the aooroximations used-in this resort nave not resulted in errors of more than absut 
five cer cent cf tne o2ak oressure. Tne agreement will become orcgressively worse at times longer 
than tw: and one nalf times the half pericd due t> the neglect of the term in z in equaticn (1) 
which becomes more important the larger the radius. Nevertheless the differences of the oraer of 
five per cent arising due to the aporeximations made are a small orice to pay to be able to 
delineate the shace of the main oart of the oressure time curve for a very wide range of charge 
weights and aeoths witnout recourse to the very laborious integration of the full equations. 


In oraer that Figure 2 may yield a oressuro-time curve in real units it is necessary tc 
be able to calculate the peak oressure p,, and the half oerica Bie creferably in real units. 
By using Figure 1 to get a, and inserting in equaticn (9) the ceak oressure may be easily obtained. 
The values of ty abtaines fram the numerical integraticns mentionea abov2 have been collected ang 
plotted as a function of tne momentum constant m. As exclained in Aovendix 1 this curve may now 
be made applicaple to all values of the parameter c (and hence to all values of the charge weight) 
by relabelling the abscissa m/100c* and py r2labelling the ordinates t,/(wc) 42, However, this 


lattor quantity can be converteo to real times by multiplying t, by the time scale factor V (10 w4/3), 
Thus the ordinates of this grach may also be labelled 4,67 Ta, Thes? values of the half cerioa 


have been plotted in Figure 3 (after a further change of scale length to remove the numerical 
factor 4.67) using open circles. Also plotted are four values obtained from the full integration 
of Taylor's equaticns.( It will be seen that except for large values cf m the agreement between 
the more exact values and those cbtalnea by the avorcximaticns of this reocrt are very clcse #. 


Accordingly the curve drawn in Figure 3 may be regarded as a universal curve for obtaining the half 
perica cf the bubble pressure culse. 


ThE sees 


Since the equation cf radial motion (8) is symetrical witn regard to the time of minimum 
radius the resulting cressure time curve is also symetrical and only one half of it is 
given in Figure 2. 


Large values of m only arise in general for large snaliow charges when large vertical 
migraticn of the bubble occurs, with considerable deoarture of tn= bubble from schericity, 
and the oressure culs®s orcduces are relatively feeble and unimocrtant. 
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The calculation of a bubble pressurc pulsc ~ Summary of formulae. 


For convenience in use the relevant 2quations and directions for the use of the graphs In 
obtaining the pressure oulse to be exoectod from a given charge at 4 given deotn are collected 
here together witn a numerical exampic. 


(i) The two parameters c ana m must first be calculated. For T.N.T, and aoproximately 
for equivalent weignts of other explosives on an energy basis, c = 0075 y 1/16 where M is the charge 
weight in 1b. The momentum constant may be calculated from formulae in references 2, 3 and 4 
for the caso cf a charge in open water or near varicus surfaces. In soen water an approximate 
exeressicn for m is 


0. 167 i 
i =o Tap (hs SEG c29) 
z.® e 
where Z) is the initial decth below a point 33 fest above sea-level, in non-dimensional units. 
To convert to these normdimensiconal units divide all lengths by L = 10 we and all times by the 
unit of time (U/g)?. 


(ii) The minimum radius a, in nomdimensicnal units ana its value A, in feet may be 
read off the curve in Figure 1 for the calculated value of the oarameters c tor M) and m. 


(iii) The peak oressure 0. in non-dimensional units is next calculated from 


ro, = (1-3 c¢ a, *) 


where r is the nomdimensicnal distance from the point to the centre of the bubble. If the 
distance is required in fect and the oressure in:1b./sq.in. the right hand side of this exoression 
should be multiclicd by 43.4 we, 


(iv) Tne nalf oericd T,, acfined as tne time for the oressure to aroo from its maximum 
$ 
to one half its maximum value, is reac off the curve in Figure 3 for the oarticular value cf the 
parameters c and m. 


(v) Finally either of the two curves in Figure 2 may be taken as giving the oressure 
time curve (or strictly as half the pressure time curve since the curve is theoretically symmetrical 
about the time of the oeak cressure). By multiplying the numerical values of the ordinates of 
the curve by tne value of the peak cressure calculated in (iii) above and tne values of the 
abscissae by the half period T, calculated in (iv) above this curve becomes the theoretical 
pressure time curve in absolute units. 


As an ©xamole consider a charge of 200 1b. T.N.T. at 200 feet depth. Tne length scale 
factor L = 37.5 feet and c = 6,1046. The nomdimensional decth is thus 233/37.5 = 6921 = Z° 
From (i) above the valuc of m for open water (i.e. in the absence of surfaces) us 0.00454, The 
factor 100 c* = 1,094 so that m/ 109 c* = 0.00415. From Figure 1 the minimum redius 
3, = 0» 067 (106) 4/3 so that a, = 0.9713 ana the minimum radius in fest is 2.67. Inserting this 
value of ay in the formule for the peak pressure tne quantity TD, is evaluated to be 20,35, 

The value of 43.4 M is 613 so that in feet and 1b,/sq.in. units the quantity re, is 12490, 
This means for 2xamole that at a distance of 20 feet the peak oressure in the culse is 
Approximately 624 1b./sq.in. Finally from Figure 32 the value of T,/mi/3 is seen to be 0.68 
for this value of mand c, which gives T, = 4.0 milliseconds. Tne shepe of cither half cf the 
pressure time curve is given by Figure 2, 
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APPENDIX 2, 
——— 


INTEGRATION OF EQUATION (6{ FOR ALL CHARGE WEIGHTS 


Let us suppose that we have integrated (6) for a specific value of the oarameter c, 
say C = 0.10, Corresponding tc M= 100 1b. and for any specific value of m, saym=m, Let the 


solution be denoted by the suffix Zero, i.e., ap» Bp satisfy. 


bi 
da =2 
OF ae il <0; -2_ 4am i 
dt, i [: ee 3a? oO 


° ° 
4 
Now let a = (10 c) 3 a, 
10 (ii) 
t = (10 c) > ty 


Then after substitution of these new variables in (i) we get 


2 
& = lage [s-ert- 43 (100 a?) (iti) 
a 


It follows then that any solution a tor of equation (6) for c = 0,10 is transformed 


by the relations (ii) into a solution a, t, of equation (6) with any selected value of the oarameter 


¢ but for a value of the momentum constant m= (100 c) ™. It is therefore only necessary to 
integrate (6) for one value of c and for a range of values of m, 


For example equation (7) for the minimum radius has been solved by tabulating and plotting 
m for a ranue of values cf ay and for c= 0.10. By relabelling the ordinates a,/ (20 c)* 3 and 
the abscissae m/1i00 <2 the curve becomes universally soplicable for all values of c ana hence 
all values of charge weight. Since the minimum radius is more often required in feet, a further 
Change may be made by writing a,= A,/ 10 w* where Ay is the minumum radius In feet. Making use 
of the relation (4) batween c ano M we find that 


ay . 0. 147 A, 


(0 ¢)? 


so that the ordinat2s in Figure 1 may be also labelled with this alternative expression. 


In the same way, after calcutating the value of the half ceriod t, for a range of values 
of mand for c = G.10 it is only necessary to relabel the ordinates t,/(10 cf? 3 and to relabel 
the abscissae m/109 c* to have 2 curve giving t, against m for all values of the parameter c and 
Charge weight. The nomdimensicnal half veriod t, may be converted t> real units by using the 
time scale factor (10 8/4)? so that the ordinates of such a curve may also be labelled 
4.67 T,/Mt/3, In plottina the curve in Figure 3 the values of t, have been multiplied by 
1000 4.67 so as to remove the numerical factor and give Z, in milliseconds. 


It may be remarked that in Figures 1 and 3 real lengths and times have been divided by 
the quantity m!3. This result would have been expected if the usual system of nonmdimensional 
units employcd in dealing with exolosive phenomena had been Introduced at the start instead of 
the special nomdimensional units introsuced by Taylor. In general the nor-dimensional system 
usually employes in cealing with shock-wave phenomena is inapplicable to the mcticn ana 
behaviour of the bubble owing to tne role of gravity. However, when dealing with phenomena 
near the time of the minimum radius, when the internal gas oressure is the dominant factor the 
aporoximating assumptions used above remove any explicit connection with gravity effects so 
that this system of nomdimensional units can oe effectively emplcyed. The effect of gravity, 
cr in otner words the nomdimensicnal parameter z_, is nevertheless oresent since it largely 
Getermines the parameter m. i 
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METHOD OF NUMERICAL INTEGRATION OF THE EQUATIONS QF MOTION 


Insgection of equation (6) shows that wnile the dependent and independent variables can 
easily be separated, making Solution by numerical quadrature ocssible, the right hand side has 
a zero at the start of the integration (the origin of time is chosen at the Instant of minimum 
radius). The integrana in the quadrature process is therefore infinite at the start, and the 
singularity is not easily removed. Accordingly the following process of numerical integration 
was adopted. 


The first five or six values of a at equal intervals of t were comouted by writing down 
the first few terms of a Taylor series fora near the minimum value a,e The first and thira 
derivatives of a with respect to t vanish at the origins The second and fourth derivatives were 
calculated by r2oeated differentiation of the right hand side of (6), making use of the 
condition (7) to remove the carameter m. The following values were odtalned: 


2 - - 

ey = oak a,” (1~ 2 ca) 

ot t=o0 477 

4 

da — 285 -9 2 129 - 
=_— a (1 - 4 ca,” ”) (2 - ca 

at Ps. Be 1 16 Ummmiat 


The time interval for each stec’was cnosen so that dfter about six steps the term in te 
was still small. The Taylor series was also differentiated and the resultant series evaluated 
at the last tlme interval. This value was then Comoared with the value of da/dt calculated 
directly from equation (6) with the apprcorlate value of a inserted to verify that neglect of 
higher terms in the Taylor series had caused no agoreciable error, 


With these starting values for a, and the corresponding values of da/dt calculated from 
(6) the process described on page 942 of "Interpolation and Allied Tables™ for integration of 
differential equations cf first order was carried out*. The fourth differences of da/dt were 
watcheo but at no stage was their cantributicn to the Integration aopreciable. 


"Interpolation anc Alliec Tables" publishea by H.M. Stationery Office sn behalf 
cf H.M. Nautical Almanac Office. 
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THE OSCILLATION OF THE GAS-BUBBLE FORMED BY A 
DETONATOR EXPLODING UNDERWATER. DETAILED 
COMPARISON OF THEORY WITH EXPERIMENT 


H. N, V. Temperley 


March 1944 


The discussion of the behaviour of gas—bubbles from large charges has been extended to detonators, 
for which we possess the much more detailed evidence given by actual photographs of the bubbles, 
Calculations have tnerefore been made for the representative case of a gram charge of T.N.T. 3 feet 
below the surface of the water, and the results have been compared both with experiment and also with 
the approximate formulae developed by Herring and Bryant. The agreement of the exact calculations with 
the approximate formulae is found to be such that, with one exception, the latter can be applied to 
detonators even though quite a high value of Taylor's nomdimensional parameter Zz, is involved. The 
following quantities are compared with experiment :— 


(a) The radius-time curve for the bubble: Agreement is already known to be satisfactory, except 
near the minima where energy is being lost in various ways. 


(b) The trajectory of the centre of the bubble: 2acth under gravity and in the presence of a 
single free er rigid surface. agreement is at any rate qualitative up to the first minimum. 


(c) The shape of the bubble: Agreement is satisfactory. 
(d) The behavicus of the bubble from a charge fired in contact with a steel plate: 


Agreement is only rough, twe serious discrepancies (which may be different aspects of the 
fact that a steel plate can hardly be regarded as rigid for a contact charge) have been found. 


(e) The behavious of the bubble from a charge fired between two steel plates: Agreement 
is as good as me could reasenably expect. 


Taken as a whole, the position seems to be very similar to that found for large charges. 
Phenomena which depend on the behavious of the bubble near its minimum radius, (such as the minimum 
radius itself, or the secondary pressure—pulses) cannot be predicted, while phenomena such as the period 
of the bubble, and the rise or fall of its centre up to first minimum can be predicted fairly accurately. 


Introduction. 


Up to the present time, practically all underwater photography of the gas—bubble has been of 
Charges not larger than a detonator. Now it is known that, unless the pressure of the atmosphere above 
the surface of the water can de reduced, such experiments give an indication of the behaviour to be 
expected if full-scale charges are fired at depths of the order of 500 feet, whereas we are most interested 
from 4 practical point of view in charges fired at depths of up to 200 feet. By working under a partial 
Vacuum, Taylor and Davies have obtained scale models of the bubbles from charges fired at depths of this 
order, but the remaining work with detonators seems to lack direct application to the problem of damage 
to ships by explosions underneath them, and tu be more of the nature of fundamental research. Up to 
the present time alsc, thecry has concerned itself mestly with the behavicur of the bubble at these 
relatively shalluw depths, which can unly be inferred experimentally from a very long scaling-up of 
Taylor and Davies‘ results, ur indirectly from pressure—gauge mezsurements cn the full scale, The rather 
anemalaus position has tnus arisen that the imre recent developments in the theory have nut been applied 
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to that region for which experimental knowledge is the most detailed, and the calculations reported upon 
here were put in hand in order to fill up this gap. 


Details of the Calculations. 


The theory used in substantially that developed by Herring N.0.R.C. Report Cu - Sr20 — 010) and 
Taylor ("Vertical motion of a spherical bubble and the pressure surround it"), who both developed formulae 
to allow for the effect of gravity, and of the proximity of free and rigid surfaces. The effect of 
dropping the assumption that the bubble remains spherical has been investigated by Shiffmann (Applied 
Mathematics Panel Memo. 37-5) 4nd, in more detail, by Temperley. The theory of the bubble formed by an 
explosion in contact with a rigid surface was also given by Temperley. The theory of the behaviour cf 
the bubble from a charge fired between two rigid surfaces is now published for the first time. 


The calculations were all made for a detonator equivalent to une gram of T.N.T,, and a tctal pressure 
of 36 feet cf water, i,e., the detonator 3 feet below the surface of the water at atmcspherical pressure, 
In Taylor's nomdimensional units, which we shal) use hencefcrward, the values of the relevant quantities 
are as fcllows:— 


Factcr to convert non-dimensional lengths to feet (L} 2.2 feet 


Factcr to convert nomdimensional times tc seconds (T) +261 sec.nd 


Non-dimensional total external pressure (z,) = 16.3 


Non-dimensional initial depth below free surface (d,) 1.3 


Comparison of the Calculations with approximate theory. 


These conditions were chosen because they were thought to be fairly representative, but they do not 
exactly correspond with any of the previous experiments. wright, Campbell and Senior used a No. 6 detonator, 
which corresponds almost exactly to 1 gram of explosive, but the depth was only 1.5 feet and not 3 feet, 
Lieutenant Campbell's experiments included work at 3 feet, but he used a No. 8 detonator, which is stated by 
him to contain about 0.7 gram of explosive. The test that we can do appears to be to compare the results 
of this calculation with the approximate formulae developed by Herring and Bryant. tf the approximations 
prove satisfactory for the two cases calculated (conditions as above, effect of free surface first neglected 
then taken into account) we can then apply them tu other cases with confidence. Without these calculations 
by Nautical almanac office we shuuld have to extrapolate the formulae from the range z, = 1.5 to 7.8 (over 
which they have been checked against the results of direct solution cf the hydrodynamic equations) to the 
region Z, = 16, an undesirably long extrapolation. The following table accordingly gives the results of 
this comparison:— 


Table |. seeee 
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Table |. Comparison of N.A.0. Calculaticns with formulae due to Herring and Bryant. 
1 gram of T.N.T. at F Free Surface absent. Free Surface present. 
a depth cf 3 feet. 
Approximations N.A.O. Approximations 
Period of ist 28.6 27.4 27.5 millisec. 
Oscillation 
Radius at first -509 +508 509 feet 
Maximum 
Radius at first - 055 +046 -051 feet 
Minimum 
Maximum Vertical + 900 + 930 + 820 + 690 feet/ 
Velocity sec. 
Rise of Bubble up +.159 | +. 255 +.090 +.141 feet 
to first Minimum | 
Vertical "momentum So Gyo + 85 + U3.5 + 51x 10° 
constant" m 
"pre (max.) 1bs./ + 326 + 325 + 370 + 335 
sq. in. foot | 
1 impulse (1bs./ +134 124 +139 2124 


| sq. in. foot sec.) | 
jie 


It will be seen that the comparison is quite satisfactory except tnat the figures for the rise 
of the bubble are not correct, the approximate formula for the rise of the bubble giving too high a result, 
Subject to this correction, it seems that the use of the approximate formulae in this region is quite 
satisfactory, as a basis of comparison with experiment. The approximate formula for the rise was 
arrived at empirically, and the fact that it is incorrect in no way affects the validity of the remaining 
epproximations, which can now be used with confidence, 


Qmparison of theory with experiment. 


The following quantities suggest themselves for this purpose:- 


Ud The radius of the bubble as a function of time: Careful comparisons have been made by Herring, 
(using photographs olltained by Edgerton), and by Lieutenant Campbell. agreement is good except in the 
region near the minimum radius where there is reason to believe that the simple incompressible theory 
breaks down, due to radiation of acoustic energy and possibly to other causes also. The maximum radius 
and period between explosion and first minimum have also been compared with experiment by wright, Campbell 
and Senior, who find exceFYent agreement. The minimum value of the radius is hard to obtain from the 
photographs, owing to the fact that motion is very fast in that neighbourhood, and also owing to the 
odscuring effect of debris in the water. The further history of the bubble, after the first minimum 

can also be accounted for satisfactorily, provided that it is assumed that there is a loss of energy 

at each minimum. 
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4.2 The trajectory of the centre of the bubble: A detailed comparison is difficult unless a 
calculation is made in detail for each separate case. Lieutenant Campbell does not give any figures 
for the trajectory of the bubble in the presence of the free surface only. wright, Campbell and Senior 
give a detailed trajectory, but in their work the effect of the bottom of the tank must have been 
appreciable, it being only about 24 feet below the charge, (the free surface being 14 feet above it). 
They find that during the first expansion phase, there is (as predicted by theory) a definite attraction 
of the bubble towards the free surface, repulsion setting in during the contracting stage. Using the 
Road Research Laboratory formulae and considering the effect of the free surface only, they find good 
agreement for both the total depression of the centre of the bubble up to the first*minimum but not for 
the velocity of the centre of the bubble at this point. Wwe have seen that the formulae used would give 
a numerically too large value for the rise or fall of the centre, and the close agreement actually found 
may be due to the mutual cancellation of this error with the fact that the effect of the bottom was 
neglected. The situation regarding the vertical velocity at minimum is not so clear, the agreement being 
very poor. wright, Campbell and Senior givé in error a theoretical maximum velocity of 64.5 feet per 
second compared with an observed value of 64 feet per second, the correct theoretical figure being 

645 feet/second. The explanation of this large discrepancy is probably similar to that of similar 
disagreements found by Lieutenant Campbell discussed below. 


A Comparison can also be made with Lieutenant Campbell's results on the bubble near a vertical wall. 
The horizontal motion due to this will then be approximately independent of the vertical motion due to 
gravity plus the effect of the free surface and bottom. we use the data in his Table 2 and Figures 20 
and 21. we need first of all an estimate of the energy given to the water by a No. 8 cap (apart from the 
energy appearing as a shock wave). This is best obtained from the maximum radius of the bubble, which is 
given by him as 5.05 inches (average) which corresponds almost exactly to the figure to be expected for 
0.6 gram of T.N.T. In the cases where the wall is so near that the bubble touches it before reaching its 
maximum radius, the maximum volume is considerably less, than in the cases where it forms a complete sphere. 
The reason for this is not very clear, but it is possible that energy is carried away as a compressional 
wave in the steel of the wall, to a greater extent than it is in the water. Anyway, theory cannot at 
present be applied to these cases where the bubble actually touches the walls except to the limiting one 
where the charge is fired in actual contact with the wall. This case wil) be discussed later on. we 
make the calculations for 0.6 gram of T.N.T. on the basis of the approximate formulac, dividing the figures 
for the rise of the bubble under gravity by a factor of 1.6 in order to bring the approximate formulae 
into line with the detailed calculations. The remaining approximations are used as they stand. 


Table |/. Comparison of Lieutenant Campbell's results with theory. 


0.6 gram of T.N.T. 30 inches below free surface, and at various distances 
from rigid wall. 


Distance from Period of Displacement Max imum Minimum radius 
wall Oscillation towards wall velocity of of bubble 
(inches) (Mil 1iseconds) after one centre of (inches) 
oscillation bubble 
(inches) (feet/sec.) 


a ae 
Calcu- Ob- 
served 


It 1S ccecne 
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it is clear from these results that the discrepancies are due to the fact that the bubble never 
clcses up as much as incompressible theory indicates, owing presumably tc the lesses uf energy that seem 
to cccur near the minimum. If the observed values fur minimum radius are used instead of the calculated 
ones in the calculaticn of the maximum velocity, much better agreement is obtained, The values obtained 
thus are shcwn in Drackets, but they are only very rough, as they are inversely pruportional to the cube 
ef the minimum radius, which is not known accurately. 


4.3. The shape of the bubble: This can be dealt with very shortly. The calculations made by Nautical 
Almanac Office applying the thesry developed by Temperley shows that (contrary tc what was at first expected) 
large departures from the spherical shape might be expected to occur even for the case cf a detonator 3 feet 
below the water. This would not cccur (even if the incompressible theory were valid right up to the 
minimum) until a few hundredths of a millisecond before the minimum, so that it would be extremely difficult 
te detect experimentally. It may therefore be said that the fact that the phcotegraphs show the bubble 
staying very nearly spherical for several oscillations is not in disagreement with theory. 


uu. The behaviour of the bubble from a charge fired in contact with a steel plate: Photographs-of the 
bubble from a detonator fired under these conditions were also obtained by Lieutenant Campbell. The effect 
of gravity on a bubble in this case was investigated theoretically by Temperley, who found that, for a 
bubble above a horizontal steel plate the effect of gravity should be to make the bubble become pointed 
during the early stage of its oscillation, and then to flatten itself against. the plate just before it 
reaches its minimum. The photographs show that, although the bubble certainly does flatten itself against 
the plate, this process is fairly gradual and is spread over a considerable proportion of the oscillation, 
in contradiction with the theory. This discrepancy may be connected with the one already noted, that a 
charge fired jn contact with a steel plate does not produce so large a bubble as a similar charge in mid- 
water. This metter seems worth further investigation, as it may have some bearing on the behaviour of a 
"contact" charge. 


HSS. A charge fired between two steel plates, ("the bubble that splits in half"): Lieutenant Campbell 


investigated the effect of firing a detonator exactly mid-way between two vertical steel plates. Although 
the bubble rushéd towards one or other uf the plates unless the detunatur was fairly accurately centred, 

it was possible tu obtain two other types of behevicur. \f the plates were fairly far apart, the bubble 
benaved very much as if they were not there at al). if they were fairly close together, the bubble divided 
just before the minimum into two equal halves, une of which moved rapidly tuwards each plate, and flattened 
itself against it. For the No. 8 Cap, the critical distance between the plates was fuund tc Tie between 

12 and 18 inches, {t was decided to investigate this phenumencn mathematically, as it seemed te afferd a 
very good oppurtunity of making 2 fairly stringent check un the whcle theory uf the disturticn .f the bubble, 


we consider a bubble with its centre mid-way between two vertical rigid surfaces, we neglect the 
effect of gravity and of the surface of the water. A motion of a few inches parallel to the plates would 
not affect otion in a perpendicular direction very much. (At the time this theory was developed it was 
imagined that the effect of gravity in distorting the bubble would not be very large, at any rate until the 
first minimum is reached. AS stated above, this is not quite true, but it is sufficiently nearly true for 
the present investigation to be valid). The method used is a modification of the original image thcory 
due to Herring. we use spherical polar co-ordinates, and take es the @ axis the line through the centre of 
the bubble perpendicular to the plates. we take the profile of the buoble to be:- 


Roath PS (cos 9) + Dy Pa (cos @) (1) 


The odd harmonics will be absent owing to symietry considerations. 


Allowing for possible departures from the spherical shape, we assume the velocity potential expanded 


as a series of axial harmonics. In order that the boundary conditions at the rigid surfaces should be 
Satisfied, we introduce an infinite series of images exactly equivalent to the compound source that represents 
the bubble in an infinite sea. lf this proceeding were permissible, the velocity potential would take 

the form:- 


o 
Be: *Ay A, P, (cos 8) - 1 1 
=> 6) or DADA ae Say EP EMEP ARTE 
r r n=2 (r“ + n*d“ + 2nd r Cos 6) (r“ + n“d° = and r Cos @)* 
+ similar series for A,, A, etc. (2) 
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where 2d is the distance between the surfaces. 


Such a velocity potential satisfied Laplace’s equation and the boundary conditions at both surfaces, 
but is not physically permissible because it diverges. This difficulty was pointed out by Herring. it 
can, however, be overcome as follows:— 


If we consider the region in which r <d, we may transform the image terms (involving spherical 
harmonics about the origins + n d) to series of spherical harmonics about tne centre of the bubble. we 
then get, by well-known formulae:- 


é @) & (1) 
£ Ho A, Po (cos 6) ' 2h, $ @) 2Ay ré Pp, (cos 8) (a) 
Z, r i ) d 2 (n) 5 oe 2 (n?) 


+ similar series. 


we now strike out the terms which vary with the time only, such as fo 5 * etc., aS we Can always 
subtract any term depending on the time only froma velocity potential without aikening its physical meaning, 
In particular, the new velocity potential will now be finite everywhere (owing to the disappearance of the 
terms making up the series > 2 and will still satisfy both Laplace's equation, and the boundary condition 
at the rigid surfaces. This velocity potential must therefore be the appropriate one for our problem. 
we treat this velocity potential by writing down the conditions that the pressure and normal vetocity should 
be continuous at the surface of the bubble R = a+ bP, (COSIO) Aes critatn 


The final form of the velocity potential is 


f 2 
A AP. (cos 0) 2a. r“p, (cos@) © (1) (1) 
¢= 2+ 2277 + 2 3 St OS (3) 
3 5 
r r d 2 (n-) (d>) 
; : i , . nae 
We notice that the perturbing term is of the order of 33 » SO will be fairly sensitive to the 
distance apart of the plates. 1f we regard 4, and Do as sm2]] quantities, and neglect their powers and 
d 
products, we get:— 
3A - 80 
= 23 = : SS Bas 
Ay Was b+ 2ab, + ao a7 a (4) 


From the equation for continuity of normal velocity. Substituting these values in the expression 
for the pressure, we cdtain finally:- 


Pg = gz = aat+ 32 (5) 


(we have neglected the higher order perturbing terms). 


' 2 ' 
Alo, 2 Se be oe Oa < — 
2 2 2 FEL Ep 


=o (6) 

where Pg is the pressure in the bubble, and egz the total pressure in the water outside. Equation 
(5) is of exactly the same form as the equation for a charge in an infinite sea, showing that, to a first 
approximation, neitner the period nor the energy of the bubble will be affected by the presence of the two 
rigid surfaces. (This result is due to the absence of terms involving Legendre co-efficients of odd order). 
We know that the effect of a single rigid surface is both to attract the bubble and to increase the period, 
whereas the introduction of a second rigid surface seems to cancel both effects. Indeed, we see from 
Lieutenant Campbell's results that for a bubble 12 inches from a single rigid surface the first oscillation 
takes 26 milliseconds, whereas for a bubble midway between two rigid surfaces 24 inches apart, the first 
oscillation takes only 23 milliseconds in agreement both with theory and with the period of a bubble right 
away from rigid surfaces. 
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Equations (5) and (6) have been integrated by the Nautical Almanac Office for a 1 gram charge of 
T.N.T. Detween rigid walls 18 inches and 12 inches apart. It is found that b, first rises to a positive 
maximum then diminishes and changes sign and becomes numerically large. A positive value of b_ becoming 
comparable with the radius of the bubble would imply that it splits in half. The results can only be 
qualitatively correct, both because for such small values of d we cannot neglect the higher order 
perturbing terms, and also because a No. 8 Cap seems to correspond more closely to a 0.6 gram charge than 
to ai gramcharge. ‘Some specimen results are as follows:- 


Table I11. Distortion of Bubble due to rigid walls alone compared with that due to gravity alone. 
1 gram of T.N.T. 3 feet below surface. 


Time (Milli- 


20.9 Ps Py leks 28.6 28.7 | 28.8 | 
| seconds) 
| Mean Radius 
of Bubble 6.41 5.54 4,27 2.63 1.80 1.03 ob 249 
(inches) 


minimum 


b, (inches) 

2 . 
due to = 
gravity alone 


Breakdown 

d, (inches) 
| due to rigid + + + = Break— 
. walls 18" 0 -076 +180 + 272 +182 down 
/ apart 

d, (inches) 

due to rigid - - + + + + + + | 

walls 12" +024 048 -037 +304 +647 937 948 591 Breakdown 


t 
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| Experimental facts. Period of Bubble in open water 23 milliseconds. 
Between plates 18" apart period = 22 - 23 milliseconds. Bubble does not divide. 


Between plates 12" apart bubble divides after 21 milliseconds. 


Maximum radius of bubble 5,1" 


As already stated, the discrepancies in period and maximum radius are due to assuming too large a 
value for the energy of the No. 8 caps. It will be seen that for the plates 12" apart, do becomes positive 
and comparable with a, corresponding to splitting of the bubble, one half going to each plate, whereas for 
the plates 18" apart, b, eventually becomes negative and comparable with a, corresponding to a flattening 
of the bubble along the plane midway between the plates. In the actual experiment gravity acts ina 
direction perpendicular to the line we have taken as the O axis, so that, by itself, it would tend to flatten 
the bubble along a horizontal plane perpendicular to the plates, and would thus tend to assist the splitting 
effect due to the plates. By the use of tesseral instead of axial harmonics one could take account of the 
| effect of gravity and the rigid walls simultaneously, but this refinement seems hardly worth while, as we 

have already shown that the theory of this phenomena is in qualitative agreement with experiment, 


5» Conclusions. 


The comparison of phenomena on the detonator scale with experiment reveals very much the same sort 
of situation as exists for large charges. The simple theory, assuming that the bubble remains spherical 


throughout ...0-. 
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throughout, enadles one to predict with confidence such quantities as the maximum radius, period of 
oscillation, and tne trajectory of the centre of the bubble up to first minimum, Owing to a variety of — 
Causes, such as flattening of the bubble and dissipation of energy in various ways, phenomena which depends 
on the behaviour of the bubble near its minimum radius, such as the actual minimum volume and the pressure- 
time curve due to the oscillations of the bubble, cannot be satisfactorily predicted theoretically. 
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Summary. 


Measurements of the size, shape and movement of the bubble produced by 1 oz. of Polar Ammon 
gelignite detonated at a depth of 3 feet have been obtained photographically. The measurements cover 
the first oscillation in detail and a number of typical photographs is Included. The results are 
compared with calculations based on the theory of Professor G, |. Taylor, in which the effect of the free 
surface is aleo considered, 


The theoretical radius-time curve agrees quite we)) with the observed mean radius up to the first 
oscillation, although owing to large energy losses the minimum radius observed is somewhat larger than 
the predicted value. The downward velocity of the bubble Is of the same order as that calculated 
except very near the minumum when the very high calculated values are not attained. The bubole commences 
to flatten much earlier than aecording to the theory of Temperley, and at the minimum Is roughly | 
hemispherical with a slightly concave upper surface and a spherical lower surface, like an inverted t 
mushroom. 


The failure of the bubble to attain the predicted maximum velocity is attributed, at least in 
part, to the flattening of the bubble, It Is shown that the vertical momentum in the water is 
approximately conserved if the effective mass of water moving with the bubble is taken to be a half of 
that displaced by a sphere whuse radius equals the greatest horizontal radius of the actual bubble, 


Introduction. 


The purpose of the tests described here was to extend the single flash photographic technique 
previously used with detonators to 1-oz. charges. |t was desired to compare the behaviour of the 1-oz. 
bubble with theoretical predictions and to provida data which would assist In interpreting experiments 
on damage produced by i-oz. charges. 


Experimental Method. 


Single photographs of the bubble taken on stationary film were obtained at a series of times 
throughout the history of the bubble. The bubble appeared silhouetted against a white painted metal 
seflector which was illumined by a very bright flash of short duration. The flash was produced by 
detonating a 2 feet length of Curdtex in a glass tube filled with argon. 


When photographs near the minimum were required the light flash detonatur was fired by an 
electronic switch operated by the pressure pulse produced by the cvellapsing bubble, suitable time delays 
being obtained electrically when desired. For other phctcgraphs a rotary switch with adjustable pre- 
set ccntacts fired the main charge, tripped the camera shutter, and fired the light flash at any cesired 
time intervals. tn all cases a piezi-electric pressure gauge in the water near the bubble gave a 
record cn a cathode-ray oscillograph from which the timing cf the light flash tculd be measured with 
an accuracy of about 0.05 milliseconds. All experiments were carried cut after dark and the shutter 
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remained open for about 1 second. 


Location of the Charge. 


The charge was Suspended, detonator underneath, at a depth of 3 feet in a total deoth of water 
of 9 feet 6 inches. In most cases a rigid steel rod framework was fixed in the .plane of the charge; 
this served as a reference framework in the photographs giving both a length scale and a fixed reference 
point from which the movement of the bubble could be determined as well as its size and shape. 


in order to obtain a satisfactorily large image of the bubble when near its minimum, it was 
necessary for the camera to be about 5 feet from the charge. At this distance the field of view was 
a circle of 2bout 30 inches dlameter; accordingly the reference framework had to be well within the 
volume occupied by the bubble when large. The framework was therefore made of small enough section 
to produce a negligible disturbance of the bubble motion, A number of photographs were taken with no 
framework present, and the bubble shape and size were exactly the same as when a framework was used. 


For photographs of the bubble near its maximum size the camera was 8 feet away, and the field 
of view about u feet diameter so that a more rigid framework with jts members further from the centre 
cf the bubble could be used. 


Method of Measuring the Photographs. 


(a) Volume of the Bubble:- {t was assumed that, apart from small protuberances and needle 
like projections, the bubble was symmetrical about a vertical axis through its centre. The horizontal 
diameter of the profile of the bubble was measured at a number of equally spaced levels along this axis 
of symmetry - any small asymmetrical bumps on the profile being ignored as containing a negligible 
volume. The squares of these diameters were then summed, the intervals being small enough to justify 
this. 


It will be observed later that when the bubble is very close to its minimum its upper surface 
appears to be actually concave. This "mushrooming" of the bubble has been observed by Taylor with his 
"microescale" spark bubbles®, The profile of the bubble no langer coincides with the cross-section — 
the profile shows only the rim of the “saucer"-like depression at the top of the bubble. However, the 
bubble is not completely opaque and it is thought that the upper boundary of the "splash* of light coming 
through the centre of the bubble, which has been seen on some previous photographs, marks the lower edge 
of this hcllow depression in the bubble. Hence an a proximate shape to the cross-section of the bubble 
may de sketched in and its volume computed. 


The apparent diameter of a sphere viewed at a finite distance is always less than its true 
diameter, This difference can be allowed for quite simply from geometrical) considerations and in the 
present experiments only amounts to 2% for the largest bubble diameters. 


(b) The position of the "Centre ~ Gravity" of the Bubble:- The position of the “centre of 
gravity" of the volume occupied by the bubble was calculated by taking moments of the squares of the 
horizontal diameters about any convenient horizontal line. The chief error involved in determining 
the total displacement of the bubble lies in uncertainty as to the absolute position, relative to cther 
objects in the photograph, of the point where the charge was detonated. Errors in setting the depth 
of the charge were of the order of & inch and a random error of this order is inherent in every 
measurement of the displacement of the bubble. 
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(c) The Shape Co-efficients of the Bubble:- 1f R be the radius vector froma point on the 
axis of a bubble to its surface, then a bubble of any given shape (assuming axial symmetry) may be 
represented by an infinite set of “shape co-efficients" as follows:- 


R = a¢bd,P, (cos 0) + b»P, (cos O)i tive cetes 


where bab, -etc. are here called the “shape co-efficients" 


@ is the angle between the radius vector and the axis of symmetry; @ = 0 is taken downward. 
Pn is the Legendre Polynomial of the nth order. 


To a first order in small quantities, Dy will be zero if the origin of the co-ordinates is 
taken at the centre of gravity. Since it was desired to compare the observed shape co-efficients with 
those calculated theoretically in which the origin is usually chosen so as to make by always zero, the 
centre of gravity was chosen as the origin for measurements, 


The method of measuring the co-efficients a, Dos Db, etc. for a given bubble outline is considered 
in detail in an appendix. Briefly, the method assumes that no co-efficients higher than b, are necessary 
to express the shape observed. Radii vectores are measured for seven equally spaced values of @,eand the 
resulting simultaneous equations are solved for the seven comefficients. It is sufficient justification 
of the method, here, to say that when the ful) outline given by the seven co-efficients thus calculated 
is drawn out it agrees with the observed outline with an error less than the uncertainty in delineating 
the-observed outline of the bubble, even for extreme cases so far found. 


(d) Accuracy of Measurement:- Length measurements can be made on the photographs within about 
2 orf 3%, Dut absolute values cf the position of the bubble are probably only accurate to within about 
4 inch. Values of the velocity sf displacement of the bubble are therefore subject to rather large 
inaccuracies, though this is somewhat reduced by drawing a smooth curve thrcugh a number of observaticns. 


Experimental Results. 


The experimental results are plotted in Figures 1 to 5. The timing of all observations near 
a minimum was measured in milliseconds before or after the minimum rather than in milliseconds after 
detonation since. there was considerable variation in the value of the first period, The period varied 
between 74 and 80 milliseconds with an average of 77 milliseconds, and this value has becn used in 
plotting the data in Figure 1. 


The data for the second oscillation are scanty and have been put in a table which follows. 


TABLE 1. 
Average Second Second Minimum Displacement downward 


Period Radius 


(mean) 


at second minimum 


56 
milliseconds 


3.8 inches 16.5 inches 


Nn no rey 


Description of the Photographs. 


In Figures 7, 8 and 9 a number of typical photographs of the bubble are given in each of which 
the bubble appears silhouetted against a white reflector. The 2xplosive, being of a type which gives 
Tise to no free carbon in the explosion products, resulted in a bubble which was fairly transparent so 
that in most photographs a splash of light appeared at the centre of the bubble where the gas-water 


interface ..sse0 


308 By ithes 


interface was approximately normal to the light path between source and camera. In Figure 7a, 
however, it was necessary to open the camera shutter before firing the charge so that the image of the 
detonated charge is found as a very bright patch at the centre of the bubble. 


The Dubble remains very nearly spherical, apert from smal] 2xcrescences on its surface, until about 
10 milliseconds before the first minimum (Figure 7d). As the bubble collapses further it becomes 
flattened, but in such a way that the lower half of the bubble remains very roughly hemispherical 
(Figures 7e, f, 6a, b, C). in Figure gb the bubble is nearly hemispherical with a flat top, while in 
8c the flat top has become concave so that the bubble resembles‘an inverted mushroom. Ouring the 
later stages of collapse the needle-like projections have become more accentuated relative to the 
bubble as a whole, and appear to be stightly more marked on the lower surface. The shape of the 
bubble at the minimum ls somewhat obscure, perhaps owing to the relatively large duration of the 
light flash ~ about 100 microseconds. The «symmetrical lobe on the left of the bubble in Figures gd 
and @ is probably due to a perturbation of the bubble when large since in these cases the Charge was fired 
to the left of the centre of the framework. The framework in these was felatively stiff, and was made 
of channel Iron; the bubble when large enveloped the left hand member of the framework. In al} 
other photographs at the minimum no asymmetry was found. 


That the bubble is moving downwards may be inferred from the shape of the horizontal cross 
wires nearest to the bubble seen in Figures 3d and e. These wires were terminated by stretched springs 
designed to keep them taut when the inwerd rush of water pilled in the sides of the framework. In 
practice the transverse pressure exerted en the wires by the moving water displaced them very 
considerably. The actual shape of the wires Is determined by the past histcry of the water velocity 
in its neighbourhood, and it is clear from their shape in Figures 8d and e that the motion has been 
mainly radially inward, but with a velocity vertically downwards superimposed on this flow in the 
Immediate neighbourhood of the bubble. 


{In all the photographs near the minimum there appears to be a region just above the bubble 
where the water scatters the light rather than transmitting it in the normal manner. In Figure ge, for 
example, the intensely bright line of light produced by the detonated Cordtex appears to be interrupted 
by this region; the wire in Figure 8e becomes almost, if not quite, invisible when passing through this 
region. It is suggested that this is evidence of a "wake* in the rear of the moving bubble. Perhaps 
this region is filled with many small eddies and fine bubbles. 


After the minimum.the bubble expands somewhat irregularly — Figures ef, 9a, b and, Its 
lower surface* shows smal] protuberances, but not the long needles which are such a prominent feature 
of the lower surface before the minimum. The upper surface of the bubble, however, shows a very 
marked array of approximately radial streamers or “whiskers” which appear to be long trials of bubbles. 
The length of these "whiskers" is of considerable interest; in Figure 9a they occupy water on either 
side of the bubble which In Figure ge was quite clear and free from such bubbles. 1t seems somewhat 
unlikely that these "whiskers" have actually been pushed out so far in advance of the main surface of 
the bubble. These streamers may be composed of fine bubbles of gas, actually left behind in.the water 
by the collapsing bubble which were compressed and rendered practically invisible by the very high 
pressure existing in the water round the bubble when near its minimum. 


The curious radial streaks of light in Figure 7e are thought to have nothing to do with the 
bubble. It is thought that they are produced by small white hot particles — perhaps pieces of aluminium 
from the detonator - projected outward at detonation, Although the solenoid which operated the camera 
shutter was not energized until some 15 milliseconds after detonation, it is probable that in this case 
the impact of the shockwave operated the rather delicately set shutter trigger. This would account 
for the absence of the actual flash of the detonating charge, and for the absence of any streaks near 
the centre of detonation. The increased intensity of these streaks towards the end of their path would 
be due to the increase of light-gathering power of the lens as the shutter opened. This same phenomenon 
has been observed on several occasions when the timing of the main light flash and thus of the actual 
bubble photograph differed very considerably. 


DISCUSSION weseee 


ars 509 


Discussion — Comparison with Theory. 


(a) Radius - Time Curves:— In Figures 1 and 2 the mean radius of the bubble ~ defined as 
the radius of a sphere having the same volume as the bubble — is plotted against time. For comparison 
with experimental data, values of the radius as calculated by the Nautical Almanac Office have been 
plotted in Figures 1 and 2. These calculations refer to a non-dimensional depth Z, = Teds the bubble 
being assumed to remain spherical, and account has been taken of the presence of a free surface 0.6 
units above the charge. These correspond to a 1-0z. charge with a bubble energy of 440 calories/gm. 
at a depth of 4 feet. ~ The standard length for this case is 5 feet and the standard time 0.394 seconds 
yielding a value of 77 milliseconds for tne period. This period is so close to the observed average 
period that the theoretical results have been plotted without any adjustments of scale. 


It appears from Figure 1 that there is a discrepancy somewhere in that the periods agree while 
the observed maximum radius exceeds the theoretical value by about a% If the energy of the motion be 
calculated from the observed maximum radius, (assuming that the fraction of the energy left in the gas, 
amounting to about 15%, is the same as in the theoretical case) a figure of 550 calories/gm. is obtained. 
The energy calculated from the period assuming the correctness of the theory, is only 4u4O calories/gm. 


In assessing tne cause of this discrepancy it does not seem Vikely that the maximum radius 
measurement is more than 2% in error, while the measurement of the average period might be as much 
as 3% in error. These two might conceivably contribute an error of 15% in the energy, in the worst 
case where the errors act in the same direction. 


It is possible that the theory of the effect of the free surface is somewhat in error for a bubble 
as close to the surface as this, since the theory is only an approximation which neglects cubes and 
higher powers of the reciprocal of tne distance of the free surface, accordina to the approximate 
theory used the presence of the free surface reduces the period from 86 tc 77 milliseconds in this case; 

a large correction which if itself in error might account for some of the discrepancy. !t has also to ~ 
be remembered that the effect of the rigid bcttom at a distance of 6 feet 6 inches from the bubble has 
been neglected in the theoretical calculations. This, hcwever, would raise the theoretical pericd to 
about 81 milliseconds and increase the size of the discrepancy. 


It is further just possible that there is a considerable energy loss during the contraction 
stage, though most of this would have to occur while the bubble is large in order to reduce the period 
to such an extent. It is estimated from the ratio of the first to the second period that about 60% 
of the bubble energy is lost between the first and second oscillation, but it seems more likely that 
most of this loss occurs near the minimum when the bubble is moving most rapidly in a vertical direction. 
Tne data plotted in Figure 2 bring out the quite sharp energy loss as indicated by the much slower 
expansion after the minimum, than contraction before the minimum. 


(b) The MinimumRadius;- Energy Considerations:- According to the theory of a spherical 
bubble the minimum radius should be 2.01 inches when the energy in the gas is a1% of the total, the 
remaining 19% being kinetic energy in the vertical motion of the water. The observed mean radius at 
the minimum, based on the volume, is 2.7 inches. This puts the energy in the gas at 64%, assuming 
that the gas adiabatic is substantially that of the theury. (f one assumes that the effective volume 
of water moving with the bubble is half the volume displaced (as is true for a spherical bubble and 
streamline motion) the kinetic eneray of vertical motion works out at 1.9% of the total — taking the 
observed maximum velocity as about 185 ft./sec. 


However, the shape of the bubble at the minimum is more nearly hemispnerical with a radius of 
3.9 inches (see Figure 8d). If one thus assumes that the effective volume of the water moving vertically 
is one half that displaced by a sphere of radius 3.9 inches the kinetic energy at the minimum works out 
at 5.6% of the total. (tn fact the effective volume of water moving may be even greater since a 
hemisphere moving rapdily through water is likely to drag with it a volume of dead water lying 
immediately behind its flat surface in addition to the water circulating round it). This brings the 
energy in these two phases to about 70% of the total. 1t is not unreasonable to suppose, therefore, 
that of the observed loss of energy between the two cycles of about 60% (based on the ratio of the 
first and second periods) half is lost just before the minimum, the other half just after the minimum 
when the vertical velocity is high. 
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in a recent paper G. |. Taylor and Davies ¢ have shown that a small bubble rising steadily 
through water tends to assume the shape of the cap of a sphere with a turbulent wake in its rear, and 
with a drag co-efficient of between 0,5 and 1.2. using, thus, a drag co-efficient of 4 the energy 
loss by turbulence of the 1-oz. explosion bubble has been calculated up to the first minimum. The 
observed value of the velocity is given in Figure 5, and the maximum horizontal radius of «the bubble 
in Table 2 below. it is found that 62% of the eneray logs occurs in the last 4 millisecond before 
the minimum, 86% of the loss occurring in the last millisecond. The total loss, however, only, 
amounts to about 500 calories, i.e. to about 3.7% of the total bubble energy. Since the velocity 
enters as the cube in this calculation, if the actual bubble velocity were double the assumed figure 
for the ast half or one millisecond the energy Inss would be about 25% of the total bubbBe energy, 
{t is also possible that the drag co-efficient of the bubble is somewhat higher than unity, perhaps 
owing to the needle-like projections from its surface. 


(c)  Velocity-Time Curve. Momentum Considerations:— An attempt has been made to estimate 
the velocity of the bubble from the displacement-time curve, Figure 3. AS waS remarked above, this 
velocity data is only very approximate. The estimated value has been plotted in Figure 5, together 
with the theoretical curve. 


The failure of the bubtle to reach anything like the theoretical maximum velocity is very 
probably due to turbulence, Dut also in part to the change of shape of the bubble. {n Table 2 are 
tabulated for a few times the observed values of the velocity U, the mean radius a, and the maximum 
horizontal radius at cf the actual bubble. The vertical momentum factor am= ua? has been tabulated 
in columns 5 and 6 calculated in two ways. In the fifth column the effective volume of water moving 
with the bubble is assumed tc be half that'actually displaced by tne bubble; in the sixth column the 
volume of water moving is assumed to be half that displaced by a sphere of radius equal to the greatest 
horizontal radius a+ cf the bubble. 


1t will be seen that in the first case the calculated momentum of the water decreases rapidly 
as the minimum is approached, whereas in the second method of calculation (i.e. assuming the volume of 
water moving is half that displaced by a sphere of radius equal to the greatest horizontal radius of 
the bubble) the momentum appears to remain more nearly constant, as in fact it should. 


TABLE 2 


Vertical Velocity and Momentum Data. 


T 1 ] 
Time msecs, Vertical | Mean | Maximum Vertical Momentum 
before minimum Velocity 


Radius Horizontal Factor 

n 3 13 
U a Radius Ua i u(a-) 
al 


(ft./sec.} (ft.) (ft.) 


(4) 


g The Rate of Rise of Large Volumes of Gas in Water. G. 1. Taylor and R. M. Davies. 
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(d) Shape Change of the Bubble:~ In Figure 4 the second harmonic shape co-efficient b, 
has been plotted as a fraction of the co-efficient of zero order a up to just before the minimum. The 
following table includes figures for the higher order co-efficients also. it will be seen that b 
is always small; the small shift of origin which would have to be made to make it vanish exactly 
should not affect the other co-efficients appreciably. 


TABLE 3. 


Harmonic Shape Co-efficients during Contracting Phase. 


Milliseconds 
before first 
minimum 


For comparison with the observed measurements of the second harmonic shape co-efficient b., 
the value calculated by the Nautical Abmanac Office using Temperley'’s equation has been plotted in 
Figure 4. Temperley’s equation contains various time derivatives of the first co-efficient a, and 
the linear velocity U of the bubble. These values were taken from the earlier calculation in which 
the bubble was assumed to remain spherical; i.e. it was assumed that a and U are not perturbed by 
the growth of the higher shape co-efficients Db, etc. 


It will be seen that though the general form of the baja Versus time curve is roughly the same 
experimentally as is given by the N.A.0. calculation, Dales attains appreciable magnitude much earlier 
than in the theory. It seemed possible that this was due to actual linear velocity U being greater 
than the theoretical one in the early stages of collapse of the bubble. accordingly Temperley’s 
equation was reintegrated, using the observed value of the velocity u together with the theoretica) 
values of the mean radius a and its derivatives. This result has also been plotted in Figure 4&. 
it will be seen that this Daya curve is now somewhat nearer the observed curve, but there is still a 
considerable’ difference. ft is thought that most of this discrepancy could be due to error in the 
velocity-time curve used. A final check of the orrectness of Temperley's equation must therefore 
await a more accurate determination of the velocity-time curve for the bubble, 


Conclusions. 


(1) During most of the first oscillation the bubble remains very nearly spherical and 
agrees reasonably well with Taylor's theory when allowance is made for the presence of the free surface. 


(2) During the last five milliseconds before the first minimum the bubble flattens, its 
vertical diameter shortening, and the upper surface becomes flatter while the lower surface remains 
approximately hemispherical. Close to the minimum the upper surface becomes concave and the bubble 
resembles an inverted mushroom. 


(E) oonacs 
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(3) The sign of the shape change agrees with that predicted by Temperley's theory, but th 
change takes place considerably earlier than in the theory. A reintegration of Temperley's equation 
using the observed velocity-time curve reduces this discrepancy somewhat. 


(4) The downward displacement agrees reasonably well with the theory, but is somewhat less 
at the first minimum than the predicted value. The observed maximum velocity of 185 ft./sec. falls 
considerabDly short of the theoretical value of 890 ft./sec. 


(5) This failure to reach the high velocity predicted may be partly due to turbulence, but 
may also be due to the flattening of the bubble. 


(6) The vertical momentum in the water appears to te approximately conserved up to the 
minimum if it is assumed that the effective mass of water moving with the bubble is one half that 
displaced by a sphere of radius equal to the maximum horizontal radius of the flattened bubble. 


(7) The vertical kinetic energy in the water at the minimum is estimated to be about 6% 
of the total energy of the motion, in contrast to the theoretical value of 19%. 


(8) The energy in the gas at the minimum is estimated at 64% of the total initial energy 
of the motion, 


(9) There is an indication of a "wake" or region of disturbed water in the rear of the 
downward moving bubble when near its minimum size. 


(10) The bubble remains coherent for at least two complete oscillations. 
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APPENDIX 


Harmonic Analysis of Bubble Shapes. 


The silhouette photographs of the bubble give profiles which in general have the shape of a 
cross-section through the axis of symmetry. {t was desired to determine the co-efficients in the 
series. 


R= a+bd,P, (cos 9) + b BD (cos Gi tueecmenetce (1) 


2 
in which R is the radius vector to the surface of the bubble from a given origin on the axis, @ the 
angle included between the radius vector and the axis. 


AS a first attempt it was decided to determine that curve in which only the first seven 
co-efficients were non-zero, and which fitted the observed section at seven equally spaced values of 
the angle G, viz. 0°, 30°, 60°, 90°, 120°, 150° and 180°. The radii vectors Ry cteeeeee Re at these 
angles were measured giving seven simultaneous equations, of which a typical one is:- 


Te ese AR (cos 6.) + DP, (cos Ga) + woven + beP, (cos 6) 


6, = a6 (2) 


These equations were solved once and for ald for the seven co-efficients in terms of the radii 
Ro to Ree The solution is given here for reference. 


a = ,034 + .2U3 Wr) + .467 r + .256 "3 
oF = .086 Lit + .660 rs + .687 Ler 
SS 5 oie Ti. . is 
Ds 152 Le + .776 1 267 2 661 3 
oy = 2237 ry + .513 Ts -— 1.364 Lis 
b = 442 7 Lf CPI Tet OTT Us (3) 
fet at 2 Or ~274 ams 2 . 3 
oe = .677 si 1.173 ut + .677 re 
De = 4372 i —7. 745 te + 2745 i = 372 rs 
in ar Lie R, +R Reataik, 
where roe fe) 6 te = al 5 ; i By 4 4 
2 2 2 2 
tT = R 
3 3 
‘sy Si a rile pti ea ee ae dag 
be 2 2 2 c 2 


A fairly extreme example is illustrated in Figure 6. Tne full line is the observed cross— 
section of a bubble, the broken line is the curve given by the seven co-efficients as calculated by the 
above method. The agreement between the two curves is well within the limits imposed by the actual 
photographs. The above method which is the simplest that could be devised, was accerdingly used 
in analysing all the photographs obtained. 


Analytically, the ideal method of calculating any given cc-cfficient in the series (1) say 


dD, is to use the known relation 


penned 6 = 180 ep (cos 8).d (cos 8) (4) 
b a Paate n 


TO USC. cceee 
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To use this R has to be measured at a number of angles giving equally spaced values of cos @, 
and the product RP, (cos 6) then integrated numerically. This method has the advantage that any 
co-efficient is given without assuming that any of the others are zero. The main disadvantage is 
that because of the fluctuations of Bo (cos 8) over the range the number of radii which must be 
measured to give any reasonable accuracy in the numerical integration is rather large. This point 
is Drought out in the following table in which the result of analysing the shape shown in Figure 6 
by the two methods is compared. Simpson's rule was used for the numerical integration, and 9, in 
and 21 ordinates were measured. 


Comparison cf Methods of Shape Analysis 


f 


| Methoa 


Coefficient Equation (3) Equation (4) 


7 Radii 


The table shows that the 7 ordinate method using equation (3) is quite adequate, at least 


up to b,, and clearly involves only a third of the labour of the method using equation (4) and 24 
radii vectores. 
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Fig. 6 
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coefficients only 


R2=430+0:28 P(cos @) -! 82 P, (cos @) 
+129 P,(cos @) —O 29 P, cos @) 
—0 61 P,(os @)+0'S! P, (cos ©) 


COMPARISON OF OBSERVED BUBBLE SHAPE 
BEST FITTING CURVE USING 7 HARMONIC 
COEFFICIENTS ONLY 


Observed shape — — Shape using 7 harmonic 
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(7s) 5-45 MILLISECONDS AFTER (7b) 41. SO MILLISECONDS AFTER 
DETONATION DETONATION 


(7¢) 14-30 MILLISECONDS BEFORE ‘78) 9 90 MILLISECONDS BEFORE 
FIRST MINIMUM FIRST MINIMUM 


‘Te 5 65 MILLISECONDS BEFORE 71’ 2 60 MILLISECONDS BEFORE 
FIRST MINIMUM FIRST MINIMUM 


\ 


(8) 1-95 MILLISECONDS BEFORE 
FIRST MINIMUM 


(@ <) 0°50 MILLISECONDS BEFORE 
FIRST MINIMUM 


‘Be © 25 MILLISECONDS AFTER 


FIRST MINIMUM 


(8b) 0-85 MILLISECONDS BEFORE 
FIRST MINIMUM 


(8 d) AT FIRST MINIMUM 


(8f O BO MILLISECONDS AFTER 


FIRST MINIMUM 
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(9e) HIS MILLISECONDS 
: FIRST MINIMUM 


(Gc) 10:60 MILLISECONDS AFTER (94) O-ISMILLISECONDS AFTER 
FIRST MINIMUM SECOND MINIMUM 
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A TECHNIQUE FOR MULTIFLASH PHOTOGRAPHY OF UNDERWATER 
EXPLOSION PHENOMENA 


A. R. Bryant and K. J. Bobin 


August 1945 


* * * * * * * * * 


Summary. 


A method is described which enables a number of photographs to be taken at one millisecond 
intervals of explosion bubbles produced by the detonation underwater of charges weighing about 1 oz. 
A total of forty to fifty pictures in two groups may be taken, the two groups being usually timed to 
cover the,period when the bubble is near its first and second minima respectively. 


Light from an arditron discharge lamp is focused by a large meta) reflector placed underwater 
on to the lenses of a twin drum camera housed in a watertight casing situated at the same level as the 
charge, thus producing a bright field of light against which the bubble appears silhouetted. 


The electrical gear producing the discharges in the arditron is housed in a laboratory near 
the experimental tank and connected by g0 feet cf cable to the arditron which is situated just above 
the water. 


A description of the electrical circuits and the underwater camera is given together with a 
set of photographs from a typical shot. 


Introduction. 


tn two previous papers (1) a method has been described for obtaining single flash photographs 
of an underwater explosion bubble produced by small charges. In order to determine the behaviour of 
the bubble in the neighbourhood of targets such as the box=-model, however, it was necessary to devise 
some method of taking a succession of pictures during the course of a single explosion. This note 
describes apparatus developed for this purpose. 


Figure 1 shows diagrammatically the experimental arrangements, A rotating twin—drum camera 
housed in a watertight casing, and with all controls electrically operated, is bolted on to a rigid 
steel framework which is lowered by crane on to the sloping side of the experimental tank and clamped 
in position with the camera at the required depth.- Light from an Arditron discharge lamp in a housing 
just above the water's surface, illuminates a large curved metal reflector and is focused on to the 
Camera lens as shown, so that the reflector appears in the photograph as a bright ground more than 
filling the field of view. The charge and the target are suitably placed to appear silhouetted 
against this reflector, 


The arditron lamp is operated stroboscopically by electrical equipment housed in a nearby 
laboratory, the lamp being connected to the equipment by high voltage concentric cable. Since most 
of the bubble shape changes and displacements occur when the bubodle is small, and since these are the 
times when the bubble causes damage, it was decided to restrict photographs to two periods near the 
first and second minima respectively. The apparatus has therefore been arranged to take a total 
of forty to fifty pictures in two groups, one on each camera drum, the pictures in each group being 
spread at 1 millisecond intervals. 


Multiflashing ...... 
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Multi flashing Equipment. 


The electrical equipment for producing the light flashes in the arditron lamp is housed in the 
laboratory for reasons of bulk and general convenience of servicing. This has necessitated the use 
of a transmission line 80 feet long to connect the equipment to the lamp. It has been necessary to 
devise an electrical circuit which would minimise the undesirable effects on the efficient operation of 
the arditron due to the total inductance of the transmission line. The circuit adopted is shown in 
Figure 2 and its operation is as follows:— 


The reservoir condenser, which serves as the power supply, consists of 28 2microfarad condensers 
connected in parallel and trickle charged to 8,000 vclts by a neomsign transformer and ten H176 
westinghouse rectifiers in series. 


A sever-inch diameter Tufnol disc, rotating at 3,000 r.p.m., carries 20 short lengths of 4 B.A. 
brass studding screwed through the disc at equally spaced intervals round a circle concentric with the 
axis of rotation. The disc is mounted sc that these lengths cf studding pass in succession between 
two pairs cf fixed points, Sy and S, the clearance being about 6/1,000 inch. Thus every millisecond 
cone of the twenty studs passes between the points 8, and Sos These fixed pcints are so arranged that 
there is half a millisecond interval between studs passing between them, i.e. if a stud is in Vine with 
Sy at a certain instant then half a millisecond later a stud will pass S, and vice versa. 

with the relay R closed, when one of the studs passes between the points Sy, the gaps at § 
break down and the intermediate condenser, Capacity 0.5 microfarad, is charged up to the voltage of the 
reservoir. The 8-ohm resistance limits the current in this charging stroke. 


Half a millisecond later, when there is no conducting path at Sy. 4 stud passes between the 
points S5: This gap breaks down and the intermediate condenser discharges down the concentric cable 
thus charging up the final condenser, Capacity 0.2 microfarad. after a time of the order of 10 to 12 
microseconds, when the final condenser is nearly fully charged, the voltage applied to the grid of the 
Arditron reaches its breakdown voltage and triggers the tube which breaks down and a discharge passes 
between anode and cathode. 


The main requirement of the lamp is that it should produce a high intensity light flash of short 
duration, and it is therefore necessary that the current pulse in the lamp should be of great intensity 
and short duration. The final condenser is therefore housed in the lamp housing as Close to the arditron 
as possible, thus keeping the inductance and resistance of the discharge circuit as low as possibdle. 

It is estimated that the peak current in this discharge is from 3,000 to 5,000 anperes, and the pulse lasts 
for about a microsecond. This is followed by a much longer discharge due to the intermediate condenser 
discharging down the cable and the lamp. The 30-ohm. resistance, however, limits the current in this 
part of the discharge to a maximum value of 200 amperes, which decreases with a time constant of the 

order of 15 microseconds. Thus the pulse of current in the lamp is cunjectured to be somewhat as in 
Figure 3. 


By suitable adjustment of the lens aperture and the speed of the film it is possible to arrange 
that the intensity of light falling on the moving film due to tne long "tail" of the current-time curve 
shall be less than the threshold value for the film, so that only the short pcak of the light pulse 
registers photographically. However, in high lights, where the level of the illumination is locally 
very much higher than that over most of the picture, it is impossible to prevent some of this later 
portion of the discharge registering photographically. This causes a short "trial" of light, extending 
in the direction of motion of the film, on each of the high lights. The pictures obtained by this 
circuit are nevertheless much sharper than those obtained by discharging a condenser of the same capacity 
as the final condenser down the 80 feet of cable with the lamp at its far end, 


The rotary spark gap isolates. the lamp from the intermediate and reservoir condensers during 
the recharging stroke. This two-stage process is repeated every millisecond until the relay R is 
Cpened or until the voltage cf the reservoir falls below a critical value. In normal cperation two 
groups of flashes are produced, each consisting cf 20 t- 25 flashes, and these groups must be timed 
relative to the firing of the explosion with an accuracy cf three or four milliseconds, so that the 
relay R must operate quickly and repeatedly. To this end a Post office high speed relay has been 


adapted wss.ee 
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adapted, a Tight Tufnol arm being attached to the moving armature. 4 BA brass studs on the moving 
arm and on a fixed Tufnol arm serve as contacts. A gap of just over 3th inch in the open position has 
been found sufficient when working at 8,000 volts to prevent the train of sparks passing across the 
points of the rotary gap. The total time of operation of this relay is about 10 milliseconds, although 


the contacts are only moving for about 3 milliseconds. 


The Camera. 


The underwater camera is shown diagrammatically in Figure 4; Figure 5 is a photograph of the 


camera removed from its watertight housing. It is, in effect, two separate drum cameras mounted side 
by side. This enables a sufficient number of pictures to be taken without having en abnormally large 
drum. It also permits the two groups of flashes tu be timed sclely with regard to the phenomena toa be 


observed and without regard to the relative position of the two sets cf pictures on the film. 


The two 7 inch diameter duralumin drums A carrying 35 mm. film are mounted side by side ona 
commen spindle and driven at speeds up te 3,000 rep.m. by a belt drive B from a 12 volt car dynamo C 
used as a moter. The ball races D in which runs the drum spindle are housed in a pair of brackets 
formed by angle iron members E welded rigidly to the bed plate F. This design combines lightness with 
great rigidity. 


The two lenses G are Taylor Hobson “Speed Panchrc™ lenses with an aperture of t/, and a focat 
length of 58 mms. 8etween the lens and the filma single duralumin vane H, 6/1,000 inch thick, 2cts 
as a shutter and is activated by a solenoid and lever system 1. The arrangement was the simplest which 
Could be put in the available space. On the application of about 18 volts to the solenoid the shutter 
cpens in about 15 milliseccnds; on removal of the voltage the shutter closes in a similar time. under 
present conditions cf use this gives ample time for one shutter tu close and the other to open in the 
intervals between the two groups cf light flashes. Approximately 25 pictures 1 inch in diameter may 
be obtained on each drum. 


Each lens and shutter is mounted separately on a shaped brass base J which may be moved through 
an arc of about 5° round the periphery of the drum. Thus one lens may be tilted upwards while the 
other may be tilted downards. In Figure 5 the right hand lens is shown tilted downards, while the 
brass dust cover has been removed to show the solenoid which operates the shutter. This: arrangement of 
tilting lenses enables two different fields of view, one above the other, to be covered, a feature 
which may be used to advantage when the bubble is known to be moving either upwards or downwards. 


The film is held in position by simpte spring clips L. The camera unit is made light-tight 
by a light cover kK. 


The camera proper is contained in a strong watertight housing which is made in two pieces. 
The bed plate F of the camera bolts on to a heavy rigid plate M which in turn is bolted on to the 
external framework holding the camera under water, The front portion of the watertight housing N 
is welded on to the plate M. This portion has a compartment containing the motor C and a plate glass 
window 0, 1 inch thick, is bolted between rubber gaskets to the front of N. This window has been 
found to withstand the explosive effects of a 1 oz. charge detonated at distances greater than 2 feet 
6 inches from it. The rear portion of the housing consists of the watertight cover P which is also 
bolted on to the plate mM to complete the seal. 


Lamp Housing. 


The arditron lamp is mounted in a large car headlamp reflector in such a way that the beam 
of light is concentrated roughly into a cone of about 50° semiangle. The 0.2microfarad condenser is 
mounted just behind the reflector and the whole is mounted in a wooden box held just above the water 
surface. It has not been found necessary to use a glass plate in the water surface to prevent 
scattering of light by ripples. 


Underwater Reflector. 


The construction of the curved metal reflector in Figure 1, is shown in greater detail in 
Figure 6. The basic framework consists of three rows of upright angle irons A welded to threéd cross— 


Draced-...... 
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braced longitudinal angle iron members B. To the uprights are bolted nine pieces of @ inch thick 
plywood cut to a calculated curvature and bevelled. Narrow strips of 16 gauge duralumin plating are 
screwed on to the plywood sections, the strips having been cut and fitted by trial. 


ideally the reflector should form part of an ellipsoid of revolution, with the lamp and 
camera at the two foci. This requires that the position of both lamp and camera should always be 
fixed in relation to the reflector, and that the lamp should operate underwater. Owing to the shape 
of the experimental tank these conditions are not easily satisfied over a range of operating depths. 
AS a Compromise, the present reflector has been made with sections calculated for a paraboloid of 
revolution with axis horizontal the lamp being operated just above the water surface. Owing to the 
finite size of the car headlamp reflector in which the arditron is housed, this optical system 
produces a satisfactory bright background for a range of operating depths down to 5 feet, as may be 
seen from typical photographs in Figure 8. It wilt be seen from these photographs that the illumination 
tends to be patchy; this is due to the anticlastic curvature cf the strips of duralumin which form 
the reflecting surface. The reflector wil) withstand repeated explcsions of a 1 uz. Charge 3 or 4 
feet away. 


Timing Controls. 


The firing of the two groups of sparks, the opening and closing of the two shutters in the 
underwater camera, and the firing of the charge are performed in their correct sequence by a rotary switch 
carrying 6 brass sectors mounted in adjustable rotating ebonite discs. The period of the bubble motion 
being determined by previous oscillographic records, or by calculation, the sectors of the rotary switch 
are each preset to operate at the correct time, allowance being made for the known time lags in the 
spark relay and the shutter mechanisms. 


The rotating spark gap is driven by an induction motor working off the 5Q-cycle mains. As the 
motor is practically on "no loan" its speed is always very Close to 3,000 r.p.m. (this has been verified 
by a tackometer). The speed of the drums in the underwater camera has to be adjusted to give proper 
spacing to the photographs, and for this purpose a remote reading electrical revolution counter has been 
devized whose operation is shown diagrammatically in Figures 7a and 7b. 


jn Figure 7a, 8 is the spindle whose rotational speed is required. The brass disc A carries 
five small equally spaced soft iron inserts C which pass in turn between the poles cf a permanent magnet 
D causing a series of voltage pulses to be induced in the solenoid —. This pulse consists uf a positive 
and an identical negative pertion and lasts for about one twentieth of the interval between successive 
pulses. 


Figure 7b shows the electrical circuit used tu indicate the frequency of arrival cf the voltage 

pulses produced by the solencid on the camera. Valves Vi and V2 forma straight forward “flip flcp* 
circuit in which there is normally ne current flowing in the ancde circuit of V2. The arrival of a 
negative pulse cf sufficient magnitude from the camera sulenoid Causes a square pulse cf current to flow 
in the ancde circuit of V2, the duration and magnitude of this pulse being governed sclely by the circuit 
constants and not by the shape or magnitude of the triggering pulse. At normal drum speeds the needle 
of the milliammeter in the anode circuit of V2 cannot follow the individual fulses it receives but gives 
a deflection equal tc the time average of the current ;assing through it. The deflection is therefore 
directly proportional to the frequency of the triggering pulses. The circuit shown has a response of 

1 milliamp per 1,000 r.p.m. of the camera drum, linear from 500 r.p.m. up tc at least 3,500 r.p.m. 


V3 is a thyratron and the associated circuit produces a very short negative pulse at the 
frequency of the A.C. mains, thus enabling the overall current-frequency sensitivity of the "flip-flop" 
circuit to be standardized just before use. 


Typical Photographs. 


In Figures 8 and 9 are shown some typical photographs obtained from the explosion of a single 
1 0z. Charge of Polar ammon gelignite at a depth of 3 feet. The interval between pictures is 1 millisecond. 
The group shown in Figure 8 was recorded On one drum of film and was timed to include the first bubble 
minimum; the pictures in Figure 9 include the second minimum, The general appearance of the bubble 


is Similar «yee 
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is similar to that shown by "single-shot" photographs on stationary film given in a previous paper (1) 
It is clear from the present photographs that the bubble is self—luminous for a period of the order of 
a millisecond.near its first minimum, the gas at the centre of the bubble being the first to become hot 
enough to glow. |t now seems probable that the patch of light seen in the centre of the bubble in the 
*single-shot* photographs of the above mentioned paper (Figures 7, ce, Us — Ga, Domes dies: fe 

9a, b, c) is not light from the illuminating source passing through the bubble as suggested in that 
paper, but the flash produced by the self—luminous bubble at its minimum, since in obtaining these 
photographs the shutter was opened for a period including the first minimum. 


Reference. 


(1) Photographic measurements of the size, shape and movement of the bubble produced by 1 oz. 
charges cf Polar ammon gelignite detonated underwater at a depth of 3 feet. 
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Current produced by tinal condenser 
discharging through Arditron 
| 


| 
Current produced by intermediate 
condenser discharging through 
resistance, cable and Arditron 


CURRENT — Amperes 


TIME — Microseconds 


Fig.3. CONJECTURED CURRENT— TIME CURVE IN ARDITRON LAMP 
WITH CIRCUIT OF  Fig.2. 
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Underwater Camera 
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Fig7qa ORUM SPEED TIMING DEVICE 


To solenoid on camera 
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Fig 7b ELECTRICAL CIRCUIT FOR INDICATING FREQUENCY OF 
VOLTAGE PULSES 
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Fig.8. THE BUBBLE PRODUCED By loz CELIGNITE AT 3ft. DEPTH CONSECUTIVE 
FRAMES AT |! MILLISECOND INTERVALS NEAR FIRST MINIMUM 
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’ THE BUBBLE PRODUCED BY loz CELIGNITE AT 3ft. DEPTH CONSECUTIVE 
SRAMES AT | MILLISECOND INTERVALS NEAR SECOND MINIMUM 
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Summary 
panne iay 


Stroboscopic photographs at 14 millisecond intervals have been taken of the bubble produced 
when 1 02. Charges of polar Ammon—gelianite were fired at various distances from the target plate of 
the R.R.L. Box Model. The photographs show that the buoble was strongly attracted to the target. 
For a Charge distance of about 194 inches the bubble made contact with the target plate at the time 
of its first minimum radius. Graphs of the radius and displacement of the bubb¥e when near its 
minimum are given as functions of the time for various cherge distances 


The displacement of the bubdle at the minimum was in reasonable agreement with values calculated 
on the assumption that the flat target plate and rigid surrounding flange may de treated as a rigid disc 
of equal area. This agreement is regarded as indicating that the theory provides = good estimate 
of the lincar momentum associated with the moving bubbdle, except perhaps during = short time near the 
minimum. The observed minimum radii were considerably larger than the predicted values, and the 
maximum velocitics correspondingly lower than the predicted values, throughout the range of charge 
distances considered, 


Introduction. 


In early measurements of the deflection of the R.R.L. Box Model target plate it was apparent 
that the explosion bubble was contributing appreciably to the damage (1). The following experiments 
were designed to determine photographically the movement of tne bubble towards the target in order to 
assist in an analysis of the damage and to confirm the theory of reference (2), with regard to the 
Dubble's displacement. 


Experimental wethod. 


The R.R.L. 80x Model was rigidly held with its target plate vertical at a depth of 5 feet in 
R.R.L, tank, and 1 oz. Charges of polar Ammon-gelignite were fired at distances ranging from 30 to 18 
inches from the centre of the target p)ate. The method of mounting the box model may be assumed to 
told the box absolut-ly rigid. Photographs at one millisecond intervals were taken of the bubble by 
a camera situated abcut 40 feet from and at the same depth as the charge. The arditron equipment 
described in reference (3) was used to provide the stroboscopic light flash, and the bubble appeared 
as a silhouette against a bright background. A simple rod framework attached to the rigid flange of 
box model served to hold the charge in position and to provide reference marks in the photographs. 
A plan and elevation of the camera and target positions are shown in Figure 1. Target plates of 
both + inch and $ inch thickness were used. 


{n each shot a group of about 20 pictures was taken near the time of the first bubble minimun. 
In a few cases a further group were taken near the expected time of the second minimum, but the 
pictures were cf no interest as the bubble was then in all cases an irregular mass of gas clinging to 
the surface of the target plate and with little observable tencency to expand or ccntract. 
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The depth of charge and target plate centre was kept throughout the series at five feet as 
at this depth the effect of free surface and rigid bottom almost exactly cancel the influence of 
gravity during the first oscillation, The migration of the bubble up to its first minimum was thus 
almost entirely due to the attractive effect of the rigid box model. 


Veasurement of Photographs. 


From the silhouettes of the bubbles, volumes and positions of the centres of gravity of the 
Dubbles were estimated by the method described in reference (y). As the effect of gravity approximately 
cancelled the free surface and rigid bottom effects the bubbles were assumed to be symmetrical about a 
horizontal axis normal to and through the centre of the target plate, The actual appearance of the 
bubbles up to their first minima suggested that this was a reasonable assumption, but immediately after 
the minimum the bubbles became considerably distorted and quite clearly hed no axis of symmetry. 
The measurement of volumes and positions of centre of aravity of the bubbles is thus subject to 
considerable error after the minimum size has been passed. 


vesults. 


Typical photographs are shown in Figures 2, 3 and ¥ in which the following features may be 
noted. Before the minimum the bubble is relatively smooth, apart from thin needle like streamers 
at the surface, snd is clongated in a direction normal to the target plate. On reaching the minimum 
size the bubble moves quickly in towards the target plate, becomes very distorted in general shape 
and shows 2 very irregular uneven surface, A short time hefore the minimum the surface of the 
bubble farthest from the target plate develops 1 very marked "plume=like” structure, most clearly 
seen in Figure 4, which is left behind as the bubble moves in towards the plate. This plume appears 
to be related to the wake behind the moving bubble. It is not certain whether it consists of a 
trail of particles of dirt or unburnt carbon, or whether it is 2 stream of fine bubbles. The plume 
does not oscillate 2ppreciably in size and remains more or less stationary after the bubble has spread 
itself out over the target plate. This same plume has been observec in other photographs of the 
bubble produced by 1 oz. Charges in the absence of a target where appreciable movement cf the bubble 
occurred, and was always situated in the rear cf the moving Dubble, 


In all shots where the charge was 23 inches or more from the target plate the bubble was 
self—luminous for a short time near its minimum size, and this “flash" produced a bright streak on the 
moving film, which may be seen in Figure 2. The production of this flash was noted in reference (3), 
and is discussed below. 


The quantitative measurements from the photographs are depicted in Figures 5, 6 and 7, and 
numerical values set out in Tables, 1, 1! and {}!. Table | contains a summary of the principal 
quantities determined for each shot. 


nradius-Time Curves. 


In Figure 5 the mean radius of the bubble, defined as the radius of a sphere having the same 
volume as the bubble, has been plotted against time for a range of values of the initial charge 
distance. The zero of time is Chosen arbitrarily to exhibit the curves in relation to each other 
to the best advantage. For the larger charge distances the curves are similar to those for a charge 
in open water away from any target. when the charge was initially 22 inches or less from the target 
plate the bubble and water acquired a great deal of kinetic energy due to the bubble's motion toward 
the target; in consequence, the collapse of the bubble was Somewhat inhibited, the potential energy 
in the gas being less im these cases and the corresponding minimum radii greater. Moreover, the 
subsequent expansion of the bubble also seemed to be less rapid for these closer shots, which may in 
part have been the result of losing a considerable amount of energy to the target plate, in addition 
to the probable loss of energy as the result of turbulence. 


The observed values of minimum radius are set out in Table it, together with those calculated 
from equation (7), reference (5) relating the minimum radius to the "momentum constant" m, This 


momentum constant m is a nomdimensional constant proportional to the linear momentum acquired by the 
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bubble during the first oscillation, and has been calculated in a manner to be discussed presently. 
it wit) br observed that in every case the observed minimum radius is considerably greater than the 
calculated value. 


- Because of the observed luminosity of the bubble gases it seemed of interest to attempt some 
calculation of the gas temperature at the instant of maximum compression, As data for the adiabatic 
of the explosion products of polar Amman-gelignite were not available the adiabatic for the explosion 
products of T.N.T. given by Jones (6) has been used to calculate the temperatures given in Table 11. 
These temperatures are rather low in view of the very great intensity of the "flash" produced by the 
smallest bubbles - e.q. shot 124. {t is noticeable that the region of luminosity only occupied a 
fraction of the volume of the bubble, and in the shots which produced rather weak "flashes" this 
Juminous region was very smail compared to the total volume. {t might be argued that contrary to the 
assumption in the usual) bubble theorios the pressure throughout the gas is not uniform, and this could 
lead to some increase in pressure in parts of the bubble. Since, however, the temperature (absolute) 
varies approximately as the one fifth power of the pressure, it does not appear likely that the 
maximum temperature will be much above the figures given in the Table. 


Displacement - Time Curves. 


The displacement of the centre of gravity of the bubble towards the target is plotted as a 
function of time before and after the occurrence of the minimum radius in Figure 6 for a range of 
values of the charge distance. AS may be seen from Figure 5 this time is not very clearly defined 
in the close shots. For the more distant shots the deflection time curve is roughly symmetrical 
about the time of minimum radius. {n the nearer shots the bubble approached very close to the target 
plate, making contact with it soon after the minimum, so that a marked asymmetry of the displacement- 
time curve is to be expected. 


Comparison of Observed Insplacement with Theory. 


In calculating the attractive effect of the box model it has been assumed that the flat 
target plate surrounded by its rigid flat flange may de approximated by a rigid fixed disc of 
équal area. Accordingly the "momentum constant" m, defined as one half the cube of the norm 
dimensional minimum radius multiplied by the maximum nomdimensional velocity, has been calculated 
using the formula fur the attraction co-efficient for - rigid disc given in reference (2). The 
displacement at the minimum was then calculated. This curve was obtained by plotting the results 
of all available fuli integrations of the equations of bubble motion. The displacement thus 
Calculated has been plotted in Figure 7 together with the observed values for all the photographic 
shots. The results for both rr inch and td inch plating do not appear to Jie on separate curves, 
and in plotting them in Figure 7 no distinction has been made. This is to be expected since the 
target plate is practically motionless, and therefore effcctively rigid, during the period when 
the Dubble is large, i.e. when it acquires most of its momentum. 


The agreement between the observed and predicted displacement of the bubble shown in Figure 7 
requires to de interpreted with caution. In common with most experimental observations of the 
bubble's behaviour near its minimum, there are rather wide discrepancies between theory and 
observation in regard to quantities such 2s minimum radius or maximum linear velocity, Since, 
however, 2 considerable proportion of the resultant displacement takes place some Tittle time 
before the minimum, at least for the closer shots, the agreement in observed and calculated 
displacements might still be expected, provided that the discrepancies arose only very close to the 
time of minimum radius. {t is thus reasonable to regard the observed agreement as indicating that 
the theory provides a good estimate of the linear momentum of the bubble, except possibly during 
a very short time near the ofcurrence of the minimum radius. Moreover, it should be remembered 
that the theory given in (2) was derived on the assumption that the radius of the bubble when large 
is sma)l compared to its distance from the target. For a one ounce charge the maximum radius is 
about 18 inches so that the theory is here Deing used well beyond the region of validity of this 
assumption, 
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Having regard to the relatively long interval between flashes, the difficulty of measuring the 
volume accurately, and the uncertainty concerning the correct value to be assumed for the "virtual 
mass" of the water moving with the bubble very little accuracy is possible in a direct measurement of 
tho momentum from the photographs. An attempt has, however, been made to estimate the linear momentum 
at 2 time near the minimum radius from tne photographs and the values of the "momentum constant" are 
given in Table 11! together with the corresponding calculated values (the actual momentum in non= 


dimensional units is 4” m. where m is the quantity denoted as the "momentum constant"), The observed 


5) 
momenta are at any rate of the same order of magnitude as those calculated. 


This confirms the deduction made from displacement results. 


Conclustons. 


(1) The displacement of the bubble towards the target plate at tne first minimum is itn reasonable 
agreement with values calculated from the theory of the attraction of an explosion bubble 
towards a rigid disc. 


(2) The observed agreement is regarded as indicating that the theory provides a correct estimate 
of the linear momentum of the bubble, except possibly during a very short time near the 
occurrence of the minimum radius. 


(3) There is considerable discrepancy in the predicted =nd observed values of the minimum radius 
and the maximum velocity. This discrepancy in radius and velocity may, however, only occur 
for a small interval near the time of minimum radius. 


Peferences. 
(1) Def lection-Time Curves at the centre of box-model plates, resulting from underwater 


Explosions, 


(2) The attraction of an underwater Explosion Bubble to a rigid disc. 
(3) A Technique for Multiflash Photography of Underwater Explosion Phenomena. 
(4) Photographic measurements of the size, shape and movement of the Bubble produced by 1 oz. 


charges of Polar Ammon Gelignite detonated Underwater at a depth of 3 feet. 
(5) The Behaviour of en underwater Explosion Bubble. 


(6) The Behaviour of an Underwater Explosion Bubble further approximations. 
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TABLE |. 


Summary of Veasurements of Photosra hs 


Displacement Minimum Maximum 
Plate of ¢.G. of Radius Velocity Displacement 
Thickness | Bubble at of Bubble | of Bubble of flash 
First Minimum 


1/16" i 250 ft/sec.| 344 in. 
1/16" 310 3.9 
1/16" 340 60h 
1/16" 7.8 
4/10" 7.5 
1/16" 8.8 
F 929 
1/16" 9.5 
1/16" No flash 
1/10" No flash 
1/10" No flash 
1/16" No flash 
1/16" No flash 
| 1/16" 6.8 
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Minimum Radius and Gas Temperature in Bubble. 
LA Le SL eS Be a cael el a Ne NAA 


Distance of 


Observed | 


Calculated Maximum 
Shot Charge from Minimum Minimum Gas Temperature 
No. Target Plate | Radius Radius 


Strong 
Strong 

Strong 

Very faint 
Medium 
Very faint 
No flash 
No flash 
No flash 


No flash 
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TABLE INI. 


Observed and Calculated omentum of bubble at_‘finimum. 


Bubble | 
Distance of | Observed /Radius at| Observed | Calculated Calculated 
Charge from } Maximum time of | "Momentum | "j‘omentum | Maximum 
Constant" | Constant" Velocity 


Target Plate} Velocity | Maximum 
Velocity 


260 ft/sec.| 2.9 in. 


780 ft/sec. 


310 2.9 41.22 805 


| 
310 3.0 | 4.54 | 1.91 864, 
250 3.6 | eae | 2425 830 
310 3.6 | 2.64. | 2.25 830 
200 | 4225 | 2.80 2.68 788 
240 | 5.25 5642 3.83 673 
200 5.12 4.90 5,83 673 
480 5.55 5.63 4062 609 
200 5.05 | h.74 4662 | 609 
|'180 | 5-35 | 4.95 5.62 | 539 
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ABSTRACT 


This report presents measurements of the periods of oscillation and 
the radii at maximum size of bubbles of product gases from underwater 
explosions. The significance of these measurements is discussed as it 
pertains to the energy of the bubble. No attempt is made to relate this 
energy to the snergy emitted by the bubble in the form of a pressure wave 
or "bubble pulse" at the time of the bubble minimun, 


A large number of piezoelectrically recorded period measurements 
are reported for charges weighing from 1 oz to 1/2 1b. Maximum radii. 
obtained from simultaneous photographic records are also shown. The 
charges were fired at depths ranging from 2 to 700 ft. 


An analysis of the data is made, based on the theory as developed by 
Shiffman and Friedman. Their numerical integrations of the period have 
been extended to include a wider range of the parameters which describe 
the internal energy of the product gases. By making reasonable assumptions 
in the calculations, the energy of the bubble is computed to be about 50% 

| of the total energy released by the detonation. It is shown that there is 
some uncertainty in these calculations due to the limited range of the 

experiments and the lack of definite knowledge as to the stete of the 

gases in the bubble. 
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MEASUREMENT OF BUBBLE PULSE PHRNOHENA, III 
RADIUS AND PERION STUDIES 


I. INTRODUCTION 


In any study of the mechanism and energetics of an underwater explosion, 
one ig inevitably led to a realization of the very considerable amounts of 
energy inherent in the bubble of explosion product gases. Since the total 
damage done by an underwater explosion is caused by both the shock wave and 
the subsequent bubble pulses, these effects must be separated for e proper 
understanding of the mechanismsinvolved. To determine the exact quantities 
of energy present at various stages of the explosion and to find the amount 
of useful energy is a task of great magnitude, In this report are presented 
data which were gathered in an attempt to evaluate the energy in the bubble. 


One of the easiest measurements to make is the measurement of the 
periods of oscillation of the bubble, that ir .e time intervals between 
successive minima in the bubble radius. These are referred to as the first 
bubble period, second bubble period, and so on. The length of the bubble 
period is related to the energy left after the passage of the shock wave by 
the equations discussed below. In general, it may be said that the longer 
the period, the greater the energy. However, it is necessary to have 
additional information -- specifically, the equation of state of the product 
gases -~ before an exact calculation of the total energy can be made. 


A second measure of the energy may be obtained from a study of the 
maximum and minimum radii of the bubble. Photographs of the bubble at 
various stages of its oscillation show that the outline of the bubble is 
rather clearly delineated up to the first maximum, but that it is somewhat 
less clear at subsequent maxima, and is completely obscured by carbon 
streamers in the water at the minima. Since the bubble radii at the minima 
have not been measured, it is not possible to obtain a good value of the 
energy from radius measurements alone. By a combination of radius and 
period measurements, however, an attack can be made on a more precise 
calculation of the energy in the bubble. 


This report presents a compilation of data epesaes in a rather extensive 
program of bubble period and radius measurenents.1»2) These appear to be the 
most complete and accurate data of this sort available at the present time. 
Using these measurements, calculations of energy and other parameters 
appearing in the bubble equations have been carried out. 


II. EXPERIMENTAL METHODS 


1. Bubble Periods 


Periods were measured.) by recording oscillographically the signal from 
a piedgoelectric gauge exposed to the shock wave and bubble pulses. The 
pressure changes were recorded on moving film simultaneously with a 1 ke 


timing wave. 
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The precision of measurement of the periods depended on the precision 
with which the film record could be read. This is estimated to be about 
0.5%. Much greater precision is not very likely to te atitained by this 
method tecause of the finite width of the trace on the film and because of 
the difficulty of locating the exact position of the »ubble pulse maximum on 
the film. 


2. Depth 


Depths were found from measured lengths of cable, or, in the deeper 
shots, from readings of a Bourdon depth gauge. From the various data 
collected, it is estimated that the precision of measurement is about 1% and 
may be ss poor as 2% in the worst cases. Less reliance can be placed on 
those shots where the cable angle was great, i.e., greater than 20° from 
the vertical, and where no depth gauge was used. 


Since the radius of the bubble depende upon the cube root of the depth, 
it is not very sensitive to errors in the latter, However, the period depends 
upon the 5/6 power of the depth, so only slightly more precision is attainable 
in the period than is inherent in the depth measurement. 


3. Charge Weight | 


The half-pound charges used were weighed to the nearest gram, the 
1 oz charges to 0.1 gm. Since charge weight sppears in the equations as a 
cube root, the error made here is quite negligible. 


A correction had to be made for the booster in each case. This correction 
was made by reducing (or increasing) the weight of booster used in the cal- 
culation to an equivalent weight of the explosive being studied. The factor 
employed was found from the ratios of bubble period constants, by 
successive approximations if necessary. Any error made in this correction 
will introduce a negligible error in the final weight, since the weight of 
booster is only a small fraction of the total. 


4. Radius Measurements 


Becauge of the relatively narrow angle of view of the high-speed cameras 
uged, the bubble at maximum size ordinarily came very close to the edges of 
the photograph. In the very shallow shots using 25 gm charges, the narrower 
dimension of the picture was too small to include an entire bubble diameter. 


The possibility of optical distortion due to the lens was first 
investigated. Photographs of a grid taken with the Fastax camera showed no 
appreciable distortion (€ 2%) over the whole usable field. Calculation? 
of the distortion introduced by the glass-air interface before the lens 
showed that in the worst case the correction would be entirely negligible. 


Measurements of the radius of the bubble were made on photographic prints. 
Diameters were measured in at least three directions and averaged. Care was 
taken to avoid including irregularities outside what was believed to be the 
true surface of the bubble of gases. As the minimum is approached, the 
bubble is progressively obscured by opaque streamers of explosion products, 
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so that close to the minimum, measurements were not at all reliable. The 
overall precision of the bubble radius measurenent is estimated to be 

about 2>. Some improvement in these measurements could have been made by 
providing standards of length of nearly the same size as the bubble diameter, 
and by very sharp focussing. 


III. RESULTS 


5. First Bubble Periods in Free Water 


These results constitute what are believed to be reliable measurements 
of the first bubble periods for TNT, tetryl, and torpex-2 25), in the absence 
of any interfering surfaces, and at such depths that migration effects can 
be considered negligible. All charges were in the form of cylinders of 
height slightly greater than the diameter. A few values are given for 
pentolite and blasting gelatin, but these cannot be considered as giving 4 
definitive value of the period. Some of the results included are for shots 
made in water of such depth that the surface corrections would be small, but 
not negligible. 


Table I shows the results at several depths for cast charges of 
density 1.5. Depths were measured by a Bourdon depth gaugel), but in a few 
cases the meter wheel reading of the length of cable let out was used. Periods 
were read from piezoelectric records.* The period constant K, was defined bv 
the equation 


1/3 
T, =k, = 5.1) 
n tn 75576 ( 
where T, = the period (sec) 
Zo = H+33,where H is the initial charge depth (ft) 
W = charge weight (1b) 
n = refers to the first, second, or third bubble period. 


The TNT in each charges weighed slightly mor: than a half-pound; to that 
weight was added the TNT equivalent of the 44 gm tetryl booster and 1 gm 
for the detonator. As far as bubble energies go, pressed tetryl appears to 
be about 3% more energetic than TNT, so the weight of tetryl used was con- 
verted to the equivalent weight of ". by mu tiplying by 1.03. 


The average value for the ceri.’ constant for cast INT obtained in this 
way is 4.36. The standard dsvyiation of the mean is shown together with the 
average in the teole. 


a 


* Ina few cases, indicated in Table I, when piezoelectric records were not 
available, the periods were read from radius-time curves plotted from the 
Fastax pictures of the bubble cycle. These values are probably accurate to 
2% or better, as indicated by the correlation when both measurements were 
available. 
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Two other values have been obtained under carefully controlled con- 
ditions. Slichter, Schneider, and Cole4) report a value of 4.36 for 
295 1b TNT charges in relatively shallow water, after correcting Ls 
period measurements for the effects of surfaces?), Borden and Arons 
have similafly corrected the period values for 1/2 lb charges in shallow 
water found by Arona, Borden, and Stiller?) and from their results the 
constant appears to be 4.32. These authors, however, have assumed a 
slightly higher energy factor for the tetryl booster. If the factor of 
1.03 used in this report is applied to their data, their TNT period 
constant becomes 4.35. Other values may be found in Table X. 


TABLE I 


FIRST PERIOD CONSTANTS FOR CAST INT IN FREE WATER 


Shot No. Charge Depth Period Ky 
Weight H 
(1b) (ft) (msec) 

G1F 0.651 343 2704 4243 
G2F ° 304 29.8 4238 
G4F 2660 304 30.0 * 441 
G5F 662 305 29.89 440 
G6F 2658 304 29.92 441 
G7F 669 298 30.23% 4.36 
G8F -663 304 29 .82* 4.38 
GF 0651 304, 29 64* 4.38 
G17F 660 305 29.62 4.38 
G1er -660 302 29.61% 4e32 
G20F «660 538 19 .64* 447 
G21F 2051 593 19.10* 4.73 
G23F 2658 567 18.14* 4.32 
G70F 2660 503 19.9 4.30 
G71F -658 463 21.0 ** 4e26 
G72F 2660 586 17.85 4236 
G73F 2655 576 18,16* 438 
G74F 660 556 18,1 ** Leak 
G76F 2060 587 Let) 

ivorage (eoeiaaing GaP) 


* Period from pictures agrees to + 2h. 
** Period from pictures--no piezoelectric record. 


Table II presents the data obtained for torpex-2 charges. The depth 
measurement in this case is perhaps slightly less reliable than for the TNT, 
since it was found from meter wheel readings alone in four of the eight 
shots, Three of the eight periods were read from radius-time curves made 
from the pictures. Since in the other five cases the difference between 
this period end the slectronic measurement was at worst 1.3%, this may be 
considered sufficiently good. The booster correction was made by multi- 
plying the weight of tetryl (44 gm) by 0.65. 
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The resulting period constant, K; = 5.065, may bs compared with the 
value 5.10, obtained by Borden and Arons (references indicated under the 
discussion of TNT). 


More recently a series of 280 gm torpex-2 charges fired at this 


laboratory within 5 ft of the surface gives a average value of 5.08 for K, 
after correcting for the effects of surfaces®), 


TABLE II 
FIRST PERIOD CONSTANTS FOR TORPEX=2 IN FREE WATER*** 


Shot No. Charge Weight Depth Period Ky 
W H Ty 

pmmemetrones oC TD Yee ft) (ese) 

G119F 0.582 5ST 19.5 * 5017 
G120F 0578 600* 19.46 5.046 
Gl21F 2620 603* 19.9 ** 5.065 
Gl22F ~602 611 19.65 5.096 
G123F 2602 611 19.8 ** Bale 5} 
GL24F 0576 603* 19.34 5 O44 
Gl25F 57h 598 19.38 5.014 
G126F 572 603 19.51 5100 
Average 5.065+0.015 


* Depth from meter wheel 
** Period calculated from film 
***See Ref. 25 for composition of torpex-2. 


Table III gives the results obtainsd for 1/2 1b pressed tetryl charges, 
density 1.5, in free water. The shots labelled "GC" were recorded when 
the charge was in the vicinity of a small steel cylinder? 5; however, @ 
critical comparison of these shots with the rest showed no systematic 
discrepancy. This seems reasonable because of the relatively small size 
of the cylinder, Occasionally a large discrepancy in the period appeared, 
as in shot GC4OE where the deviation from the mean is about 30%*. This 
error was occasioned by the electronic gear, and was not a scatter in the 
property being measured, as indirect evidence from the collapse of the 
cylinder, discussed in Ref. (9), shows the period to be actually about 
20 msee in this case, resulting in a period constant consistent with the 
other values. 


An entirely independent series of shots is shown in Table IV. These 
were carried out with a different set of equipment and in water sufficiently 


* See also G2lF in Table I. 
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TABLE III 


FIRST PERIOD CONSTANTS FOR PRESSED TETRYL IN FREE WATER 


Charge Weight: 0.500 lb 


Shot No. Depth Period 
H Ty 
(ft) (msec) 
GliF 300 27.73% 
Gl2aF 300 27.52% 
G13F 302 27.62* 
G14F 303 27.53* 
GL5F 305 27.16* 
G16F 302 274 ** 
G22F 607 16.02 
G31F 547 17.31* 
GC39E 712 14.30 
GC40E 471 24255 
GC41E 471 19.52 
GCA2E 237 32.92 
GC43E 232 BQ 
GC47E 474 19.40 
GCA49E 481 19.47 
GC79F 704 14.21 
GC8OF 695 14.22 
GC1O1F 695 14.21* 
GC1O02F 493 19.24* 
GC103F 230 33 .06* 
GC106E 689 14.35 
GC107E 240 32.83 
GC1LOSE 462 19.76 


Average (excluding GC4O0E) 
* Period from pictures agrees to + 2% 
** Period obtained from pictures--no piezoelectric record. 


TABLE IV 


FIRST PERIOD CONSTANTS FOR PRESSED TETRYL 
Charge Weight: 0.500 1b 


H = 39 ft 
Shot No. Total Water Depth Period 
oy 

(ft) (msec) 
RE462 72 99 oh 
RE466 108 98.6 
RE470 al ly/ 98.1 
RE472 117 993 
REA74 117 97.9 
RE476 89 97.9 
RE478 84 97.25 
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deep that the correction which was made for surfaces amounted to only 
about 1%.* The averaged result for Kj, 4-41, is in good agreement with 
the value of Table III, 4.39. 


Further results of work with pressed tetryl charges are shown in 
Tables V and VI. These charges weighed slightly less than an ounce, 
and may be considered as being in free water (surface correction much 
less than 1%). Note that both series of shots give a value of the 
period constant which averages about 1% lower than that for the 1/2 1b 
charges. 


The results of a slightly less reliable series of measurements in 
free water are show in Table VII. The depth in this case was measured 
from the known length of cable let out, multiplied by the cosine of the 
angle the cable made with the vertical at the surface. As long as the 
angle is small, this gives a good measure of the depth; however, since 
the angle in this series ranged up to 329, the uncertainty in the depth 
may be as much as 5%. The period constant is, as a result, somewhat 
less precisely known in this series, the standard deviation of a single 
observation being about 2%. The average value, 4.31, is also in this 
case found to be lower than that for the 1/2 lb charges. 


TABLE V 
FIRST PERIOD CONSTANTS FOR PRESSED TETRYL IN FREE WATER 
Charge Weight: 0.0558 1b 


Total Depth of Weter: 85-100 ft 
H = 55 ft 


Shot Number Period Ky 
T 
(asec) 
39.252 43 
39.94 43 
39.89 43 
39.90 4.3 
43 
4.3 


40.07 
39.81 
Average 4.354+0.007 


AUN wWNEH 


* The correction for surfaces was made by using the equation in Ref. (5), 
page 5. For convenience, this was transformed to: 


T 201° 1 
K = eee — EEE 
wV/3 | _ ia79KH'3 §(y) 
Dz,¥3 


by using the relationship 5.78 K? = rQ where K is the value of the period 
constant. A value of K is put into the correction term as a first approxi-~ 
mation, and if the value of K found by solving the equation differs greatly 
from this, a second approximation should be made. The values of K reported- 
in Tables IV, VIII, and IX were found by this method. The numerical con- 
stant 5.78 is not a universal constant, but may be used in all cases con- 
sidered here without incurring much error. 


=a 
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TABLE VI 


FIRST PERIOD CONSTANTS FOR PRESSED TETRYL 


Charge Weight: 
Total Depth of Water 85-100 ft 


0.0558 1b 


H = 39 ft 
Shot No. Charge Weight Total Water Depth Period K) 
ty 
(gm) (ft) (msec) 
REL63 2563 68 47.3 4.32 
RE465 2503 106 47.1 4.30 
RE467 255 109 47.5 433 
RE473 2565 114 47.2 4-35 
RE475 2565 93 47.0 4033 
RE4T7 2526 88 47.1 4.33 
RE480 2506 80 47.2 4035 
RE4S1 25.8 81 46.9 4.30 
RE482 2567 82 46.9 4-31 
Average 4324+0.006 
TABLE VII 


FIRST PERIOD CONSTANTS FOR PRESSED TETRYL IN FREE WATER 


Charge Weight: 0.0558 lb 
Shot No. Period Depth Ky 
Ty H 
(msec) (ft) 

E15 10.80 380 427 
E16 10.79 380 4e26 
E17 17.90 196 4034 
E18 12.45 334 447 
E19 11.55 344 4e2h 
E20 11.22 347 4.16 
E22 17.45 205 437 
E23 17.49 207 440 
E39 7.20 661 4039 
E41 7.50 585 4e15 
E42 WeO> 672 4036 
E43 8.08 545 4e2h 
E45 7.96 578 437 
E46 10.86 380 4.31 
Averaze 431+0.025 


— . 
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No data were obtained for loose tatryl charges in free water but a 
few shots were made with 1/2 lb charges in water deep enough so that the 
surface correction amounted to only about 1%. These values are given in 
Table VIII. It will be noted that the value of the period constant is 
about 3% higher than for the pressed charges. Borden and Arons®) also 
found a higher value for loose tetryl charges of various sizes than the 
value reported here for pressed tetryl. 


Because of the accuracy of the experimental methods and the con- 
firmation of the results under differing conditions, it is felt that 
this difference between loose and pressed tetryl is a real one. There 
also may be a real discrepancy between the 1 oz and 1/2 lb pressed 
charges, although the evidence is not entirely conclusive. 

TABLE VIII 
FIRST PERIOD CONSTANTS FOR LOOSE TETRYL 


Charge Weight: 0.55? lb 


H = 39 ft 
Shot Number Total Water Depth Period Ky 
tr 
1 
(ft) (msec) 
RE452 72 104.2 4.52 
REL 53 68 105.0 4055 
RE454 69 104.0 4.51 
RE456 69 104.2 4e52 
RE458 69 103.8 4.50 
RE460* 64 105.6 4.58 
Average 4.253+0.012 


* Depth not accurately known dus to rough seas. 


Table IX gives the results of several shots made with various 
1/2 lb pentolite charges. These values were obtained incidentally to 
other studies, and the experimental conditions are not strictly 
comparable. The data are not sufficient in number to give a final 
value for the period constant, nor is it felt that they are as accurate 
as the scatter would indicate. The average falls between the averages 
for the TNT and pressed tetryl charges of comparable woight. It may be 
significant that the periods for the two long cylindrical charges are 
somewhat lower than for the other charges. 


Finally, for comparison, a number of period constants calculated 
from period values available in the literature are given in Table X. 
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TABL:: IX 


FIRST PERIOD CONSTANTS FOR 50-50 PENTOLITE 


Shot Number Charge Weight Depth Bottom Depth Period Ky 
W 


H T) 
(1b) (ft) (ft) (msec) 

G19F 0.552 335 3600 26.07, 4.36 

G32F 566 4,04 4,800 22.94 14,39 

G33F : 550 396 4700 22.449 14.26 

G75F 551 330 6700 23 L772 
REL85 6655¢ 39 106 108 4.438 
REL88 .671¢ 39 87 108 L428 
REL90 .658¢ 39 ---- 108 4.41e 
Average 4037+0.023 


a. Long cylinder - 6 in. by 1.5 in. 

b. Lower half cased in brass, same shape as G33F 

c. 44 gm tetryl booster used. Weight added directly to weight of pento- 
lite and total reported here. 

d. Period from pictures - no piezoelectric measurement 

e. Correction made for surfaces. 


TABLE X 


MISCELLANEOUS VALUES OF PERIOD CONSTANT 


Explosive K, Reference Remarks 

Cast TNT 428 10 Correction for surface made 

Cast INT 4036 Le Correction for surface mada 

Cast TNT 4035* 6 Correction for surface made 

Cast TNT 4.36 soe Free water 

Pressed Tetryl AoT all Extrapolated value. 1 oz charges 
Pressed Tetryl Ao3L HK 1 oz charges; Free water 

Pressed Tetryl 439 Saad 1/2 lb charges; Free water 

Loose Tetryl 448 6 120 gm; Correction for surface made 
Loose Tetryl 4.43 6 300 gm; Correction for surface made 
Loose Tetryl 4053 xx 250 gm; Correction for surface made 
Torpex-2 5.10 6 Correction for surface made 
Torpex-2 5.065 ** Free water 

Minol 406 12 Correction for surface made 

Minol 491 4 Free water 

100% Blasting Gelatin 4.9 we Free water 

100% Blasting Gelatin 4.74 alg} Depth uncertain 

50-50 Pentclite 4e37 al Conditions variable 


* See comments in Sec. 5 
** Values from this report. 
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6. Second and Third Bubble Periods in Free Water 


No piezoelectric records of the bubble pulses after the first were 
obtained; however, it was found possible to get a period record from the 
motion pictures taken of the bubble in free water. The values were 
obtained from radius-time curves which are probably not as precise as 
piezoelectric records. Comparisons between piezoelectric and photographic 
records of the first pericd show differences of 1-24; the later periods 
are more difficult to measure and somewhat greater discrepancies would be 
expected. 


The results for second period measurements are shown in Table XI. 
The period constant for torpex-2 is about 8% higher than that for TNT, and 
those for tetryl and pentolite about 1-2% higher. This order is essentially 
the same as for the first period. The ratios T2/T, were also calculated 
and in Table XII are compared with values obtained from other sources. It 
might be noted that the aluminized explosives show a smaller value of this 
ratio in each series. 


Table XIII gives the values obtained for the third bubble periods 
from measurements on the photographs. The bubbls period constants cal- 
culated from these values show greater scatter. This would be anticipated 
because of the difficulty of discerning the outline of the bubble after the 
first maximum, 


7. Firgt Bubble Periods Close to a Free Surface 


As-part of a study of the interaction of bubbles with the surface, the 
explosions of a number of 25 gm tetryl charges were photographed very close 
to the surfacel), Charge depths ranged from 15 in. to 5 ft, which distances 
correspond approximately to 0.75 and 3 bubble radii. Thus in the shallowest 
case, the bubble always vented; at intermediate depths, the behavior was 
not exactly reproducible, presumably because of uncontrolled variations in 
the surface or in the depth. At 21 in. -- a distance only very slightly 
greater than venting depth -=- the bubble appeared to drag in air from the 
atmosphere as it collapsed. This resulted in an increase in the apparent 
minimum size and a damping of the oscillation. As a result, no piezoelectric 
record of the bubble pulse was obtained in these cases. 


The periods were measured on the high-speed photographs by counting 
the number of 1000 cycle timing marks between the frame showing detonation 
and that showing the minimum. Such an estimation of the period is based 
on a subjective judgment as to the times of detonation and of the minimum 
relative to the frames and the timing marks. The error incurred may easily 
amount to as much as a millisecond, and is probably more at the 21 in. 
depth where the minimum is indefinite. The values of the periods so obtained 
are shown in Table XIV, the values for loose and pressed tetryl being shown 


separately. 


To obtain period constants comparable to the values obtained in free 
water, corrections for the effect of the free surface of the ocean and for 
the bottom must be applied. This was done by the method indicated in the 


ile 
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TABLE XI 
SECOND PERIOD CONSTANTS IN FREE WATER 


Explosive Shot No. Charge Weight Depth Period T/T, Ko 
W 


H T2 
(1b) (ft) (msec) 
Cast TNT G7F 0.669 298 22.6 0.75 3.26 
G&F 2663 304 2267 Ake, Blasi) 
GOF 2651 304 22.3 075 = 3230 
G17F 2660 305 23.0 S23 e40 
G1i8F 2660 302 21.6 373) 1.318 
G20F 660 538 139 ofl 3416 
G21F 2651 593 4.1 oy / ae PY A) 
G23F 2658 567 13.3 of) « Deli 
G7IF .658 463 14.9 “2.08 
G72F -660 586 13.0 Hel Sindh? 
G76F 2660 587 12.2 69 2.94 
Average 0.73 3.422+0.05 
Torpex-2 G118F 0.589 595 0.67 
G119F 2582 597 13.5 69 3.47 
G120F 35ST 600 13.9 atl | 2660 
G121F 2620 603 13.6 -68 3.46 
G122F ~602 611 Ie aT! at | Badu 
G12 602 611 13.4 68 3.48 
G124F 0576 603 13.3 «09 ~ SAF 
G125F 0 Th 598 13.2 368 “3a4e 
G126F 572 603 13.3 68 3.48 
Average 0.69 3.47+0.02 
Pressed GUF 0.500 303 21.4 Q.78 3BeAa 
Tetryl GIF 2500 305 20.2 oth .. date 
G1l6F 2 500 302 21.0 eft “3630 
G22F - 500 607 TAS Py / as YY 
G31F 2 500 547 12.8 PY (es he 
GC1LO1F 2500 695 10.2 ole eas 
GC10z2F «500 493 14.0 o73 Saco 
GC1O3F e500 230 2467 wD ees 
Average 0.75 3427+0.03 
Pentolite G19F 0.551 335 19.6 0.75 3aa8 
50-50 G33F «548 396 7d tO) = lees 


* No timing; from film, assuming constant film speed, 


969 


TABLE Xii 


SUMZARY OF VALUES OF T,/T, 


Explosive This Report Ref. (7)* Ref. (4) 


TNT (e) ofS 0.77 ry 
Pressed Tetryl 0.73 -- -- 
Loose Tetryl -- 0.77 = 
Pentolite 0.75 -- -- 
Torpex-2 0.69 0.72 -- 
“inol -- -- 0.70 


* Data obtained near surfaces. 


TABLE XIII 


THIRD PERIOD CONSTANTS IN FREE WATER 
Charge Weight: ~+ 1b 


Shot Number Explosive ie T/T, K3 
(qaes) 
G18F TNT 19.0 0.88 elit: 
G2lr 11.9 0.85 2.94 
G23F LOM 0.80 2054 
Average 2.75+9.11 
GL Pressed Tetryl 16.9 0.84 ote 
G1é6F 17.4 0.83 2.78 
G22F 10.2 0.87 Alpfeitt 
GC101F 8.6 0.84 2.63 
Gclo2F 1758) 048, a6 
Average 2.272+0.03 
G19F Pentolite 14.0 Oa7al 234 a 
G119F Torpex-2 11.9 0.88 3.06 
Gl121F WOES Ss 0.85 2.93 
G123F 10.6 0.79 Pats) 
G1l24F 9.9 Oe 2.58 
G125F 10.2 Oe 2.64 
Average 2-79+0.09 
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footnote on page 7 of this report, the corrections amounting to as much 
as 15%. The total water depth was 20 ft. The corrected period constants 
are given in the last column of Table XIV. 


Excluding the values at 1.75 ft (21 in.) for the reasons indicated 
above, the average value of the period constant for pressed tetryl 
is 4.44, and for loose tetryl is 4.57. These values show only a slight 
scatter and are only about 1% higher than the corresponding ones in free 
water* (see Tables III and VIII). This higher result would indicate some 
effect of the surface, not taken into account in the theory, which 
becomes of importance when the bubble is within 2-3 radii of the surface. 
However, considering that the total correction for the surface may be as 
much as 15%, the agreement is remarkably good. 


Note also that the difference between loose and pressed tetryl found 
in the deeper shots is preserved here almost quantitatively. 
TABLE XIV 


FIRST PERIOD CONSTANTS FOR 25 GM TETRYL CHARGES 
CLOSE TO THE SURFACE 


Shot No. Depth Period Ky) 
H Ty 
(ft) (msec) 
Pressed Tetryl GOOF 5 778 447 
G135F 5 ioe 4e45 
G134F $) 77.65 445 
G133F 2 74 442 
G136F 2 735 4039 
GC139F 2 TheT 446 
G132F 1.75 Thed 4055 
Average 4246+0.02 
Loose Tstryl GC150F 5 79.8 4.59 
G1IA7F 5 19 of, 4e57 
G1A6F 3 80.2 4260 
G1A5F 205 79 i) 
G1AAF 2 75 4250 
G148F 1.75 75 4.61 
G151F etd 78 480 
Average 4261+0.04 


* Corrected for the effect of surface and bottom. 


** The values for 1/2 1b charges. Those for 25 gm charges in free water 
appear to be lower, but the evidence is not conclusive, 
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8. Maximum Bubble Redii 


A. Free Water. The high-speed motion pictures!) of the bubble were 
used for these measurements.* The actual size of the bubble was calculated 
from measurements of its apparent diameter and of the apparent length of a 
known scale on each print. This was checked by calculating the size of the 
bubble from the image size on the film and the known optical characteristics 
of the system (see Ref. (2), Appendix I). Object sizes calculated by the 
two methods agree fo about 2%. Since the scale comparison was less 
laborious, this method was used to find the bubble radii reported here. 


In the case of the 25 gm charges (Table XVI) the area in the picture 
covered by the bubble was found by planimetering, and the radius was then 
calculated from the area. No checks were made in this series. 


The precision of the radius measurement appears to be about 2%. This 
degree of precision is possible, however, only up to the first maximun, 
After this point, as the bubble collapses, its outline is obscured by the 
streamers in the water. This makes an exact measurement of the size of 
the bubble very difficult, and at the minimum the measurements may be 
considerably in error. Some attempt to compensate for the masking of the 
bubble was made by measuring the radius of the sphere at the basa of the 
streamers, assuming that the streamers themselves contained none ef the 
gas. This cannot be done very well at the minimum, since there they form a 
compact blur completely masking the bubble. 


After the first minimum, the bubble, while nearly spherical, is 
never as smooth as during the first expansion. It is thus apparent that 
the difficulty of estimating the position of its outline becomes greater 
in the second and succeeding cycles, and the validity of conclusions based 
on the estimated radii becomes more doubtful. 


From the measured radii, smoothed radius-time curves were drawn for 
each charge photographed, in some cases through the third minimum, 4s 
can be seen in Fig. 1, a typical curve is extremely steep right efter 
detonation and near the minima. Little reliance can be put on the values 
in these regions; however, near the first maximum, the radius can be 
éstimated rather accurately because of the flatness of the curve. As a 
consequence, the calculations carried out were based on the maximum radii, 
and no attempt was made to use the observed minimum radii other than as 
upper limits. 


Tables XV and XVI show the results obtained for the first maximum. 
The shot numbers refer to the same charges discussed under bubble periods 
and the exact weight of each charge can be found there. From the values 
of the measured radii were calculated values of the proportionality 
constant in the equation 


| * It should be noted that the standard procedure was to photograph the 


) cylindrical charge with its axis normal to the optical axis of the recording 
system. Any exceptions to this charge orientation will be specifically 


pointed out. 
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TABLE XV 
FIRST MAXIMUM BUBBLE RADIUS 


Charge Weight: ~ 1/2 lb 


Explosive Shot Number Depth 
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Ay ohh 
H 
Git) (Gini) 
Cast TNT G2F 304 18.8 205 
GAF 304 18.8 2D 
GSF 305 TEs SE 12.5 
GéF 304 18.8 12.5 
G7F 298 18.9 12.4 
G&F 304 18.9 12.5 
GOF 304 18.7 12.5 
G1L7F 305 19.4 12.9 
G18SF 302 19.4 12.8 
G20F 53¢ 15.9 12.6 
G21F 593 15.7 12.9 
G23F 567 15.6 12.6 
G71F 463 16.6 12.6 
G72F 536 154 7S} 
G73F 576 15.6 W269) 
G74F 556 U5 ail 12.6 
G76F 587 Gaal 23} 
Average 12.6+0.02. 
Pressed Tetryl G1lF 300 17.3 12.6 
G1l2F 300 tee 12.5 
G13F 302 eS 12.6 
G1AF 303 TSS) 12.8 
GLO 305 17.4 WASH 
G1é6F 302 17.8 WS} (9) 
G2ar 607 14.3 12.9 
G31F 5AT 14.9 13.0 
Average 12.8+0.07 
Torpex-2 G119F 597 16.9 4.5 
G120F 600 16.9 14.5 
G121F 603 aot 14.4 
G122F 611 ie: 14.6 
G123F 611 16.8 14.3 
G124F 603 Abe feat 14.7 
G125F 598 16.6 14.2 
G126F 603 16.7 14.4 
Average 14.5+0.07 
Pentolite G19F 235 17.5 12.7 
G33F 396 15.9% al7JniL 


* Average of two radii of the slightly elliptical bubble. 
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i) a (8.1) 


yn * Jp | 
° 
where Ay, = maximum radius for n-th oscillation (ft) 


charge weight (1b) 
Zo =H + 33, where H is the depth of the charge in ft. 


= 
uw 


The values of Jy are shown in the last column of the tables. 


TABLE XVI 
FIRST MAXIMUM BUBBLE RADIUS, PRESSED TETRYL 
Charge Weight: 0.0558 1b 


Shot Number Depth J 
P Avy 1 
(ft) (in.) 

E15 380 7.15 12.6 
E16 380 73 11.9 
E17 196 8.7 ale 
E18 334 8.7 13.6 
E19 344 8.35 13 32 
E20 347 8.2 12.9 
E22 205 9.6 13.0 
E23 207 9.8 13.3 

Average 12.8+0.25 


B. Radii Close to a Free Surface. Photographs of the bubbles from 
25 gm tetryl charges described under period measurements (Sec. 5) were 
measured, and radius-time curves drawn. The resulting maximum radii are 
given in Table XVII together with the values of Jj. 


The precision of measurement is less for these shots than for the 
previous ones despite the superior definition of the bubble surface 
occasioned by back lighting in this instance. The scale used was a 
12 in. transparent ruler, with the 1 in. squares on the ends blackened. 
This was rather indistinct in the photographs, and checks of the 12 in. 
against the 10 in. distance often disagreed by as much as 2-4%. Another 
indication of possible errors appeared when a check of the bubble radius 
was made from the optical characteristics of the system and differed from 
the above measurement by 2-3%. The overall accuracy in the radius measure- 
ment is probably no better than 3-4%. The greatest difficulty comes from 
the fact that only part of the circumference of the bubble is visible in 
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the photographs*. Since the bubble may very well be ovoid when so close 
to the surface, the nearly vertical radii (which were the only ones that 
could be measured) may not accurately represent, the radius of the 
equivalent spherical volume. 

TABLE XVII 


FIRST MAXIMUM BUBBLE RADIUS FOR TeTRYL CHARGES 
CLOSE TO THE SURFACE 


Charge Weight: 0.0558 lb 


Charge Shot No. Depth Ayn Jy 
H 
(ft) (in.) ae 

Pressed Tetryl G132F 1.75 19.9 14.0 

G9OTF 2 21.0 1.8 

G133F 2 19.7 13.9 

G136F 2 20.0 41 

GC139F 2 20.0 IA al 

G98F 3 Ter 14.2 

G134F 3) 19.4 13.9 

GOOF 5 19.3 14.2 

G135F 5 19.7 4.4 

G137F 5 18.6 UWe)67/ 
Average Oe 
Loose Tetryl G1A8F S/S 20.6 14.5 

G151F aD: 20.8 14.7 

G1IA4F 2 20.4 14.4 

G145F 205 20.2 14.3 

G1L,6F 3 20.5 14.8 

GC150F 5) 2062 15.0 

GULF 5 19.7 WA.4 
Average 14.6 + 0.08 


It will be noted that the average value of J, for loose tetryl is about 
3.5% above that for the pressed tetryl. The period constant for lcose tetryl 
was also found to be about this same percentage higher than that for pressed 
tetryl, not only in free water (1/2 1b charges, Sec, 5) but also in this 
same series of shallow shots (Sec. 7). Since both Jz and Ky (the period 
constant) are directly related to the energy of the bubble, the fact that 
the difference between loose and pressed charges is maintained here seens 
significant, since equal systematic errors in the measurement of J and K are 
exceedingly unlikely. The results are most plausibly interpreted as 
indicating a real difference in bubble energy, due either to variation of 


*. See Ref. (1), Fizs, 26-39. 
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detonation energy with density of loading or to a difference in the partition 
of a given amount of detonation energy between the shock wave and bubble 
phenomena for the two types of charge. 


The values of the proportionality constant, J,, are higher here than for 
the shots in free water. The values of K) (Table XIV) are similarly higher 
than the free water values. This would argue that there may well be a 
systematic difference between the deep and shallow shots. (See Sec. 10.) 


In Table XVIII are shown for comparison some results from an earlier 
report2) on larger charges. The first charge was within 3 bubble radii 
of the surface and is thus roughly comparable to the 25 gm charges at 5 ft. 
The other two are relatively deeper. The values of Jj are slightly higher 
than for the 1/2 1b charges in free water (Table XV), but this is within 
the limits of error of Table XVIII and may not be significant. 


TABLE XVIII 
MAXIMUM BUBBLE RADIUS, LARGE TNT CHARGES 


Shot No. Weight Depta Ayn Jy 
W H 
(1b) (£t)* (ft) 
G1l2J 56 36 WAS: 13.2 
G114J 56 33 10.0 12.7 
G117J 295 95 17.5 13.3 
Average 13.1+0.2 


* Calculated from period. 


C. Radii for Second and Third Periods in Free Water. These were 
found as described above and are summarized in Table XIX. No values for thse 
very shallow shots were measured because of the uncertainty in the depth 
after the first oscillation. The scatter in J is an indication of the 
decrease in precision of these values as compared to the first bubble cycle. 


One value for a 56 1b charge is included. The exterior of the bubble 
appeared to be very rough during the second oscillation and the radius 
cannot be estimated at all precisely. To calculate J in this case, the 
bubble was assumed to migrate upwards 15 ft between the first and second 
bubble maxima. 


IV. COMPARISON OF EXPERIMENTAL RESULTS WITH THEORY 
9. Resume of the Theory: The Role of the Adiabatic Parameters 
The theory of the oscillating motion of the bubble of gases produced by 
an underwater explosion has been developed in recent years principally by 


Doring4), Zollerl 5 Hermes_6) , Keil and Wunderlichl’) in Germany; Taylor1®) 
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TABLE XIX 
SECOND AND THIRD MAXIMUM BUBBLE RADII IN FREE WATER 


Charge Weight: ~ 1/2 lb 


O77 


M3 3 
slornep) (in.) 
TNT G6F 113} 2 8.8 
G7F 12.7 Sed 
GOF 11.4 10 10.0 6.7 
G17F 134 8.9 
G18Fr 121 8.0 10.6 7.0 
G2OF 10.6 8.4 8.2 6.5 
G21F 99 8.1 79 6.5 
G23F 99 8.0 7.8 6.3 
G71F lee Se8 
G72F 11.6 925 
G76F 11.6 9.5 
Average § 540.2 6.6+0.1 
Pressed Tetryl GIF 12.1 3.8 
G1L5F 11.8 8.6 9.1 6.7 
G16F 12.2 8.9 B55) 6.9 
G22F 969 8.1 Vos 644 
Average 8.630.2 6.740.215 
Torpex-2 Gl1SF 10.2 8.7 
G119F 10.9 9.3 8.2 7.0 
G1Z0F 10.5 9.0 
Gi2iF 10.8 930 8.6 Tk 
G122F 11.1 9.5 
G123F 10.7 9.1 8.1 6.9 
G124F 11,1 9.6 8.3 7.2 
G1l25F 10.4 8.9 8.8 Tee 
G126F 10.2 8.8 8.3 Tee 
Average 9.1+0.1 eet Ooi 
Pentolite G19F 12.7 9.3 
G33F 10.9 Beh 
56 1b TNT G1O9J 9.3 ft 91 
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Tenperley!9) in Great Britain, and Herring3), Kennard29) , Shiffman and 
Friedman2l) in the United States. In this section, the experimental results 
described previously in this report will be compared with the theory 
subject to the following assumptions: 


i. the liquid is regarded as an inviscid, incompressible medium of 
unlimited extent, 
ii. the vertical motion of the center of gravity of the bubble is 
considered to be negligible, 
iii. the kinetic energy of the gas is neglected, 
iv. the expansion and contraction of the gas is assumed to be adiabatic 
and to follow the equation 


pV* =c (99 


appropriate for an ideal gas. 


Under these conditions, it is convenient to introduce non-dimensional 
definitions of the radius and time, in accordance with Ref. (21), which 
have the form: 


A=La (9.2) 
T = Ct (9.3) 


in which A and T are the actual radius and time respectively, a and t are 
the non-dimensional radius and time respectively, and the length and time 
scaling factors are defined by the following equations: 


dec y eae Tae 1.729 oie Rls (9.4) 
4 Po 2 
1/2 wl/3 
aa - 1/3 
C >, L = 0.374 (rQ) Z,576 (9.5) 


where W is the weight of the charge, Q the detonation energy per unit weight, 
r the fraction of the detonation energy remaining in the bubble motion after 
passage of the shock wave, po the initial, hydrostatic pressure at the depth Z, 
(which includes the equivalent depth of the atmosphere) where the bubble is 
formed, and © the density of the liquid medium; the numerical factors in the 
third members of Eqs. (9.4) and (9.5) are appropriate for L and Z, in feet, 
C in seconds, rQ in calories per gram, W in pounds, with = 1.025 (sea 
water). 
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The use of the non-dimensional variables thus defined allows the 
expression for the conservation of energy to be written in the form: 


a? lal eee se (9.6) 


in which the dot signifies differentiation with respect to non-dimensional 
time. The parameter k is defined by the expression: 


r-1 ( yr-1 gvnd 


bet to eee oS : 
(ray® (a1) (2Q)" (¥-2) Oe 


The following considerations give the theoretical relation between 
the observed period and maximum radius and the value of rQ, under different 
assumptions regarding the parameters k and © in Eq. (9.6): At maximum or 
minimum radius, a vanishes in Eq. (9.6) leading to an equation 


ar +k aoa 2) = a (9.8) 


whose greatest and least roots should be the non-dimensional maximum and 
minimum radii; note that if k vanishes (internal energy negligible) the 
maximum radius becomes simply a, = 1 or Ay = L. The roots for various 
values of @ and k appear in Table XX, where ay is the non-dimensional 
maximum radius and a, the non-dimensional minimum radius. 


The time for one oscillation is computed by obtaining twice the time 
between minimum and maximum radii.* In the case where k is neglected 
Eq. (9.6) can be integrated in terms of the incomplete beta function3) and 
the numerical result is 1.492. On the other hand, when k is not neglected, 
Shiffman and Friedman21) have shown that the period can be approximated 
very accurately by means of a quadrature formula involving the Tchebycheff 
polynomials. Such calculations were performed by Shiffman and Friedman 
for a few values of &® and k using fifth-order Tchebycheff polynomials; 
those authors remark that the fifth-order approximation agrees within 1% 
with the third-order approximation. In the present report Shiffman's and 
Triedman's calculations have been extended to include a wider range of 
values of the parameters * and k for reasons described below. A sample 
calculation was also performed comparing the fifth- and seventh-order 
approximations which were found to agree within 0.025%. The results are 
reported in Table XXI, and are also exhibited graphically in Fig. 2. 


* Examination of experimental radius-time curves reveals that they are 
essentially symmetrical about the maximum radius. 


=23= 


580 


TABLE XX 
MAXIMUM AND MINIMUM NON-DIWENSIONAL RADII FOR VARIOUS % AND k VALUES 


© k ay &n 

Tee 0.1 0.9647 0.02154 
0.2 0.9246 0.06844 
0.3 0.8774 0.1350 
0.4 0.8188 0.2211 
0.5 0.7363 0.3359 

1.25 0.1 0.9645 0.04642 
0.2 0.9235 Os 72 
0.3 0.8742 0.2031 
yA 0.8100 0.3064 

1.3 (ora 0.9643 0.07747 
O.2 0.9225 0.1681 

shay, 0.05 0.9827 0.08242 
Ost 0.9639 0.1472 
0.2 0.9201 0.2657 

=== 0) 120 --- 

TABLE XXI 


NON-DIMENSIONAL PERIOD OF BUBBLE OSCILLATION FOR VARIOUS @ AND k VALUES 


0.1 1.4713 1.3 O.1 1.4943 

0.2 1.4549 0.2 1.5084 

0.3 1.4434 

0.4 1.4531 1.4 0.05 1.5052 

0.5 1.4689 0.1 1.5210 
0.2 1.5578 

0.1 1.4821 

0.2 1.4804 SSS fe) 1.492 

0.3 1.4918 

0.4 1.5120 
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10. Determination of the Bubble Energy 


Combination of Eqs. (5.1), (9.3), and (9.5) gives an equation for 
rQ in terms of the experimental period constant 


rQ = 19.2 (Si (10.1) 


while a similar combination of Eqs. (8.1), (9.2), and (9.4) gives an 
equation for rQ in terms of the experimental radius constant 


rQ = 0.194 (z)° (10.2) 


Making the natural assumption that rQ is independent of the depth and 
noting that t and a, are slightly depth dependent through the parameter k, 
it is expected that the proportionality "constants" J and K will vary 
directly with a, and t. If such variation of J and K with depth had been 
measurable with sufficient precision over a wide enough range, it would 
have been possible, in principle, to determine uniquely the parameters 
v and k as well as rQ. Since, however, such variation was masked by 
the experimental error in J and K for the small range of depths actually 
observed*, it has not proved feasible to make a unique calculation of 
these parameters. Therefore the two Eqs. (10.1) and (10.2) were first 
used to eliminate rQ with the result 


= 4.62 (10.3) 


aA 


a 
yi 


The observed values of the period and radius proportionality constants were 
used to compute the apparent value of t/a. Reference to Fig. 3 (which 
was obtained from tHe figures in Tables XX and XXI) then allows the 
determination of k for an arbitrarily chosen~ . The non-dimensional 
period and radius then become determinate, and a value of rQ may be 
obtained which is consistent with both the radius and period data. In 
Table XXII, these energy values are given for the first period of 
oscillation of several of the explosives described previously in this 
report. 


* Although the depths varied by about two-fold, k depends upon depth to the 
1/2 power or less, and ay and t are not very sensitive to k. 
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FIG. 3 
PERIOD / MAXIMUM RADIUS (NON- DIMENSIONAL) 


vs 
PARAMETER Kk For VARIOUS & 
UERL WOODS HOLE, MASS. 
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In each case the value of the hubble energy is also given neglecting 

the internal energy of the gas (k = 0), which fixes the values ay = 1 and 

+t =1.492. Here it is to be expected that the radius calculation will 
give a lower value than that obtained from the veriod constant, since t is 

relatively insensitive to k, whereas ay, when the internal energy is taken 
into account, may decrease 10% by comparison with its value for no 

| internal energy. This is found to be true in all cases except the two 

| involving tetryl charges very near the surface. Consistent calculations 

| of the energy cannot be made in these two cases, since the energy cal- 

| culated from the maximum radius is apparently higher than that obtained 

| from the period of oscillation (this leads to values of t/ay lower than 

any found in Fig. 3). 

| 


| No complete explanation of this anomaly can be given at present. 
. However, it is interesting to see what the theory predicts for a case in 
| which the adiabatic law, Eq. (9.1), is replaced by the simple assumption 
that the gas pressure is a constant, pg. This assumption may be a rough 
representation of the facts, if, during a large part of the motion, the 
condition of the gas is largely determined by the condensation of water 
vapor, a condition which might be true when the explosion occurs at the 
shallowest depths described in this report. 


; The resultant expressions for non-dimensional radius and period are, 
| respectively: 


os) 
oe ees (10.4) 
“u ( >| 
-5/6 
t = 1.492 € - Al (10.5) 
fe) 


Although the ratio t/ay is never less than 1.492 for positive pressure 
ratios, p,/p., and thus cannot explain the low value t/exy = 1.46 found 
i 1 d period 
experimen y, it seems noteworthy that both the radius and p 
| constants should be larger on the basis of Eqs. (10.4) and (10.5) than 
in the case where the adiabatic law holds and that the observed constants 
are indeed found to be larger near the surface than at greater depths. 


| Calculations for the second period of bubble oscillation are given 
in Table XXIII. 


From this discussion it is seen that suitable data are not available 
at present to determine the most appropriate value of the specific heat ) 
ratio. It should be mentioned that the theoretical calculations of Jones 
indicate an effective value of ¥ = 1.25 for TNT of the density used in 
these experiments. 
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Using the data shown above, it is now possible to propose a 
partition of the energy released in the explosion. This is shown in 
Table XXIV. For the bubble energy, a value of 4 = 1.30 was assumed. 
The values for the total energy are obtained from Ref. (23). They were 
calculated by assuming that the oxygen was consumed in the following 
sequence: 


i. Hp + $ 02 —> H20 
ii. C +402 -—> CO 
iii. CO+30> —> CO 
The shock-wave energy values have been computed from empirical equations 
for the energy flux as determined experimentally at the Underwater 
Explosives Research Laboratory. 
TABLE XXIV 


ENERGY PARTITION IN UNDERWATER EXPLOSIONS 


Explosive Total Energy Shock-Wave Energy Bubble Energ 
Q (First Period 
(cal/gm) (cal/gm) (cal/gm) 
TNT 9774 244 4,67 
Pressed Tetryl 10354 263¢ 500 
Blasting Gelatin 15098 Syeplte 626 
Torpex-2 == BA9E 728 


a. See Ref. (23), "Assumption II" 
be. See Ref. (24) 
ce See Ref. (13). 


While these values seem reasonable, it must be emphasized that there 
are uncertainties and assumptions in all of the calculations involved and 
that further refinements in calculation and measurement in the future will 
necessitate some revision. 
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APPENDIX I 


EMPIRICAL RADIUS-TIME CURV#Z FOR OSCILLATING GAS BUBBLES IN FREE WATER 


by 
M. Arsove 


In any study of the phenomena associated with the bubble formed by the 
gaseous products of an underwater explosion, it is essential that one know 
the size and shape of the bubble as a function of time. Assuming that the 
bubble is always spherical in shape, the bubble phenomena are completely 
determined if the bubble radius is known as a function of time. High-speed 
motion pictures of the bubble formed by charges which are not greatly 
elongated show that this is a good approximation for at least the first 
bubble oscillation. 


To date it has been necessary to integrate numerically the theoretical 
equations of motion derived by Herring3), Shiffman and Friedman21), Taylor18), 
and others in order to obtain a radius-time curve. If one has an analytic 
expression for the radius as a function of time, one can avoid the laborious 
numerical integrations required in order to predict such phenomena as 
migration, bubble-pulse, etc. 


The purpose of this appendix is to find an analytic expression for the 
experimentally determined radius-time curves in free water and to indicate 
possible uses for this expression. 


In attempting to find such an analytic expression, it is convenient to 
reduce the experimental data (for the radius as a function of time) to non- 
dimensional form. The units of time and length used in this appendix are 
the first bubble period (Tj) and the first maximum bubble radius (Ajn), 
respectively. These units of time and length were chosen because they can 
be computed from the equations in the body of this report* and because they 
reduce the data to a form which is easily analyzed. 


The radius-time curves used in this analysis are those mentioned in 
Sec. 8 of this report. The composite curves (Figs. 4-9) in which A/Ay) has 
been plotted against T/T] for TNT at devths of 300 and 550 ft; tetryl at 
300 and 600 ft; torpex-2 at 600 ft; blasting gelatin at 500 ft contain 
7, 7, 9, 4, 8, and 3 individual radius-time curves respectively. 
Figures 4, 5, 7, 8, and 9 show that there is relatively little scatter in 
the data from shot to shot when a given weight and tyne of explosive is 
observed with the standard charge orientation. There is, however, considerable 
scatter in the neighborhood of the minimum due to the difficulties mentioned 
previously in Sec. 8. The data for blasting gelatin (Fig. 9) are of 
particular interest since they clearly indicate the non-sphericity present 
in the early stages of the oscillation of a bubble formed by a cylindrical 
charge whose length and diameter are approximately equal. There is con- 
siderable doubt as to the values of the radius for the contracting phase of 
the oscillation since the bubble was unstable and apparently formed four 
Sea a a a ee ee 
* It should be pointed out that in vreparing the composite curves the observed 
values of Ay) and Tj were used to reduce each record to non-dimensional form. 
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FIG. 4 


COMPOSITE, NON-DIMENSIONAL RADIUS—TIME 
CURVE FOR TNT 


CHARGE WEIGHT 0.66 LB CHARGE DEPTH 300 FT 
CURVE PARAMETER, q* 0.250 
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FIG. S 


COMPOSITE, NON-DIMENSIONAL RADIUS—-TIME 
CURVE FOR TNT 


CHARGE WEIGHT: 0.66 LB CHARGE DEPTH: 550 FT 
CURVE PARAMETER, q+ 0.275 


FIG 6 


COMPOSITE, NON-DIMENSIONAL RADIUS- TIME 
CURVE FOR TETRYL 


See E HECHT. ee te ie © CHARGE DEPTH: 300 FT 


CURVE PARAMETER, q * 0.250 
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FIG. 7 
COMPOSITE, NON-DIMENSIONAL RADIUS-TIME 
CURVE FOR TETRYL 
CHARGE WEIGHT 0.50 L3 CHARGE DEPTH GOO FT 
CURVE PARAMETER, q= 0.225 


Fig 8 


COMPOSITE, NON-DIMENSIONAL RADIUS—TIME 
CURVE FOR TORPEX-2 


CHARGE WEIGHT: 0.60 LB CHARGE DEPTH: 600 FT 
CURVE PARAMETER, q * 0250 
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FIG. 9. 


COMPOSITE, NON-DIMENSIONAL RADIUS-TIME CURVE 
FOR BLASTING GELATIN 


* VIEWED ALONG CHARGE AXIS * VIEWED NORMAL TO CHARGE AXIS 


CHARGE DIA.: |.875 IN. CHARGE LENGTH: 2.25 IN. 
CHARGE WEIGHT: 0.353 LB CHARGE DEPTH: 500 FT 


CURVE PARAMETER, q = 0.200 
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small bubbles at the minimum. The radius values used in Fig. 9 were obtained 
by estimating the total volume of gas present at any instant and then 
computing the radius of an equivalent sphere. Figure 6, which includes 

data from two sizes of charge, shows that for a scale range of approximately 
2:1 it is possible to represent the radius-time curve for a given explosive 
at a fixed depth in non-dimensional form. Although data from a wide range 

of explosive weights at a given depth were not available, it is believed 

that these non-dimensional curves will represent any size of charge in free 
water. 


The shape of the composite curves resembles that of a curtate cyclold* 
(the curve traced out by a point on the spoke of a wheel which is rolling 
along a straight line in a plane). The equation of a curtate cycloid in 
rectangular, parametric form is: 


A =m-n cos t 


T=mp -nsin 9. m>n>O (I-1) 


The constants m and n in this equation must be chosen so that A = Ay, and 
T = Ty for P equal to Tr and 2TY respectively, and so that A/ hy eit, the 
composite curves at equal to 27% It should be noted that for § equal 
to 277, A/Ay) is identically Anj/Ayi. If this ratio is represented by the 
symbol q, Eq. (I-1) becomes: 


1+ 
ABE Goo 9] 
reel 1- ae 2 


If one plots Eq. (1-2) with q taken as 0.25 along with the composite 
curve for TNT at 300 ft, it can be seen that the equation has been made to 
fit the data at equal to 7r and 27¥, but that it predicts a value of A/Ayy 
which is too low for intermediate values of g@. This situation can be 
remedied if one writes the equations in the form: 


* Various authorities disagree as to the distinction between a prolate and 
a curtate cycloid. The author prefers the definition given above. 
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iit - 
A= da [r- Gp os g | 


7 a 1- . 
oi l¢- ce + €) sin 3 | (I-3) 


where € is a constant which in general should depend on q. If Eq. (I-3) is 
to supply physically admissable radius-time curves, (l-q/l+q) + & must not 
exceed unity. The best fit is obtained, however, when: 


1- 
= P elec (Tea) 


Assuming that Eq. (I-4) is generally valid, the parametric form of the empirical 
radius-time curve becomes: 


EINE piaee| = (leg 
ra (a) [2 ‘Tq cos f | 


oe [9 - si 9 | (1-5) 


Figures 4-9 show the data mentioned previously along with curves calculated 
from Eq. (1-5). These curves show that, with a suitable choice of q, Eqs (I-5) 
give a good analytic representation of the radius-time curve for the portions 
of the bubble oscillation which are of interest; namely, for values of T/Tj 
greater than 0.05. This follows from the fact tnat bubble phenomena such as 
the migration to the time of the first minimum in the radius ( » the pressure 
pulse emitted by the bubble, etc., are independent of the exact shape of the 
radius-time curve in the early stages of the veriod. 


It should be noted that the empirical radius-time curve in the form of 
equation (I-5) involves only one arbitrary parameter, q, which has a direct 
physical significance, as has been pointed out previously. Hence there are 
two main uses to which the equations developed above can be put. One can 
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compute q on the basis of the existing theory provided one has a knowledge 

of the physical properties of the gas in the bubble. Using this value of q, 
one can compare the predicted radius-time curve with the know experimental 
radius-time curve as a check on theory. In this connection it should be 
mentioned that the experimental data probably provide an upper limit to q, 
since the bubble is obscured at the time of the minimum by a mass of material 
which is more likely solid than gaseous. This difficulty has been discussed 
in detail in Sec. 8 of the present report. The other line of attack would 

be to use the value of q necessary to give a good fit with experimental radius- 
time curves as an aid in arriving at suitable values for the average physical 
properties of the gas in the bubble. 


Another of the uses to which the empirical radius-time curve has been 
put is the following: Using the bubble theories mentioned previously, one 
can compute the radius of the bubble for the case of a zero excess pressure 
field surrounding the bubble. Expressing this radius as a fraction of the 
maximum radius of the bubble, one can determine, from the empirical radius- 
time curve, the fraction of the periodic time at which the excess pressure 
vanishes. It is found that this time agrees excellently with similar times 
determined from piezoelectric gauge measurements of the pressure field 
surrounding the bubble26) , 


Due to the paucity of photographic data for charges fired at small 
non-dimensional depths, no attempt has been made to develop an empirical 
representation of the radius-time curve for this very important case. 
However, it can be stated with assurance that Eq. (I-5) does not hold when 
the presence of free or rigid surfaces becomes important. 
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Object. 


The object of this research is to orovide sufficient data from which it will be possible 
to form an accurate estimate of tne amount and distrtbution of explosive material required to 
produce destruction of a given structure at a given range of distance, 


The research might arcceed on entirely emoirical lines. Acart from the enormous ccst cf 
material ana time involved, such a methca is not in accordance with scientific method, which aims 
at Co-ordinating information in such a way that a reasonable estimates may be formea of the =ffect 
of varying any oarticular set cf circumstances. 


Thus the research will follow two main lines:— 


(1) Full scale sea exoeriments in which the damage done on certain known structures 
by given exolcsions is quantitatively determined, 


(2) Tne determination of thcs2 ohysical quantities in an exolosion which determine 
damage. 


a shio is damaged as the result of the oressures 2xerted on it, and which are orceagateo 
through tne water as a result of tne exolcsion. Thus a Comolet2 knowledge of the time aevelooment 
of pressure in the water at any distance from a given mine is a vital link in the chain which 
conn=cts the 2xolosion witn tne Oamaye done, 


It will probably be some time before an accurat2 solution of this difficult problem is 
obtained, so that meanwhile we crecs2d to an acccunt of an investigation of part of the problem 
which has been carried out in Mining School during tne dast year, and which has thrown considerable 
Tight on the matter. 


Tne exalcsion of a mine in water, is followed by an uoheaval of water, yas and stones. 
Generat Adoot “Suomarine Mines" discu tne question of a study of tne Caenomene as a means 
of quantitative measurement. His view, excressed paj2 42, is that the phenomena are too variabl= 
to give results of great value. 


Now the chenomena cbserv.d occur in distinct chascs of wnich there are two or possibly 
three decvending on circumstances. It aosears that General Aobot is thinking aDout the very fine 
spectacular effect of the discharge cf gas ¢tce, and that he had not cbserved or hag not 
consider20 the remarkably sharp soray ohenomenon ohase (1) which almost immediately follows tn= 
firing of tne mine ano crscedes tne udheaval of gas, etc. 


This soray rises almost instantaneously in the form of a dome as shewn in Slate 1, The 
Out2r sdge is very sharoly Jivided from the still water surface ana overy oart of the gome seems 
to rise vertically. 


Numerous ©xperiments have 92€n made and show that the soray chenomenon is a definite one 
and that it leads to imoortant conclusions 45 tc the nature of tne cxolosive wave srooaga ted 
from the mine. 


Assumctions have to bs made befor2 w2 can interoret the soray phenomenon and the 
justification for the assumoticns consists im the manner in which the conclusions agree with tne 
exceriments. 
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The assumoticns are:— 


(1) That the exolssive oressures are orccagated with the normal velccity 'C" cf 
sound waves in water. That velccity is 1450 metres cer second, and in round 
numbers we shall cal) it 1500 metres ser second. Measurements of the 
Comzressibility of water show that excect within < few feet of the exclcsion 
there is nc reascn tc excect any serious Jecarture from the abdcve sceed. 


(2) That the wave is spherically symmetrical about the source. 


From this it follows that the pressure at any point while dependent on time varies inversely 
as the distance r from the source, that the velocity of disolacement is entirely radial ana if 


pn density of water 
c = speed of procagation 
p = oressure cf any point 
v = radial velocity at same point 
then 0 = —, cv 


with very great accuracy. 
We may now exolain the soray ohenomenon in general terms. 
Let X Y be the free water surface of deec water. 
M @ submerged mineat decth a 
mt on image mine at the octical image of ™ in XY. 


The whole offect at any point © is due to the orimary effect from mM combined witn the 
effect reflected from the surface X Y. (See Figure 1). 


Now the surface is a free water surface and thus the resultant oressure there must be 
permanently zero. This can be sacured ana the effect of the reflection at any point in the water 
is represented by an imaginary exolosion at wt of equal magnitude but in opposite sign to that at 
M and starting at the same instant. 


This secures that at any point 9 on the surface the oressure Is permanently zero, but the 
resultant velccity at Q is comcounded of two equal effects arriving at orecisely the same instant, 
one directsa from M to 2 and the other®from Q to my , The resultant Is no horizontal comconent but 
a ourely vertical velocity. Calculaticn shows that this velocity 


i = aiks cos 0 
7 faite 
Now 0. ls varying with time ana we can further show that if the negative cressur2 which the 
water will suooort is negligible then each ooint of tne water surface in succession must. part 
company with the general body of water at the instant when oy attains a maximum, and proceeds 
uowards with the corresoonding initial velocity. In oarticular at 0 vertically above the mine 


the initial velocity of the soray a= 2 0/P5° where 0, is the maximum oressure develooed at 
distance a. Conversely if we can measure the initial velocity we Can calculate o = 4 Poe v the 
maximum oressure develoced at distance 4. Sossibls corrections to this simole result will be 
considered later. 


The soray ohenomenon is so racid that a kinema record is requirea to show its development 
and enable us to estimate the initial velocity of orojection of tne soray. 


our kinema normally takes from 16 to 20 pictures per second, The times are at oresent 
determined by including at the corner cf cach cicture a photograoh of the rapidly moving hand of 
a chronograoh fixed in front of the camera. This hand moves through 120° In 1 second. 


The distance scale is determinea by including the pnotograoh of a measured base line of 
60 feet marked at one 2nd by an emoty mine case from which the mine orooer Is suspended and at the 
other end vy a fisherman's blob. 


We TthUS coves 
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We thus obtain a series of pictures wnich are measured so as to give the height attaineo by 
the soray at a serics of known times, and from these the initial velocity is obtained by analysis. 


It aposared at the very outset that the soray carticles were not proceeding with a 
retardation equal to gravity, but with a considerably greater retardation, The natural Inference 
was that the soray particles were so small that conslaeradle viscous resistance was in play. 


Accordingly instead of the equation of motion of the particles being 


deca 


-3 
ate 


where S is the height at tlme t, and g is the acceleration of gravity, it Is assumed that the 
equation is 


2 
GES. CE Gs 
at? dt 


where k js the unknown viscous constant, 


The solution Is 


% being the initial velocity. 
Our measurements give a serics of values of S at certain times. The initial time Is, 
however, unknown, and we have to Jetemmine three unknown quantities Vor < and the initial time 


from the observations. 


Three observaticns are theoretically sufficient out to reduce casual error we take 6 points 
and combine in oairs so as to yot average values. 


A soecimen record Is reproducea, »late 2, It shows the exclcsion of a Torpedc War Head 
500 Ibs. cf T.N.T. 


The foTlcwing is a cocy of the measurements and the analysis. 


17th Seotember, 1939, 


Torpedo War Head 500 Ibs, T.N.T. at depth 50 fest 
in water 100 feet osep, 


Distance between Blobs = 60 feet 
On picture = 6.0 mm 
Hence scale is 1mm. = 10 fect = 305 cms. 
Time scale 1 second = 120° 
Picture Angle of Time in Measured height of spray 
NO. {ndex Hand. Seconds at centre jn mms. 
1 205 
2 4.8 + 0400 4 
3 5.2 + 0833 7 
4 5.1 «1258 1.0 
5 5.3 -177C 1.3 
6 5.3 +2142 1.5 
7 5e4 «2508 1.7 


From these observations drawn on squared paver the following smoothed values are taken 
as the basis of calculation 


t $ Calculated py Formula 
(1) ty +05 05 
(2) +05 +47 47 
(3) +10 +83 +83 
(4) +15 1.16 1. 16 
(5) +20 46 445 


From ecove 
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From (1), (2), (3) and (4) we get k = 1.82 
From (3), (4), (5) and (6) we get k = 2406 
mean k = 1,94 


Seconds M.ms/secgnd 


on sicture. 
From (1) and (4) we get ty = 60057, =) 64904 
(2) ana (5) we get t, = .0059 = 8,954 
(3) and (6) we get t, = .0054 = 8,688 


ee 


t, = 0057 = 8.914 


— 


u 


Hence absolute value of v 


Fe 8.914 x 305 


2720 cms. oer second. 


" 


Thus taking fy Ske Cc 15 x 10" cms, per second, 


" 


204 atmos. = 3000 Jhs./square inch 
1,34 tons per square inch. 


We get p max = 4 Pp, Cv 


“ 


as the maximum pressure oroducod by 590 lbs. T.N.T. at distance of 50 feet. 


From the deduced values for v., k and ty tne values of S are calculated and entered above. 
The comparative results are shown in the adjoining diagram Figure 2. 


1f Stokes viscous law is applicable the above value cf k would lead to the conclusion that 
the particles are about 0.4 mm. in diameter, 


A number >f experiments have been made with mines, denth Charges, and war heads. The 
explosive, the weight used, the depth, the orimer, nave all been varies. The method cf excerimenting 
has been gratually imcroved where excericnce showed the necessity.  Discrecancies occur from time 
to time, so that until the reascn fer these has been fully investigatei, it is nct considered 
desirable to give final results. At the same time it is cossible to say with reasonable certainty 
that the results so far obtained confirm the view that for the same weight cf excslcsive the maximum 
oressure is inversely crooortional to the distance, while for the same distance the maximum pressure 
aopears tc pe nearly provorticnal to the square root cf the weight of the exolcsive. The difference 
between different explosives such as oure T.N.T.. and different grades cf Amatc] do not apcear very 
definite as far as maximum cressure is concerned, but a final decisicn must wait for further 
exceriments. As regards magnitude it aocears that 2 300 1b. decth charge >f 50/50 Amato] crimed 
with 3 2iscs of C,&. gives a maximum cressure of 1,15 tons cer square inch at a distance of 50 feet. 


The maximum oressur2es obtained by this methcd are in themselves very useful, but the method 
gives no information as to the time clement in the exolosive wave for wnich a very different method 
of crocecurs is now being investigated. But the known soeed of cetonation, say 5000 metres oer 
second, in round numbers, and the general dimensions of the mine, say + metre, Sugyest that the 
order cf magnitud= cf the time from initiaticn to maximum oressure is of ercer 107" ssconas. It 
will vary of course, with the exclcsive, the amount of it, ana tne manner ef aetonaticn, but this 
figure and the known value of the maximum oressure are most useful as a guide In the design cf 
the apoaratus for measuring the time oressurs ssquence, 


The Comoaratively simoly character of the orimary wave from the explosion, as outlined, may 
appear to be at variance with the observed fact that the damage to a vessel depends greatly on the 
oosition relative to the charge and to the surface, 


Let us revert to Figure 1 and consider the effects at a oolnt © in the water, 


The disturbance from the image mine is soccsite in sign to the direct effect, is less in 
the orscerties ry ang ry and arrives later by the time taken to traverse the distance (a r) at 
the rate 1500 metres per second (the specc of the wave in water). Ncw at any coint the crimary 
ano the reflected 2isturbances each rise t» their maximum in a very short time, which we have seen 
is of crder 1/10,C00 th of a second. If then Lerece en is 1 metre or say 3 feet, the interval between 
the two maxima would be 1/1,500th of a second and tne two effects are practically separated. But 
if Toy is as small as 3 cm, the interval is only 1450,000th cf a second and thus small comparea 
with 1£19,009th of a seccnd as above. The two effects would thus tend to cancel each other, and 
we thus see how to reconcile the apcarent paridcx that the resultant action may be small near the 
surface, while at some deoth there are two secarate large shcCkS. 


It may eevee 
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It may be shown that at 200 yards horizontal distance from a mine 60 feet deep, 
i = ly would be equal to 1 metre at a depth of 16 feet beneath the surface, and equal to 3 cms. 
at a depth of 6 inches beneath the surface. 


This is shown diagrammatically in Figures 3 and 4. 


In the same way Figure 1 shows how reducing the depth of the mine tends to lower its 
damaging efficiency siceways. r, tends to become more nearly equal tc ras the mine approaches 
the surface, so that the opposing actions are more nearly equal in magnitude, and more nearly 


equal as regaras time of arrivel, and nence they tenc to neutralise each otner. 


These inferences are in agreement with Jirect observation. For if we cbserve at say 
206 yarss from an exolssicn only a very slight snock is experiences in a rowing beat cr a shallcw 
Graugnt mctcr launch, whereas in a deep draught trawler the shock is very marked. 


In order to preserve simplicity in the preceding argument, we have not referred to a 
modifying circumstance which must now be considered. 


The original surface layer breaks away from the lower water, but successive layers follow 
as the reflected wave spreads so that a Saucer shaved Jeoression Shoulda rapidly develop downwarcs. 
Between this saucer surface and the dome above there will b2 a continuous succession of soray, 
moving however with smaller speed, so that it does not break through, and we can learn nothing 
about it by direct observation. 


The dovelsping saucer boundary forms at each instant the effective reflecting surface fcr 
the primary wave and thus the reflected negative wave undergses dist-rtion in its later stages 
without affecting anything that occurred earlier. The net result is that a body in the water will 
experience the primary crushing pressure, which will be followed at the aoprcpriate time by the 
creation of a vacuum on the side nearest tne imege mine and which will spread to the remote side. 
The destructive effect of this 9n = submarine already crumpled oy the orimary wave may be very 
imcortant. 


Although the primary velocity eee by the water at scme depth may be very high, 
2.9. 11 metres ocr second in the e 2 300 lb. Charge at 50 fest yet the time is so shert that 
the water Jces not move more than seat 4 cme 


Although we have discussed only the reflection from the surface, the effect of tne bottom 
may also b= 2xamined by the method of imajes. If Gey. the bottom is rigid rock the corresponding 
image would nave the same sign as th true mine since the condition is now zere resultant ncrmal 
velccity insteed :f zero resultant oressure.  rcbudly, however, the bottom is soft and yields 
at first and at greater depth becomes rigid so that the composite action may not be nearly so 
simole as that of a free water surfaces, txoeriments are, however, in orcgress and further 
discussion cf the offect of the bottom is reserved until these have been analysed. 


We have now t> consider pcssible corrections te the simple formule co. = 4+ P. Cv for the 
maximum pressurs. 


(1) We have neglected 2 term invalving the square of v.. It is of order v #C comoares 
with the main term. At 50 feet from a 300 lb. charge val is about 23 metres ver second, 
while C is 1500 metres o2r second. Thus the correction is of order 1% in this case 
and mty be neglected." For larger charges and shorter distances the effect might rise 
to a few ocr cent and would have to oe allowed for if the measurements ever attain such 
a Oeures of accuracy. The cerrection is negative in sign. 


(2) We nave assumed that the water cannot supoort negative oressure. 


Now Osoorn= Reynolds found that airfree water might in favourabl= conditions support a 
negative oressurs of 72 lbs. cor square inch. Since sea water nas plenty of air dissolved in it, 
it would scom doubtful if it could suoport anything like this amount. On the other hand certain 
features in the scray onenomencn, <.g. the Shero boundary suggest tnat the water mey suoport 
Negative crssur2 4S much =S a ten cer Squere inch without oreaking. The evidence Is, however, 
still ambigucus, out will be <xamincd later. 


If it should vrove tnat the negative oressure must exceed say P tons per square inch 
before rupture takzs olace, then the maximum oressure O, as calculated above is an under estimate 


of tne correct valuc of 3 © aocroximately, The result of a finite value of > is that the spray 


iMNStEAd veees 
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instead of oreaking off continuously in indefinitely thin layers would not break immediately but 
the first layer would have a finite but small thickness. Thus taking the 300 ]b. depth charge 
at 50 feet, if 2 = 0.2 tons cer square inch the thickness of this layer would probably be about 
6 cms. and the corrected maximum pressure would be 0,1 tons more. At present, however, this is 


quite speculative, 


As already stated an apparatus for the direct recording of the time oressure sequence is 


being constructed in Mining School. 


Experiments tc this have been in orsgress elsewhere. Sa far as is known these arez= 


(1) Hookinson's °ressure Bar methcd in use at Woolwich Arsenal. 

(2) Hillier's experiments at Troon by means of crusher gauges. 

(3) A method devised by Sir J.J. Thomscn which makes use of the piezo electric properties 
of quartz. 


It is hoped that in course of time the different methods may be compared, as the problem is 
such a difficult ana gelicate one that it would be most unwise to trust tc any one methcd entirely 
until satisfactory agreement of two ind2pendent methods can be cstablishec. 
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Summary. 


A metnod of determining the aeoth of detonation of a bomb exoloding under water from 
measurements of the distribution of velocity in the spray dome is describea, The method is 
based on the assumotion that the detonation wave approximates to a sound wave. This leads to 
the relationsnico that the initial velocity at each coint in the dome is inversely prooortional tc 
the square cf its distance from the centre of detonation, so tnat the deoth of detonation can 
be found from the ratios of tne initial velocities at aifferent radii, |The method has been 
aoolied to the analysis of tests with depth charges, anc reasonably consistent results cbtaines. 


Introduction. 


When bombs are intended to be drocced into water, it is important to know at what depth 
detcnation takes olace, 


A method of obtaining the aeoth is described which depends on an analysis of the velocity 
distribution in the soray dome wnich aposars on the surface of the water above the exploding charge 
immediately after detonation. 


The method depends on an aocroximation, which will have to be justifica by results, but 
as a methoc it has several marked Advantages: standard bombs are used, the tests can be aone 
anywhere orovidea calm deep water is available, and the only equipment necessary is a cine camera 
operated from a surface craft. 


Method. 


A typical examele of tne soray dome is shown in Figure 1'which is made uc of enlargements 
from the cine film of a test with a deoth charge. The growth of the same dome is shown graphically 
in Figure 2, which gives the neight of tne dome at various radii, plotted on a Common time bass. 


Tn2 assumotion made in the method is that, to a sufficient approximation, the initial 
velocity of the spray at any ooint in the come is inversely oroportional to the square of the 
distance of that point from the centre of detonation. This is equivalent to saying that 


v 


= zZ 
v = v, cos@ 
when v = initial velocity at ? 
= . " 
va at 0 


and since the deoth of detonation, 
ag, is given by 
c a = OP cot 6, 


the ratio vg indicates the deoth in terms of the radius 0°, at which the measurements have 
been taken. In oractice, the deoth is calculated by taking the average from several radii 


CNOSEN woses 
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cnosen generally between 102 and 602 of th2 maximum radius of the dome. The fact tnat the dome 
is limited in diameter is itself an indication that the variation of velocity assumea is only 


aporoximate. 


Notes cn tne practical aetalls of the method are given in the aoovendix. 


Basis of method, 


The basic assumption In the method is that the detonation wave exceot in the immediate 
neighbourhood of the explosion, behaves approximately as a soherical sound wave. For a spherical 
sound wave the strain energy in the wave is constant, |.c 


Cue raag iy ae 


477 = constant 


{t follows that where the wave length, © is Constant and small compared with the radius r 
Dak: = constant 
and the oressure is therefore inversely orocortional to the radius. 
At the surface the detcnation cressure wave is reflected as a suction wave and the 
particle velocity at the surface which is assumed to be the initial velocity of the spray is 


given by 


2a ces@ at % 


pve 


P Ve 20, at 0. 


where 0 is the density and c is the velocity of sound in sea water. 


{t follows that = St 28 @ 

9 fo} 

0 Wer = 
2 = ss = cos 
D5 m0) 

v 2 
= ccs*@ 

Yo 


Results obtained so far with the mcthod. 


The method has been aaolied to the analysis of results obtaineo with depth charges in 
tests during Seotember, 1941. The depth charges were Oropo20 from aircraft in a wide range of 
heignt and sceed conditions. 


Particulars of thesc tests and the results cf the analysis are given in Table 1. There 
is no direct check on the calculates deoths cf detonation, but some indication of their accuracy 
can be cbtainel. In Figures 3 and & the calculated deoth is olotte.s against two time intervals 
which are relateo tc the cecth and yet are measured quite indecenJently of the Jesth calculation. 


It will be seen that with one excootion the depths obtained are all within 10 fect of a 
mean curve and the majcrity are witnin 5 feet. Both of the time scales used are influenced 
Dy other factors wnich cannot be allowed fcr with any certainty. The time underwater before 
detonation (see Figure 3) must depend on the impact conditions which vary widely and the time 
from tetonation to the agoearance of tne olum: (in Figure 4) is bound tc be somewhat erratic 
if snly sn acccunt cf the irregularity cf the olume itself. It will be seen, however, that in 
Figure & in which the time base is least deoentent on tne external conditions of the test, 
there is the closest grcuding of the acints. There is cne psint in Figure 3 wnich may be noted. 
In one drop the depth charge bounced on imcact so that by the second imoact it had lost the 
greater oart of its initial velocity. The time underwater from the second imoact to detonation 
was 5.7 seconds and the calculated ceoth was 57 feet. This corresgonds to a mean sinking 
spe2) of 10 f.c.s, which Is the accectes figure for these Jecth charges. 


It is reasonable to suocose therefore, that the variations shown in Figure 3 and 4 are 
real variations in the decth of Setcnation ana tnat the metnca in cractice gives tne cecth to 
within a very fow feet. For cenclusivé srcof csntrol tests with Jecth charges cet mates at 
known deoths are required. 


It has sevee 
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It has been suggested that for a given weight of charge the product of the initial 
velocity at the centre of the dome and the deoth of detonation Is constant. For a 300 1b. welght 
of charge, a value of v0 of 1,500 square feet/second based on results obtained by Hilliar was 
used to decide the depth of detonation of 500 1b. A/S bombs. The results cf the oresent analysis 
give variations cf vd from 2000 tc 6000 with an average of 4000 square feet/second. There Is 
evidence to support variations :f thls oraer from tests with mines so that the assumoticn cf a 
Constant value dces not aopear to be justifico. tt will be seen that t> assume v_9 Is constant 
for a given charge weight is equivalent to assuming that the maximum oressure in the detonat ton 
wave is Constant at a given distance from the charge. Since it is known that the detonation 
wave is characterlzed by its maximum oreesure being reached suddenly im a shame front, it does 
not seem likely that the maximum pressure wit] itself be constant. It would be expected to vary 
with temperature and with manufacturing conditions, and in this regara it fs tnteresting te ncte- 
that the variations In the value of vod cn individual gays (in table 1) are rather smaller than 
they are in general. 


There is one other point in the analysis to which reference should be made, Within the 
dome area the surface water is shattered by the suction developed in the reflected wave, but at 
the boundary, where no spray acoears, it must be assumed that the water is capable of witnstanding 
the suddenly agelled suction. This boundary suction has been calculated in terms of the velocity 
at the centre of the dome as 


p v.c cos'O, 
SI 2 


- 34 Vv, cos q 1b./sqein. 
where 6. is the angle subtended by the dome boundary, 1.2. 


tan Cra a 


24 


The values obtained for this suction vary from 790 to 1,800 1b./sq.in, but the greater number 
are in the neighbourhood of 1,000 1b./sq.in. 


Conclusions. 


So far as can be judged the prooosea metnod of aeriving the depth of detonation from the 
Gistribution of velocity in the dome aives the Jepth accurately to within a few feet, 


The accuracy obtained can only be aecided with certainty from control tests in which 
Septh charges are detcnate? at known Ceoths, 


Sufficient reliance can be claces on the method of analysis to show that the velocity at 
the centre of the dome is not by itself a reliable indication cf the cepth. 
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NOTES ON PRACTICAL DETAILS OF METHOD 


le A standard 35 mm. Sinclair or Vinton camera nas been used in the tests at an average 
film sceed of 25 frames/second. As large a dome as dossidle is required for satisfactory 
analysis so a orocer choice of lens and distance is imoortant. With a 6 inch lens, the camera 
shoula be about 70 to 1,000 yards from the imoact, for a dome diameter of 200 to 300 feet, 


De The scale of the dome has to be obtained from the scale of the aeroplane. Correcticns 
have to D2 applica fcr the aifferent ocsitions cf the aeroplane and the imoact, and for high 
areos, wnen the zercclane is cut cf tne oicture some time bef :re imcact occurs, these corrections 
are imcortant. To keed the ccrrecticns small, it is acvisable tc use as Tong a focal length 
jens as possible, as this will enable the ground distance to be as large as dossible by 
comparison with the height and forwaratrav21 during the fall of the bomb. 


ay Tne measured dome heights ars corrected for obliquity. This correction is: ra 

at the centre of the dome, where D is the dome diameter, x is the height of the camera above 
water level, and y is the distance between camera anc dome. The correction is orooortionately 
less at radii away from the centre. 


4, Both sides of tne come are measured and the mean is taken in the depth calculations. 
From Figure 2 it will be seen that the variations are at times considerable. 


55 The table of reducticn used to obtain the depth from the measurements is shown in Figure 5. 
The examsle worked out in the table is the same as that shown in Figures 1 ana 2. In practice 
insteaa of taking the ratios of the initial velocities at the various radii it has been found 
more convenient to take the ratios of the dome neights corrected for the gravity fall. 

Equating these height and velocity ratioz is only strictly justified wnen the time intervals are 
small and the deceleration of the soray is oroportional to its velocity. The aporcximation 
amounts to neglecting terms involving t? and higher powers, where t is the time interval from 
detonation. It is realised that the deceleration of the spray is more nearly oroportional to 
the squar of its velocity, but the effect of botn approximations has been found to be negligible 
in oractice. The analysis of tne two drocs which gave the shallowest detonation has been 
reocated using velocity ratios in olace of the corrected heignt ratics; agreement was obtainsa 
within less tnan 0.5 feet. 
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Sunimary. 


The dome analysis methoo of depth determination has been checked by the analysis of records 
obtained with charges at known deoths. It has been found In aoplying the method that while the 
calculated deoth is generally In fair agreement with the true depth, the agreement is Imoroved if 
allowance is made for the dome shave and the Initial plume characteristic of the particular explosion. 
When a correction for these factors Is apalled, the depth determined by ths dome analysis method 
Should not be in errcr by more thar 10% and will generally be very much closer to the true depth. 

Tne relation which has been found between dome and clume suggests that the formation of bcth is 
dependent on the characteristics of the pressure pulse set uo by the explosion. This should appear 


In the pressure records and an attemot will be made to relate the pressure results to the dome and 
plume characteristics. 


Introduction. 


A methoo of determining the deoth of a charge exploding underwater from an analysis of the 
spray dome which apoears on the surface over the exoloding charge was described in a orevious 
reoort. The method has now been checked by an analysis of some cine records of underwater explosions 
at known deoths, Very close agreement Is found between the calculated and the known depth in many 
instances Dut @ few examales where the method is as much as 20 = 25% in errer have occurred. 


It was observed in the first report cn the method that very large variations in initial oome 
velocity could ba cbtained under apparently similar conditions. This is confirmed by the present 
results but It has now been observed also that these variations are associated with variations in 
tne initial velocity of the olum2, Further, the dome itself, even in calm water, is not so regular 
in form as was at first thought. Some domes are found to be higher at the centre, and some higher 
at the rim than woula follow if they were generated in strict oroportion to the (cosine)? law used 
in the dome analysis method. 


It has now been found that when the original dome analysis methoa is in error in calculating 
the depth, tne error can be related tc the surface chenomena as a whole. 


This has been done by 
assigning dome ans plume factors in each instance. 


The Jome factor is the gradient of the calculates 
Jeoth along the come radius, and the olume factor is simaly the ratic of the mean initial velecity 


sf tne come at its centre. A correcticn Involving these two factors has been found anc when this 


Is apoliec t= the Secth calculates by the original dome analysis method, very close agreement with 
the known ceoths is -btainec, 


The effect of this is that when the true decth is unknown the deoth can be calculated with 
fair accuracy by the dome analysis method if a correction in terms of these factus is applica, 


The overall range of charge welght in the results considered is from 160 to 1,000 1b. ana 
of depth from 15 to 100 fect, The tests include some in which the charges were fired on the sea 


Dottom. 
The symdcls used in the text are defined below:— 
(i) Charge 
weight Wb. 
depth at cetoneticn 2 ft. 
Geoth calculated by criginal 
come analysis metncd = ft, 
calculates tenth after w 
correction fer Jome and olume facters gc ft. 


(UU) cbase 


622 =2s 


Initial velocity at centre v_ ft./sec. 
Jome factor n 


mo 


When tne Jome analysis method is apclied the deotn is calculated by taking the dome height 
at different dome radii ana orooortioning them to the dome height at the centre. This is done 
at threc smal] time intervals from the first acoearanc: of the dome. It is found that the calculate 
septh varies both along the radius and with time. The variation is an indication of the distortion 
cf the dome ana as a measure of this the dome factor, n, has been oef ined as:=— 


100 (mean depth calculated at a dome radius equal to 3/24 
NS oe co 


So mean deoth calculated at a dome radius equal to 2 a ) 
() 


In practice it is found that the oart of tne dome between radii equal to 0.5-and 1.5 x the 
depth of detonation is tne most satisfactory for measurement and calculations 


The factor n has a oositive value when the calculated depth tends to increase outwards from 
the centre and is 2ssociatec with a Jome which is relatively high at the rim. When n is negative 
the greatest Jeoths are calculated at the inner rstii ana the Jome is relatively high near the centre, 


(iii) Slume 


Time from detcnaticn to first acoearance 


of the clume through the dome ty seconds 
height of dome when plume acoears h_ feet 
mers 5 h+ ¢ 
mean initial velocity of the olume fo 
Y= ————— ft./second. 
ty 


Discussion of results. 


The results cotained from the analysis of the cine records are given in Table 1. The 
range of deotns ccvered in the results examined is equivalent to a variation of from just over 10 
to nearly 70 feet with a 300 1b, charge if the depths are corrected in orooortion to ~Ycharge: weight. 


On the same basis cf a 300 1b. charge the variations found in V0 are from under 2.000 to 
6,000 square feet cer second for charges in deco water ana from 4,000 to 8,000 square feet per second 
for charges sn the bottom. 


The bread relaticn founa petween Jcme velocity ano plume velocity which was the first result 
in this latest analysis is shown in Figure 1. {Included in this figure are Mark Vi| aepth charge 
results described in the original report on the dome analysis method. It will be seen at once that 
for all weights and depths of charges, and for charges both on and off the bottom there is a general 
tendency for v, and V to increase together. In the range consideres V is on the average equal to 
0675 Vv, althcugh the scattering cf the ooints is equal tc a + 30% variation cn this. Despite the 
wide variaticn there is clear evidence from the figure that a relation exists between the dome and 
the olume, 


The next step in the analysis was to discover if the error found in the depth determination 
were also related to the olume characteristics. The oercentage error in the depth calculation 
was plotted on the basis of the plum=dome velocity ratio Vivo» but the points were found to be 
widely scattered and no relationshio was apcarent. This suggested that if a relation existed it 
involved a second factor. It has been observed that the domes were not always uniform in shade and 
that in some instances large variations occurred in the depth calculated at different dome radli. 
It seemed possible that these variations would themselves influence the accuracy of the mean Geoth 
figure. £&xamples of the variation in deoth calculated across the Jome radius are shown in Figure 2. 
The three results illustrated are those which give the highest Dositive and negative values of the 
dome factor which were obtained in these tests and a zero value. 


In Figure 3a the percentage error in the depth calculated oy the original dome analysis 
method is plotted on tne basis of the olume factor VIN, and each result is labelled with the value 
of the dome factor n found in its calculation. tt will be seen that without the Jome factor n 
there is. no relationshio apparent but that with the dome factors shown the results at once align 
themselves in bands across the figure. This is emohasised by the ¢rcoss lines which have been Jrawn 
in the figure to corresoond tc the averag2 relation between percentage error, n and VA, Shown by 
the results. 
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Tnis relationshio tetwe2n the error in deotn Calculated by the original dome analysis 
method and the values of nana V No has been raduced to a formula for a correction factor, py, 
where 


true deptn = 2 


and pf = 0.5 +0.78 V/v, + 0.012 n= 0.0012 n? 


The value of w has been calculatea for cach of the results shcwn in Figure 3a and a revised 
figure for the calculated aeoth, 


ac 
ac = ——a2 
u 


obtained in each instance. The error in ac has then been olctted in Figure 3b and it will be seen 
at once that when s)lowance for the deme and plume factors is maje in this way, very gocc agreement 
between the calculated anc the true dzoths is cbtaines, The majcrity cf the results are within 

+ 5% cf the true Jepth and nc result is more than 10% in errcr, When it is realise? that all the 
results at kncwn Zeoths available to Sate have been analyses and are sncwn in this figure and that 
the results incluce charges both on anc cff the Dottom it will be seen that the methcc promises to 
crovide 2 reliable means cf ceternining the teoth -f charges exoloding under water. Hew far the 
method can be relied ucon cutside tne range coverec by the results examined wil) be uncertain until 
further tests are done. The ranj= already covered (from little more than 10 feet to over 60 feet 
for a 300 1b. charge) is wide enouyh for most orectical ourcoses. 


Some difficulty may arise in oractice with bombs fittea with a oistcl or fuze which detonates 
at shallow aeoths. With these the cavity wnich the bcmb forms at entry may not be Closed when the 
bomb ©xolcdes, a conditicn not reoresented in static tests, if the plume factcr in these conditicns 
is Dased cn th2 plume wnich agoears orematurely through the still ccen cavity the factor will ve tcc 
high. If it is bases nm the plume which aposars later through the undrcken water it may be too 
lcw because the force of the 21lume will have been scent in the acen cavity. A methcd cf correcting 
the calculated deoth in these conditions could be based on tests with air launched charges dropped 
in snallow water of known depth. The bomds would only require to be fitted with imoact fuzes so as 
to detonate on the bottom. Pending the results of such tests it will crobable be best to neglect 
the oresent correction in acolying the dome analysis methcd to shallow firing bombs when the reccrds 
shcw that the cavity is still ccon*. The Jecths asscciatea with these ccnditicns will be cf the 
orcer cf 10=- 15 fect and since the uncorrected dime analysis method may be expectec to give such 
depths in general within two feet cr less, it will crobably be sufficiently accurate. 


The relationship bctween dome and plume. 


Although the foregoing analysis has orovided a practical method of determining the depth of 
detonation it does not oxolain the relaticnshios which have been found, 


!t has generally besn assumed that the soray forming the dome is produced by the action cf 
the detonation oressure oulse. Records obtained with plezo electric oressure gauges have indicated 
that the detonation cressure pulse is very unifsrm in the horizontal olane at the level of the 
charge. That this does nct aocear t= confcrm with the large variaticns which occur in the soray 
velocity would be exclainec if similar variations in the cressure oulse were found to cecur in the 
region above the charge. This region does not apoear to have been exolcred so far with oressure 
dauges.. 


The value of v9 for a 300 1b. Charge which would be calculated from the peak oressure in 
the detonation culse based on the results of tests in the plane of the charge is 3,000 square feet 
per second, In general therefore (see Table 1) the soray velocity is higher than would be exvected 
from the effect of the detonation sulse fcund in the horizontal olane although it is less in some 
instances. 


The oresent analysis shows that the dome velocity is related to the olume velocity. As 
might have be2n excectec there is also evidence that the dome shacs, ise. the initial distribution 
ef velocity acrcss the dome, is relatea to the initial clume shace,s The growth cf the olume for 
each of the present results is shown in Figure 4. The results have been arranged in order from 
the hiahest cositive to the lowest negative value of the dome factor, n, irrespective of the other 
conditions of the test. It will be seen at once that there is a marked tendency for positive 
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values cf n te be associated with olumes which fork and break out strongly on either side of the 
centre while negative values cf a are found when the clume develocs as a Central column. 


A more solid basis for the comarison than the general outline of the olume will be faund 
by observing in each example the directions in wnich tne Dlume velocity is highest, oarticularly 
in tne early stages of Jevelcement. |t will be seen then that dositive values of n are associated 
with clumes which thrust out most strengly to either side and are relatively weak at the centre, 
Values of n near zero are found with clumes which develop evenly in all directions, negative values 
of n with clumes which thrust uowards most strcngly at the centre, 


Some excections sczm to occur but these may be exolainea by the fact that the surface 
phenomena are thres—dimensional and the clume outlines drawn in Figure 4 may not be in one olane. 
/ 
Two views at right angles are really required to olace the olume contours relative to the dome. 


It nas been remarked already that oositive values of n are found with domes which are 
relatively high at the rim and negative values for domes which are relatively high near the centre. 
It seems clear then that the initial olume is very closely related to the initial dome shape. 

The Jome velocity tends te be increases in the areas where the plume, which adoears later, is 
most concentratec. It is nct intense to suggest by this, that the dome velocity is simply 
reinforces by the adcsc olums velccity. Tne dome velocity is imoartec tc the scoray within a 
few milliseconds of Jetcnaticn and the distribution cf velccity which is usec in the deoth 
calculation is determinea from photographs taken within the next one or two tenths of a second, 
Generally the plume does not aacsar until more tnan a second later. 


To <xolain tne relation oetween the dome and plume it seems necessary to find that a 
pressure oulse associated with the carly development of the plume horns is superimoosed on the 


general detcnaticn outse. If this is found to be true it will indicate that the gas bubble may 
be far from sensrical in its early stages and that its initial irregularities tend tc cersist right 
uc to the time <f the azcearance sf the clume. {t seems srcbable that the irregularities in the 


gas bubble will be mucn mere marked above the charge; any instability in this direction would be 
encourages by the hydrostatic sressure gracient. As a corcllary to this it ascears to follcw 
that the destructive effect of an explosion may be most marked above the charge, 


Conglusions. 


Cine records obtained in tests with charges exploded at known depths have been analysed and 
have shown that the criginal dome analysis methoo of depth determination will give the deoth fairly 
closely in most instances, but tnat examples when the metnoa is 25% in error may occur. 


It has been found, nowever, tnat the errors: intrccuced in the dome analysis method are 
relatec to tne snape of the come ana ts the early behaviour of the plume. By introducing factors 
into the dome analysis to allow for dome shape and plume behaviour the depth of detonation can be 
determined with confidence to within + 10% ana will in general be much Closer than this. 


Some difficulty in applying the carrection factor may arise in practice with bombs which 
are detonated at smal] deptns wnile the cavity formed at entry is still open. Special tests 
would be required to investigate tnis condition but at tne shallow depths involved the uncorrected 
dome analysis method may be expected to give the deoths sufficiently accurately for most purooses. 


The broad relation of dome and olume velocity and the relation between dome and plume 
shape which have been found in the analysis suggest that variations must occur in the pressure 
pulse which influence both the dome and the olume. 
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APPENDIX 
NOTES ON THE APPLICATION OF THE REVISED DOME ANALYSIS METHOD 


The stages of the method are:- 


1. Determine tne acoroximate deoth, aD by the original dome analysis methoo. 
fo) 


2. Calculate the initial dome velocity at the centre v, ft./second. 


° 
3. Plot the calculated depth on the basis of dome radius (as in Figure 2 in this report) 
and determine the dome factor n. This is tho mean value of the depth gradient between a 
rajius equal to 4 I, and 3/2z oman exoresse? as a oercentage. 


° fo) 
4, Note the time ty from detonation to the first apoearance of the olume and the height, h, 
of the dome, at the same instant. 
h+d 
. = Cy 
From this calculate V = —~—~—-—= 
t 
fo) 
5e Evaluate the correction factor w where 
Lh = 0,50 + 9,78 W/v, + 0.012 n ~ 0,00012 n% 
6. Obtain the corrected death a, as 
d 
Ca cy 
Cc —ds 
bE 


Notes which may be helpful at the different stages are given below 


1, It is found pest to work with dome measurements taken at the centre and approximately 
between radii equal to 4 a. and 3/2 de on either side of the centre. Measurements at four or 
five radii are sufficient. ° For poms ° which detonate after only a short time aelay (say one 
second or less) the cavity formed at entry will still be open. In these circumstances It has 
been found satisfactory to base the a2oth calculation cn Jome measurements taken cnly cn the 
side away from the cavity. The other side of tne dome tends ts be distortec by the cavity and 
is cbscurec by the solash from the imoact cf the bomb. 


2. In obtaining the initial velocity, Yor from the dome height it is imoortant to use the 
time from tne first appearance of tne spray. This may ve between two frames of the cine film 
but the exact instant can usually be decided by olotting tne curve of dome height for successive 
frames and noting where it cuts the axis. 


By) In general this method of obtaining n will be found to give a fair measure of the mean 
depth gradient. If there.shculad be any sudcen distorticn in the death calculated close tc the 
measuring pcints this may be disregarzec ana the mean gracient taken through the remaining ocints. 
In the present analysis this was only found necessary in one examole. 


4, txceriance in the analySis has shown that it is the apoearance of the main plume that must 
be looked for in determining t, and that the fins spouts which sometimes orecede the olume can be 
disregaraed, 
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Charge weight 
Gui TL 


500 1b. Amatol 


250 1b. Amatol 


300 1b. Amato) 


300 1b. 


1,000 1b. 
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PERCENTAGE ERROR IN DEPTH CALCULATED BY THE REVISED METHOD 
IN WHICH A CORRECTION IS MADE FOR DOME AND PLUME FACTORS 


IN BOTH FIGURES THE DEPTH ERRORS ARE PLOITED ON THE BASIS OF THE PLUME 
FACTOR V/vj- IN THE UPPER FIGURE EACH RESULT IS LABELLED WITH THE DOME 
FACTOR n FOUND IN ITS CALCULATION. THE GROSS LINES SHOW THE ALIGNMENT 
OF THESE UNCORRECTED RESULTS WITH n AND V/v,- THE FORMULA BASED ON 

THIS ALIGNMENT IS:- Ay 


oO ° 


fa «* «(05 + 0.78 W/¥o + 0.082 n - 0.00012 n* 


AND THE SAME RESULTS CORRECTED IN THIS WAY ARE SHOWN IN THE LOWER FIGURE. 
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"The Relation Between the Appearance of the Plumes and 
the Gas Globe Behavior in Underwater Explosions" * 


G. K. Hartmann 
U. S. Naval Ordnance Laboratory 


The appearance of the water surface above an underwater 
explosion changes aiter the explosion in what seems to be an 
irregular fashion as time goes on. Although the initial 
velocity of the water surface and the resultant shape of the 
dome in its early stages are extremely reproducible, the later 
stages of the water motion seem to occur in a random manner. 
The purpose of this note is to show that the later appearance 
of the surface and in particular the rather arbitrary behavior 
of the plumes are related in a fairly quantitative way to the 
oscillation and migration of the gas globe. The period of 
oscillation and the amount of migration are of course deter- 
mined by the weight of charge of a given kind and by the depth 
of the charge. 


The phenomena under consideration will now be described 
in more detail. 


Observation of the water surface reveals that for an ex- 
plosion at a moderate depth, say 300 lbs. at 30 ft., the water 
is broken into white spray over a delimited area (outside of 
which there is a distinctly dark region) and that this spray 
moves upward vertically with greatest velocity over the charge 
and decreasing velocities at greater distances. This spray 
dome, which can be shown to be caused by the reflection of the 
shock wave at the free surface, is actually freely falling 
water and moves upward under the influence of gravity and air 
drag until it reaches its maximum central height whereupon it 
falls back into the surface, continuously changing its shape as 
it does so. At some stage in this process other fingers or 
jets of spray and often explosion gases, identified by their 
carbon black, break through the dome with various velocities. 
Sometimes these plumes appear traveling radially from some point 
near the surface and sometimes they are limited to single high 
Speed vertical jets. The character of these plumes and the 
times at which they appear are related to the oscillation and 
migration of the explosion gas globe. 


i” This note is taken from material presented by the author at 
the Washington meeting of the American Physical Society in the 
spring of 1947. 
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Figure 1 made up from data taken at Woods Hole shows the 
time of appearance of the plumes as a function of the charge 
depth, taking the zero of time as the first appearance of the 
spray dome which is the same as the detonation time, save for 
the negligible travel time of the shock to the surface. The / 
charges used were the equivalent of 400 lbs. of TNT. The blacked- 
in points represent the more pronounced velocity change in the 
case of two charges. The period, Tj, of the first oscillation 
is calculated taking account of the influence of the surface, 
and the period of the second oscillation, To, is taken, for | 
these depths, as equal to that of the first. In this depth 
range the decrease in period due to loss of energy is roughly 
compensated by the increase in period due to the rise of the 
gas globe. At the end of the first oscillation, at time t = Tj, 
the gas globe is small, compressed, and moving rapidly upward. 
It is probable therefore, that for charges originally at depths 
of 25 to 30 feet the columnar upheaval through the spray dome 
at about one second is caused by the gas globe reaching the 
water surface in a state of high pressure and high velocity. 

The known facts concerning upward migration are wholly consist- 
ent with this view. The spray dome at this time may be 30 or 
40 feet high and the columnar plume will require at least a 
tenth of a second to emerge from it traveling at a typical 
velocity of 250 feet per second. The initial velocity for the 
spray dome due to the shock wave reflection will be about 120 
feet per second for a 400 lb. charge at 25 feet. This indicates 
that the velocity of the plume is a mass motion of water driven | 
by the gas globe and is not analogous to a spray dome of tiny 
droplets. Hence, the potentiality of this plume for damaging 
a ship is probably high. 


For charges at greater depths the plume emerges at later 
times with respect to the period of oscillation. There are two 
reasons for this: First the gas globe has further to travel 
and second, its velocity is less in the less compressed phases. 
The blacked-in points in Figure 1 for the depth region from 35 
to 45 feet show that the gas globe reaches the surface in the 
early stages of expansion after the first collapse. The addi- 
tional points to the right along the T, + To curve correspond 
to the expansion after the second collapse of the gas globe. 
This second collapse is necessary if the globe is at all large 
when it nears the surface. According to this view, there will 
be no surface events at the time the gas globe nears the surface 
if this happens at its maximum size. In this case there will 
be a delay of about one half period until the collapse and con- 
sequent rapid upward velocity occur which will result again in 
a columnar display as indicated by the heavy points on the 
Ti] + To curve. For charges of this size at depths less than 25 
feet the dome and plume phenomena merge together. However, 
radial plumes associated with radial expansion of the gas globe 
are observed at about 20 feet whereas for very shallow explosions, 
in say 5 to 10 feet of water again a columnar formation is 
observed. 
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Figure 2 is taken from a report by Schlichter, Schneider 
and Cole on the Measurement of Bubble-Pulse Phenomena. It 
shows the appearance of the dome, radial plumes and columnar 
'plumes at different times and for different initial charge 
depths. The charge weight used is 290 lbs. for this series of 
shots. 


One of the difficulties in interpreting pictures of the 
type shown in Figure 2 is the fact that the top of the dome is 
used as a reference point rather than the water surface which 
is necessarily obscured. If, however, the height of the plume 
is plotted against time, it is easy to extrapolate this to zero 
height and thus find the time of emergence of the plume from 
the surface, called the plume time in Figure 3. Similarly, sur- 
face velocities can be found by extrapolating differentiated 
height vs. time curves. The results have been plotted by the 
above mentioned authors and are shown in Figure 3. It is seen 
that vertical plume velocities are high for charges at depths 
for which the plume time coincides with the gas globe period, 
or sum of periods. This shows that hih plume velocities occur 
When the gas globe reaches the water surface in a collapsed 
state. Furthermore, the jog in the plume time curve corres- 
ponds with the maximum expansion and the subsequent contracting 
phase of the gas globe. This means that for charges at these 
depths it is necessary to wait about an additional half period 
for the plumes to appear. 


It is seen, therefore, that a reasonably satisfactory 
account of some of the visible surface phenomena can be given 
by referring them to the behavior of the gas globe, and that 
Plumes of a similar appearance occur if the explosion bubble 
breaks surface in the same phase of its oscillation after one 
or two or even three complete periods. Thus the occasional 
observation of a high columnar plume characteristic of a 
Shallow explosion occurring in the case of a relatively deep 
explosion is explained by the critical combination of circum- 
Stances which permits the gas globe to oscillate through two 
or three periods and arrive at a depth near the surface in the 
same phase as if the charge were statically detonated at that 
point. 


It is also clear from Figure 1 that the time of appearance 
of the plumes is not very sensitive to the charge depth and 
Jumps discontinuously from short times to longer times as the 
depth is increased. Observation of these times therefore does 
not lead to a good indication of the actual depth of explosion. 
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CHARGE WEIGHT EQUIVALENT 

TO 400 Ibs TNT 

O= DENOTES FIRST PLUMES 

4= DENOTES SECOND PLUMES 
BLACKED-IN POINTS INDICATE 
THE MAJOR UPHEAVAL 


N eaadio Pas 
(ESTIMATED) 


| is 
Seen Uae nee 


! 
(CALCULATED) 


DEPTH OF EXPLOSION (ft) 


TIME FROM EXPLOSION TO APPEARANCE OF PLUMES (sec) 


FIG. | TIME OF APPEARANCE OF PLUMES AS A FUNCTION OF 
CHARGE DEPTH 


THe 


Time (sec) 


18 26 40 65 
Depth (ft) 


Fig. 12 Development of surface plumes of 290 Ib TNT at charge depths of 
18, 79, 40, and 685 ff. 


The photographs are reduced to the same time scale but the breadth and 


height scale varies for photographs of different charge depths. 
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GLOSSARY 


Weight of explosive charge (1b) 

Distance of center of explosive from surface (ft) 

Peak pressure (1b/in.) 

Dome velocity (ft/sec) 

Velocity of propagation of shock wave (ft/sec) 

Initial density of water (1b/ft3) 

Indicates observations on Fastax motion picture camera 
Indicates observations on General Radio "streak" camera 
Number of observations in a group 

Deviation of a single observation from the mean of the group 


Standard deviation of a single observation from the mean 


SS'oh 
(n - 1) 


Standard deviation of the mean of a group of observations 


Tension necessary to rupture water (1b/in.2) 
Surface tension (dynes/cm) 


Particle velocity (ft/sec) 
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ABSTRACT 


A systematic investigation has been made of the determination of 
peak pressure from the measured upward rise of the spray dome when an 
explosive is detonated at varying shallow depths. The experimental 
work has included a series using small charges of a typical explosive 
in a small fresh water pond and another series using Engineer's Special 
Detonators exploded in a three foot cubic tank filled with fresh water. 
The latter series has been extended to investigate the effect of 
varying surface tension on the dome velocity. Measurement of this 
velocity has been made photographically using either a "streak" 
camera or a high speed motion picture camera operating at about three 
thousand frames per second with photoflash illumination, 


General agreement with theory has been observed. There is a 
dependence upon surface tension not hitherto reported. There is no 
evidence of an initial velocity higher than that predicted theoretically. 
It is possible to arrive at an upper limit for the value of the tension 
necessary for the rupture of water at its surface. The method provides 
a satisfactory approach to a measure of the absolute value of the peak 
pressure from an underwater explosion. 
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THE DETERMINATION OF PEAK PRESSURE OF AN UNDERWATER EXPLOSION 
FROM A STUDY OF THE INITIAL DOME VELOCITY 


ZI. INTRODUCTION 


When an explosive charge is detonated beneath the surface of water, 
provided the depth of the explosive is not too great, the resulting 
shock wave hitting and being reflected from the surface causes a mass 
of water to become detached and leave the surface, This detached mass 
of water is projected normal to the surface with an initial velocity 
exactly twice that of the particle velocity of the shock wave itself. 
This doubling of the particle velocity at the surface is due to the 
reflection from the free water-air interface of a rarefaction wave of 
the same magnitude but opposite in sign to the incident compression 
wave. The particle velocity in a shock wave is given by the expressionl)* 


(1) 


where u is the particle velocity, V, the initial velocity of the rising 
spray dome, P, the peak pressure of the shock wave, ©, the initial density 
of the medium, and U the propagation velocity of the shock wave. 


Although the surface effects resulting from an underwater ig Sige 
have been intensively studied for various reasons during the war,“/ the 
velocity of the rising spray dome has not been seriously proposed 
heretofore as an accurate method for the determination of the peak pressure 
of the shock wave except by earlier workers, among them, Hilliar.3) The 
Underwater Explosives Research Laboratory became interested in this method 
because the increasing dependence upon the piezoelectric gauge made 
desirable the development of an independent method for determining absolute 
peak pressures as a check on the piezoelectric results. 


Introducing a finite force T necessary to rupture water at its 
surface so that a spray dome may be formed, the equation4 


* All such numbers refer to the List of References at the end of this report. 
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2 
Vo" Pel (Pm - ) (2) 


which is more realistic than Eq. (1), may easily be deduced. T is exactly 

equal, of course, to the tensile strength of the water and, under such con- 
ditions that V, becomes just equal to zero, this equation provides a means 

of determining the force necessary to rupture water under the conditions of 
the experiment. Any means of determining T is interesting because a know- 

ledge of this value is very desirable and not easily determined .5) 


Although Eqs. (1) and (2) derive from pure hydrodynamics!»>) the 
derivations take no account of possible variations of such fundamental 
properties as surface tension and viscosity. It would seem desirable to 
investigate the effect on the dome velocity of varying these properties. 
This should give us a better insight into the thermodynamic behavior of the 
liquid medium under such conditions. The present work includes a study of 
surface tension effects as well as the effect of spreading oil slick on the 
surface. The limitations of time and film consumption prevented continuing 
the work into a program to study viscosity variation. It is hoped that this 
work will be continued. 


II. EXPERIMENTAL 


1. Pond Work 


The experiments were performed in the fresh water pond on Nonamessett 
Island. The relative position of the various units of the recording equip- 
ment is best seen by reference to Fig. 1. For most of the shots, two 
cameras were used to record the velocity of the rising dome. To record the 
"streak" type of picture, a General Radio type 651 AE oscillograph recorder 
using 35 mm film was used on all shots. The camera was mounted on its side 
(with the film moving horizontally) about a foot above the water surface. 

A vertical slit 0.1 in. wide was placed in front of the focal plane in order 
to narrow the field of view and thus produce a more 5 ba defined record 
of the edge of the image formed by the rising dome.2»b) To understand the 
phenomena better, and to obtain a different sort of record for measurement, 
a Fastax 35 mm camera was also used for almost all the shots. This camera 
was also placed on its side so that the rising dome would be photographed 
along the long dimension of the frame. This introduced another simplification 
of measurement because lines could be drawn through a succession of frames 
to establish a common base line and slope of rise velocity. Timing marks 
were put on the edge of the film in the General Radio camera by means of a 
spark coil energized by an electronically amplified pulse from a 100 cycle 
tuning fork. In the Fastax camera, 1000 cycle timing marks were marked on 
the ose of the film by means of the timer described by Cole, Stacey, and 
Brown.19) 
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To reduce ambiguity in interpretation, the records of all except a few 
early shots were made with artificial light provided by firing ten photo- 
flash bulbs simultaneously with the shot. The flash bulbs were fired in 
two spveciallyedesigned parabolic reflectors each holding five bulbs. 

Number 21 or 22 bults were used for the high velocity shots; number 31 
bulbs were used for the low velocity shots to take advantage of the longer 
duration of the flash from the focal plane tyne of flash bulb. Illumination 
from the flash bulbs was sufficiently intense so that variations of natural 
lighting could be neglected. The increase in illumination also allowed 
narrowing the verticel collimating slit in the General Radio camera from 
O.1 in. to 0.01 in. This greatly increased the definition of the resulting 
record although it made focussing and aiming a little more difficult. 


Synchronization of the photoflash bulbs, detonation of the charge, and 
remote control of the cameras were obtained by the use of the time delay 
circuit described in the Underwater Photography II report.) Both cameras 
ran approximately 2.5 sec using 120 volts for the Fastax and 107 volts for 
the General Radio cameras. These applied voltages caused the General 
Radio camera to run 50 ft of film through at about 300 in./sec and the 
Fastax, 100 ft of film at about 3000 frames/ssec. When the cameras were 
started, a switch in the primary of the timing spark coil was closed so 
that the timers were operating only during the time the cameras were 
running. 


Those parts of the recording mechanism which had to be relatively 
close to the exploding charge, i.e., the two cameras and the timing 
mechanism, were protected by being enclosed in a specially constructed 
reinforced concrete box with a safety plate glass window. 


en Experiment 


In order to determine the dependence of dome velocity upon surface 
tension it was necessary to construct an experiment in which a reasonable 
amount of water would be involved. Accordingly, a welded tank was con- 
structed of 1/8 in. sheet iron to the dimensions of a 3 ft cube with open 
top. This tank was supported on a heavy base constructed of angle iron 
such that the upper edge of the tank was five feet above ground level. 
This placed the upper edge exactly in line with the optical axis of the 
lens of an Eastman High Speed camera located inside the laboratory and 
focussed on the center of the tank through a plate glass window as 
indicated in Fig. 2. All the equipment was thus protected from the spray 
resulting from the explosion. With the exception of the camera, all the 
supplementary equipment was the same as that described under the 
preceding section. As with the Fastax camera, the High Speed camera was 
placed on its side so that measurements of successive frames would be 
greatly simplified. Illumination was again obtained with synchronized 
flash but, because of the decreased distances involved, only five flash 
bulbs were used for each shot. 


The explosive used for all of the tank shots was the Engineer's 
Special Cap manufactured by the Hercules Powder Company of Wilmington, 
Delaware. It comprises a metal tube 1/4 in. in diameter and 3 in. long 
with the charge located in the end away from the detonator wires. The 
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composition of the charge, as given by the Hercules Company, is 13.5 grains 
of pentaerythritol tetranitrate plus 0.41 grams of a 75/25 mixture of 
diazodinitrophenol/potassium chlorate primer. In the calculation of 
similarity curves, it was assumed that this corresponded to 1.20 grams of 
a single explosive compound. It may or may not be correct but since the 
same lot of caps was used throughout, the actual weight usec does not 
matter because no attempt was made to compare the absolute values of this 
explosive with those of other explosives. 


The depth of the cap in each explosion was accurately located beneath 
the surface of the water to + 1/64 in. by means of the support shown 
in Fig. 3. Orientation of the cap was always the same with the axis of 
the cap parallel with the axis of the camera and with the wire end towards 
the camera. Water was allowed to flow slowly into the tank at all times 
so that the water level was always the same, being regulated by overflow 
over the edges of the tank. For the determination of the similarity 
curve for these caps, single caps were fired, six at each of eight depths, 
aise, 1, 2; 3; 4, 5) and 6 ing 


The sympathetic detonation series was executed in the following manner. 
One cap (donor) was fired with its center exactly 3/4 in. from the center 
of a second cap (acceptor), the axes of both caps being parallel with the 
optical axis of the camera. Six shots were fired with the plane defined 
by the axes of the caps parallel with the surface of the water 
(orientatior A D and twelve with this plane perpendicular to the surface 
of the water. Of these twelve, six were fired with the donor charge below 
(orientation A) and six with the donor charge above the acceptor (orientation D). 

D A 

The caps were separated 3/4 in. from center to center by taping them together 
with accurately made 1/2 in. wooden separators and then taping both separator 
and cap to the cap supnort. The depth of all these shots was 5 in. to the 
center of gravity of the two caps which in the case of the vertical 
orientation placed the center of the upper cap 4 5/8 in. below the surface. 


Surface active materials used were of three different types. For the 
first twelve shots fired st depths of 4 and 8 in., the tank contained a 
solution made by dissolving 4 1b of a commercial synthetic detergent 
(marketed by the National Cooperative stores as "Synthetic Suds") in the 
contents of the tank. This is probably a sulphonated oil derivative similar 
to "Dreft", Mixed with the approximately 200 gallons of water in the tank, 
this produced a sclution whose surface tension was about 45.5 dynes/cm. 
The second experiment was with firat 5 lb and then 10 1b of Eimer and 
Amend Company "Aerosol" 10% solution added to the contents of the tank. 
This gave solutions with surface tensions of about 41 and 35 dynes/cm 
respectively. To avoid excessive dilution of these solutions, the water 
supply was not allowed to flow continuously but was only sufficient to 
replace solution lost with each explosion. Because the surface tension- 
concentration curves for solutions of this type do not change very rapidly 
in this concentration range, the change of surface tension with this 
necessary dilution was slight. Samples ware removed for analysis before 
and after each explosion and surface tensions were measured with a Du Nouy 
ring tensiometer manufactured by the Central Scientific Company. Caps 
were fired at depths of 4, 8, and 12 in. for both of these concentrations 
of "Aerosol", 
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The third series, with caps fired at depths of 8, 10, and 134 in., 
was not an intended experiment but is included because of the deviation 
of the results from the normal similarity curve. Experiments with some 
spreading agent such as oleic acid were planned but because oxidized fuel 
oil was accidently introduced into the tank during the course of the 
similarity curve determination, it was decided to continue with the 
shooting to ascertain if the spreading oil had any erfect. Fortunately, 
the oil did spread easily, probably into a monomolecular layer, and when 
measured on the ring tensiometer (in the absence of an Adam-Langmuir trough) 
allowed the ring to separate from the surface at a tension of about 
52 dynes/cm thus showing a spreading pressure of between 25 and 30 dynes/cm, 
since the surface tension of pure water at these temperatures, as measured, 
is about 80 dynes/cm. 


3. Critical Depth Experiments 


A direct experimental approach to the value of T in Eq. (2) is the 
determination of the "critical depth" at which the explosive must be placed 
so that V, becomes zero. Above this "critical depth" water is forced from 
the surface and below, it is not. At this depth, where Vo = O, T can be 
calculated from Eq. (2) if a reliable value of Py is available. The 
"critical depth" can be determined by suspending Engineer's Special 
detonators at various depths below the surface of the water in the harbor 
and photographing the resulting explosion by means of a 4 x 5 Speed Graphic 
camera. The detonator was fired by means of the camera's synchronized flash 
attacr~-snt and the shutter speed was maintained at the relatively low value 
of 1/25 sec in order to catch any surface effects. A typical print is shown 
in Fig. 4. 


ITI. EXPERIMENTAL RESULTS 


4e Methods of Computation 


The initial velocity of the rising dome was obtained by the analysis 
of strip prints made from the Fastax and Streak negatives from the full 
scale experiments conducted in Nonomessett Pond and from the Eastman High 
Speed negatives of the tank experiments. Examples of these strip prints 
appear in Figs. 5, 6, 7, 10, 11, and 12. Figures 6 and 10 have been 


reproduced photographically. 


For the Fastax and Eastman High Speed prints, a straight edge was 
used to draw a line through the tips of smoothed dome contours on 
successive frames, starting with the initial appearance of the dome and 
continuing until the rise was no longer linear with time or until the imag: 
left the print area. Since a carpenter's level was used in mounting the 
cameras to insure horizontal travel of the film, the edge of the sprocket 
holes could be used as a base line, and it was therefore easy to calculate 
the slope of the rise line, i.e., dome velocity, in terms of arbitrary 
units depending upon the film speed and enlargement for each print. This 
dome velocity, in arbitrary units, is measured from the Streak prints in 
much the same manner, the rise line being the best straight line which can 
be drawn through the edge of the image which corresponds to the path of 
the maximum dome height. 
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It is necessary to transform the dome velocity from these arbitrary 
units to feet per second. The linear dimension is obtained from the 
geometry of the system and/or from a linear scale of some sort appearing 
on the same print. For a given set of experimental conditions, for 
example the tank shots, this is a constant factor. The tive base is 
obtained from the timing marks appearing on the edge of the film. 


Knowing the dome velocity, in feet per second, it is easy to cal- 
culate from Eq. (1) the corresponding pegk pressure. Since, usually, 
six shots were SUEY, for each value of W1/3/R, the calculation of Pm Lor 
each value of W1l/3/R was not made for each shot but rather for the 
arithmetic mean of the dome velocity for each point. The ordinary mathods 
of statistics were applied to each point, the calculations of the standard 
deviation of a single observation from the mean ( ©\) and of the standard 
deviation of the mean of a group of observations ( m,) being made in the 
customary manner. During the course of the 350 or so observations made 
during this program, the only observations eliminated on any basis other 
than failure of some experimental unit were three which fell outside of 
the statistical limits for a chance error.7) 


The only other parameter in Eq. (1), the calculation of which needs 
explanation, is the value of U, the velocity of propagation of the shock 
wave. This must be obtained for each calculated Py, from a relation such 
as that given by Arons8) between Co, the velocity of sound under the 
experimental onditions of temperature and salinity ,?) and U for a wide 
range of Pye Since Py is unknown at the beginning of the calculation, 
the correct value of U and Py must be obtained by successive approximations. 
This is not an onerous task since each calculation is very simple. 


5. Nonomessett Pond Results 


Typical photographs taken with the Fastax and Streak cameras are 
shown in Figs. 5, 6, and 7. The behavior of two well-known explosives, 
pentolite and tetryl, was investigated. Values of W1/3/R were selected 
such that approximately equally spaced points would appear along the 
similarity curve plotting W1/3/R against P, on logarithmic paper. The 
values were also selected to cover as wide a range of peak pressure as 
seemed reasonable. The weight of the explosive charges varied from 
25 grams to 5 lb, the larger charges in general being used for ge 
values of W1/3/R and the smaller charges for small values of Wl/3/R. 
However, enough small charges at shallow depths and large charges at 
deeper depths were included to show that the dome velocity was dependent 
only on the peak pressure and not on the charge weight - at least in this 
range. There is some evidence20) that Vo might depend somewhat on the 
charge weight. This evidence is found when these results are compared 
with those from quite large charges at small values of wl/3/R. 


Calculetions of all peak pressures for both pentolite and pressed 
tetryl are included in Tables I and II together with the calculated values 
of @ and ~. Similarity curves determined by these results are shown 
in Figs. 8 and 9. The linear equation NSETezen ne the similarity curve 
for pentolite is taken from piezoelectric resultsl0), The theoretical 
curves were calculated by the methods of Kirkwood and Brinkleyl2), 
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TABLE I 


DOME VELOCITY RESULTS FOR PENTOLITE 


POND SERIES 

w1/3/R* Camera n Us @ of V, De GOL Ps CMO! Pep sani Pa 
(1b1/3/ft) (ft/sec) (ft/sec)  (1b/in.2) (1b/in.2) (1b/in.2) (4) 
0.212 s 6 58 3.2 1920 106 43 22 
Flag Je 56 B52 1865 106 53 2.8 
0.382 peg) 224 WA 76,0 490 185 26h 
Baha ih 210 12s: 7165 412 206 2.9 
0.732 Seed 5 4,36 2he4 15440 865 387 2.5 
F 5 440 sy) 15550 415 186 phee 
1.537 S 5 1000 29.5 39250 1154 516 1.3 
5 990 15.9 38700 623 279 0.7 
2.255 S 4 1800 134.2 80100 5969 2984 Zeil 
Ein 4. uke20 193.5 81000 3612 4,306 5.3 
3.28 Sisutd)... 2700 323.3 134400 16092 7197 5.3 
Bucuds 102615 101.0 130200 5026 2513 1.9 


* Individual charge weights and depths making up each of these averaged values 
of W1/3/R are included in the Appendix. 


TABLE II 
DOME VELOCITY RESULTS FOR PRESSED TETRYL 


POND SERIES 
wl/ 3/R* Camera n Vo qof Vy Pu oof P, Gg, of P, Gy of Fa 
(1b1/3/tt) (ft/sec) (ft/sec)  (1b/in.2) (1b/in.2) (1b/in.2) (4) 
0.203 Ss 6 55 8.5 1797 275 113 6.3 
F 5 56 54 1800 176 78 4e3 
0.393 s 6 150 99 4938 326 133 207 
F 6 150 14.9 4938 489 201 4eol 
0.779 s 6 366 10.4 12300 355 145 1.2 
F 6 354 10.9 12090 371 151 1.2 
1.516 Ss 5 1061 172 40950 6638 2963 72 
Era nabiny 2026 149 39630 5754 2569 6.5 
2.19 s Ui 1628 106 68800 4480 1691 2.5 
F 7 1607 123 68000 5200 1965 2.9 
3.38 s 6 3000 435 152000 22050 9000 59 
F 6 2950 350 149000 17680 7216 4e8 
Pa a a esa a SP a ey ges Rabe Se Med Re SIN TLS MT RATAS el SL eB 
* vidual charge weights and depths making up each of these averaged values of 


W1/3/R are included in the Appendix. 
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6. Tank Results 


The results of applying the analytical methods of Sec. 4 to the tank 
shots are summarized in Tables III, IV, and V. The similarity curve for 
Engineer's Special Detonators derived from this work appears in Fig. 13. 
The results of the sympathetic detonation series are superimposed on this 
similarity curve in Fig. 14 and those obtained in solutions of lowered 
surface tension are superimposed on the similarity curve in Fig. 15. 
Typical film records are shown in Figs. 10, 11, and 12. Discussion of 
these results will be presented in Part IV. 


7. Methods for Calculating T 


The principle of obtaining T from Eq. (2) is very simple. Any 
procedure by which Vp can be made equal to zero will allow T to be 
calculated. 


2 T 
in OS Ss (9 SG 5) (o> 
° Pet Pm 2) 


The only requirement is that P,, be known from some other experimental 
or theoretical evidence. 


Four separate methods have been used to obtain values of T. The 
first method was discussed in Sec. 3. Measurements of the "critical 
depth" by lowering the detonator until spray was no longer formed were 
made on two separate occasions, the first at a time when the water sur- 
face was smooth and the second when the surface had about 2 - 3 in. 
ripples. The results obtained on these two days are shown in Table VII. 
Other estimates of T made from data in the literature also appear in 
Table VII. No attempt has been made to include in Table VII all 
estimates of T that might be made from the data in the literature. 


A second method is the extrapolation of curves of dome velocity 
versus depth to V, = 0. Of the dome velocity results in this report, 
only those in the tank series allow a justifiable biel ey eee to V, = 0. 
For this case, V, = 0 at a depth of about 18 in. or a W1/3/R value 
of 0.092 corresponding to a peak pressure of 1800 1b/in.2 or tension of 
3600 1lb/in.2. While this method is interesting it can obviously be 
applied only to a series of dome velocity results which is very coinplete_ ,_ 
and subject to little experimental error, especiaily for lov valves of w2/3/2, 
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TABLE III 
DOME VELOCITY SIMILARITY CURVE RESULTS FOR SINGLE ENGINEER'S SPECIAL CAPS 
TANK SERIES 
wl/3/R n Vo on of Vy Pe @ofPF, | G, of P, = cfm 
(1pl/3/rt) (ft/sec) (ft/sec) | (1b/in.®) — (1b/in.®) — (1b/in.2) (4) 
0.278 6 90 sep 2890 102.7 41.9 dey 
0.333 6 131 lle 4,230 368 150 3.5 
0.417 6 184 ale yy 5980 137 178 3.0 
0.556 6 292 18.7 9720 622 254 2.6 
0,232 6 493 21.9 17000 755 308 ais 
1.67 6 1075 69.2 39200 2522 1030 2.6 
3033 6 2082 102.6 92200 4 5hL, 1855 2.0 
6.68 (1) ~ 3700 -- 200000 
TABLE IV 
DOME VELOCITY SYMPATHETIC DETONATION RESULTS 
TANK SERIES 
wi/3/R Orientation n = Vy gio Val mee oof Ph Gyof Py oy of PL 
(1p1/3/+) (ft/sec) (ft/sec) (1b/in.2) (1b/in.2) (1b/in.2) (8) 
0.418 AD 6 215 12.7 7050 416 170 yi 
0.418 & Bo OE 6.3 7770 207 92 Te2 
0.418 > 6 160 8.7 5190 282 115 262 
TABLE V 
DOME VELOCITY SURFACE TENSION LOWERING RESULTS 
TANK SERIES 
wl 3/R Surface s n ue of Vy pe Gof P, cy of B oy of P, 


Active 


Agent 
(ap/3/rt) i (dynes/em) (ft/sec) (ft/sec) (1b/in.”) (1b/in.*) (1b/in.2) (4) 


0.417 Synthetic 4525 Gieue 49.4 9020 1635 668 Teh 
0.208 Suds 4525 6 97.5 42 3130 35 55 1.8 
0.139 Aerosol 41:50 6 42.4 18.4 1350 586 239 ales] 
0.208 (5 1b) 42.0 5 75.3 14.2 2410 454 203 8.4 
0.417 41.0 6 199 11.6 6520 380 155 24 
0.139 Aerosol 35.0 3 51.0 253 1624 805 465 28.6 
0,208 (10 1b) 35.0 6 96.6 15.5 3100 497 203 6.5 
0.417 35.0 4 225 23.8 7400 783 295 4.0 
0.124 Oxidized 52.0 5 48.6 6.9 1545 219 99 6.4 
0.167 Fuel 52.0 6 541 4e3 1723 137 56 ee 
0.208 Oil 52.0 6 64.1 Ael 2050 131 53 2.6 


TABLE VI 


ADDING 3300 TO EACH P, AS CALCULATED FOR TANK SHOTS 
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w1/3/R Pa Pp + 3300 
(1n/3/rt) (1b/in.2) (1b/in.2) 
0.278 2890 6190 
0.333 4230 7530 
0.417 5980 9280 
0.556 9720 13020 
0.832 17000 20300 
1.67 39200 42500 
3.33 92200 95500 
6.68 200000 203300 

TABLE VII 
APPROXIMATE VALUE OF T OBTAINED FROM CRITICAL DEPTH 
ESTIMATION 
Explosive W1/3/R ES T Remarks 
(1b1/3/ft)  (1b/in.2) — (1b/in.2) 
Engineer's Special 
Detonators 0.0556 1000 2000 Calm 
0.0398 750 1500 Ripples 
Amatol (40 1b) 
(40/60) 0.05 700 14,00 Ref. 3 
Amatol (300 1b) 
(40/60) 0.05 700 14,00 Ref. 3 
TNT (2 1b) 0.035 4,00 800 Ref. 12 
®PE® (1 1b) 0.041 500 1000 Ref. 13 
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The method of obtaining a value of P, for V, = O which is most 
universally applicable is the measurement of the greatest periphery 
attained by any dome from successive high speed photographs of the 
underwater explosion. It is assumed that at the edge of the dome, 
the vertical component of the pressure is the critical value, below 
which water does not leave the surface. The calculation can be readily 
understood by reference to Fig. 16 and the vector diagram giving T/2 
from P, and the anglex . It is obvious that we need the weight of the 
charge, the depth R, some means of obtaining a good value of Pa, and a 
knowledge of the geometry of the system so that we can calculate D, 
the greatest dome diameter, from the photographic image. Unfortunately, 
this sort of calculation could not be applied to any of the work pre- 
sented in this report because the photographs were taken at short 
distances to obtain the best value of V, at the center of the dome and hence 
did not include the complete phenomena. However, many suitable photographs 
have been taken in this laboratory during the course of other work and 
this calculation has been made for a representative number of shots. 

Large charge experiments were used to get an estimate of T from full scale 
work in the open sea for comparison with the other values presented which 
were obtained largely from laboratory scale explosions. These calcu- 
lations are summarized-in Table VIII. 


TABLE VIII 


APPROXIMATE VALUE OF T OBTAINED FROM DOME PERIPHERY CALCULATION* 


Shot No. wi/3/R Pn T 


(1b/in.?) (1b/in.2) 
B-1 0.0133 180 360 
B=9 0.0178 24,0 480 
B-13 0.0315 44,0 880 
K-1 0.0149 200 400 
K-8 0.0140 190 380 
K-9 0.0133 180 360 
K-10 0.0133 180 360 
K-17 0.0153 205 410 
L-5 0.0128 170 340 
L-13 0.0171 230 4,60 
L-17 0.0166 225 4,50 
L-21 0.0150 200 4,00 
L-22 0.0176 24,0 480 
L-25 0.0185 250 500 
PH-3 0.0185 250 500 
M-13 0.0124 155 310 
M-14 0.0127 160 320 
M-31 0.0207 270 540 
M-32 0.0171 230 460 


'* Charge equivalent to 325 1b TNT. 
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The last method of estimating T to be presented here is that based on 
a comparison of P, as dbtained from Eq. (1) and dome velocity measure- 
ments and Pp, obtained for the same values of wl/3/R from piezoelectric 
measurements. It is well-known that piezoelectric results give a similarity 
curve which is a straight line when plotted on logarithmic paper. 
Inspection of Figs. 8 and 9 will show that the values of Py calculated 
from Eq. (1) tend to fall below the prescelectitc straight line and/or the 
theoretical curves for the smaller values of Wl/3/R. The straight line 
relationship must be assumed for the case of the tank series (Fig. 13) 
because piezoelectric results are not available for such small explosions. 
This departure from a straight line is undoubtedly due to our lack of 
knowledge of the proper value of T to put in Eq. (2). If T were known 
for each set of conditions, then P, as calculated from Eq. (2) would 
probably be more nearly the same as that obtained from other records. This 
T correction should also be applied to the higher values of P,, but P, is 
so large for high values of W4/3/R that T is insignificant by comparison. 


If the above explanation is correct, one can obtain an approximate 
value of T by correcting the values of P, obtained by the dome velocity 
method so as to bring them more nearly in accord with curves from other 
sources. This estimation is questionable in the case of pentolite (Fig. 8) 
but the value of 1500 lb/in.2 is necessary to make the first point match 
the piezoelectric straight line. This assumption would not place the 
other points unreasonably high. The similarity curve for pressed tetryl 
charges is not as well know as is probably necessary for this calculation) 
but a compariron with known experimental values shows that a value of about 
2000 1b/in.® is necessary for correspondence at the lower values of 11/3/R. 
Since no similarity curve is known for Engineer's Special Detonators it 
seems reasonable to assume values which would correct the curve of Fig. 13 
to the straight line of Fig. 13a. This gives a value of 3300 1b/in.2 which 
corresponds to T = 6600 1b/in.2, the highest value of T obtained by any of 
the considerations of this section. The value seems reasonable because 
it allows all of the results obtained with lowered surface tension to be 
‘included in the area between the experimental and corrected curves, Fig. l5a. 
The logic of this statement will be discussed later. 


The various estimations of T are summarized in Table IX. 


TABLE IX 
SUMMARY OF ESTIMATED VALUES OF T 


Method of Calculation iT, 

(1b/in,2) 
Critical Depth 1500 (800 - 2000) 
Dome Periphery 450 (300 = 900) 
Extrapolation to Vy = 0 3600 
Similarity Curve Correction 4506 (3000 ~ 6600) 
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TV DISCUSSION 


8. Accuracy of the Method 


A comparison of the standard deviation of any of the pressures 
reported here with those obtained from piezoelectric measurementsl4 
shows that the dome velocity method is of about the same precision. 

The percentage deviation is about the same for all of the pressures 
studied except for the highest value of W1/3/R in the tank series. The 
difficulty in this case can be understood by inspection of Fig. 10. The 
initial velocity is so great and the retarding influences of friction 
and gravity appear so early that the camera speed is not sufficient to 
resolve the phenomenon. The only recourse here is to use the greatest 
slope observed between the first dome appearance and the preceding frame 
as the closest possible approach to the correct slope. The recorded 
result for this point corresponds therefore to the single observation 
giving the greatest velocity and does not represent an arithmetical mean 
as do all the others. 


There does not appear to be any choice between the three cameras used 
with regard to attained accuracy. However, the Fastax or Eastman High 
Speed negatives allow a more detailed study if such is considered 
desirable. 


More scatter is apparent in the surface tension series. Since every 
other condition was identical with the other tank series, this might very 
well be due to slight changes of the surface tension from shot to shot 
even though the measured yeree of samples in the laboratory were nearly 
identical. It is knownl5) that the surface tension of dilute solutions 
of surface active materials gradually diminishes with time from the value 
obtained at a freshly prepared or swept surface. No attempt was made in 
the course of this experiment to keep the “age” of the surface constant 
between shots since it was impossible to maintain conditions in accord 
with the practices of surface chemistry. 


9. Value of the Method for the Determination of the Peak Pressure 


The precision of the dome velocity method has been established as 
being as good as that of other accepted methods for the determination of 
peak pressure. The limitations of the method are 


(1) that only peak pressure can be estimated, 

(2) that the range of W1/3/R values is limited to greater 
than about 0.2 because the inaccuracy due to the unsatis- 
factory knowledge of the tension T in Eq. (2) becomes 
increasingly important in this region of lower values, and 

(3) that only one measurement is obtained from each shot whereas 
with gauge methods, for example, the number of observations 
is limited only by the number of gauges and/or recording 
channels available. 
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However, the advantages outweigh, at least for some considerations, 
the disadvantages. They are 


(1) that the method can be applied to any size of charge with 
equal precision, 

(2) that the cost of the recording equipment is only a fraction 
of that needed for piezoelectric measurersnts, especially 
where a drum type of camera is used, 

(3) that the analysis of the photographs is less onerous than 
in some other methods, piezoelectric data for example, 

(4) nits pressures can be determined for very high values of 
W1/3/R. (This is the only experimental method of deter- 
mining such high pressures with the exception of difficult 
and costly optical methods), and 

(5) that the method rests on sound hydrodynamic theory, giving 
a more nearly absolute measure than some other methods. 


10. Value of the Method for Multiple Charge Effects 


It is seen by reference to Table IV that the precision of measuring 
sympathetic detonation effects is satisfactory. While this application 
was attempted only in the tank shots where various delay times could not 
be tried, it would be quite possible to apply the method to full scale 
charges with delay times between the firing of the two charges regulated 
by such means as varying lengths of primacord. It is not in the province 
of the present report to discuss the AnLeEDS tation of sympathetic 
detonation and/or multiple charge effects. 6) Nevertheless, it can be 
show by a Simple calculation for orientation f in Table IV, that if the 
pressure from D is simply added to that from A at the surface, the sum is 
7900 lb/in.2 which more than accounts for the recorded value of 7770 lb/in.2, 
It would appear, therefore, that if the multiple charge effect really does 
give an augmentation as is proposed by some, this can only be proved by a 
careful study of energy as well as pressure data and cannot be accomplished 
by the dome velocity method. 


11. The Surface Tension Lowering Problem 


The derivation of Eq. (2) does not include the surface tension of the 
medium as a variable. It remains to be explained why V, and hence the 
measured value of P, is elevated in our surface tension experiments. An 
{lluminating fact is observed if one assumes T = 6600 lb/in.? for the tank 
shots. The surface tension results can then be placed on the corrected 
and uncorrected curves (Fig. l5a). It will be noted that when plotted 
on Fig. 152 all the surface tension points fall between the two curves, 
indicating that the effect of lowering the surface tension is directed 
towards lowering the value of T. 


It is difficult-to sort out the role of surface tension from the com- 
plex phenomena associated with dome formation. Nevertheless, since the size 
of droplets forsed in a gravity field under essentially static conditions 
is dependent upon surface tension, it is not too difficult to assume a 
dependence of the tensile strength T upon surface tension. Unfortunately 
our experiments could not be performed under sufficiently controlled con- 
ditions to point out an experimental relation between these quantities 
although one undoubtedly exists. If the surface tension results have no 
other value they at least allow more reliance to be placed on the estimated 
value of T. 
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12. The Tensile Strength of Water 


The value of the tensile strength for water reported here is quite at 
variance with the value assumed by Pekeris in his description of the dome 
velocity problem.17) His assumption of Reynold's value of 5 atmospheres 
as an upper limit is unjustified both on the basis of this work and the 
discussion of Temperley.5) It is difficult to see how the estimated values 
of Table IX could be in error by the order of magnitude necessary to, bring 
about correspondence with values estimated from cavitation studies}S) for 
example. It may be that the experimental conditions are sufficiently 
different to account for the discrepancy. The extreme dependence of the 
determined values of T upon the experimental method is well discussed by 
Temperley and our estimates lie within the range of values reported by him 
from various sources. 


It is interesting that the value of T estimated by this method decreases 
as the size of the charge increases. This observation would indicate that 
the value depends upon the time constant of the shock wave or, in other 
words, upon the length of time during which the necessary pressure is acting 
upon the surface layer. This is reasonable and, if one is justified in 
estimating T from dome velocity methods, this may provide a method for 
determining the energy in the shock wave as well as the peak pressure. Since 
the time constant of a pressure wave depends not only on the size of the 
charge but also on the distance from the center of the charge, one must on 
this basis assume that the apparent value of T will be larger for the higher 
values of wl/3/R for the same size of charge. There is obviously a need 
for a great amount of additional work to obtain values with which to test 
these interesting and fundamental relationships. These problems can only 
be indicated by the present work because the amount of data, unfortunately, 
is not sufficient to give the solution. 
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APPENDIX 


TABLE A-I 
CHARGE DATA POND EXPERIMENT PENTOLITE SERIES 


Shot Number Weight Depth Shot Number Weight Depth 
_ (1b) (ft) (1b) (ft) 
W2/3/R = 0,212 W1/3/R = 0.382 
NP 11 0.54 3.88 NP 8 445 429 
NP 17 0.054 1.71 NP 28 4eA7 429 
NP 54 0.546 3.90 NP 29 440 4.29 
NP 55 0.555 3.90 NP 30 4eA7 429 
NP 0.553 390 NP 33 4.45 4.29 
NP 57 0.550 3.90 NP 34 442 4.29 
NP 35 4.42 429 
NP 36 443 429 
w/3, > 0,732 w/3/R = 1,537 
NP 48 0.586 1.4 NP 39 0.57 0.54 
NP 49 0.579 1.14 NP 41 0.607 0.54 
NP 50 0.597 1.4 NP 45 0.558 0.54 
NP 51 0.580 1.4 NP 46 0.528 0.54 
NP 52 0.572 1.14 NP 47 0.572 0.54 
w/7/R = 24255 1/3/R = 3,28 
NP 42 4-45 0.729 NP 10 4.38 0.50 
NP 43 4.43 0.729 NP 60 4240 0.50 
NP 44 446 0.729 NP 61 447 0.50 
NP 53 4438 0.729 NP 62 4.41 0.50 
NP 63 4eh4 0.50 
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TABLE A-II 


CHARGE DATA POND EXPERIMENT TETRYL SERIES 


Shot Number Weight Depth Shot Number Weight Depth 


(1b) (ft) (1b) (ft) 
w2/3/R = 0,203 WV3/n = 0,393 
NP 89 0.055 1.87 NP 64 0.677 eypy 
NP 90 0.055 1.87 NP 65 0.678 Pay), 
NP 91 0.055 1.86 NP 67 0.681 22k 
NP 92 0.054 1.87 NP 68 0.678 2.24, 
NP 93 0.055 1.87 NP 69 0.678 PCD. 
NP 94 0.054 1.87 NP 70 0.697 2.24 
w/3/R = 0,779 w/3/R = 1,516 

NP 71 0.681 1.13 NP 77 0.668 0.58 
NP 72 0.685 Deas NP 78 0.678 0.58 
NP 73 0.701 1.13 NP 79 0.678 0.58 
NP 74 0.678 a3 NP 80 0.681 0.58 
NP 75 0.677 11g NP 81 0.685 0.58 
NP 76 0.678 113 

NP 82 3675 0.708 NP 95 4090 0.503 
NP 83 3.75 0.708 NP 96 4.86 0.503 
NP 84 3.75 0.708 NP 97 4.89 0.503 
NP 85 3.75 0.708 NP 98 4.88 0.503 
NP 86 3075 0.708 NP 99 4087 0.503 
NP 87 3475 0.708 NP 100 1,89 0,503 
NP 88 3075 0.708 


-17- 


659 


"SSVW ‘310H SQOOM quan 
S39YVHO TIVWS ONISN SLOHS ALIDONISA 3WOG 
404 
dN 13S IWLNAWIY3dXx3 
191d 


109 ‘wala 
YAWIL 4YydS° 


9N1d ALB’ 
x08 AV130 dvd. 
“NOILONNP ‘AV 73Y 


= 


LHOISM 


BONVHIR 


990718 


Y3WIL XVLSV4 'LVLSY3MOd 


SAV130 3WIL ‘YOLVY3N39 
$¥019374348 OM1 NI 


S@1N@ HSv140LOHd O} 


ees 30NVLSIO 


awos A 


AVM318V9 


3Nn 
ONS 


or—Gi-il , 
OWH A® G20VuL 


WO1108 


39vsuNS YILVM 


Se 


660 


“SSvw '370H SQOOM wan 
MNVL 1331S NI SLOHS ALIDONISA 3WOG 
yOod 
dN 13S WIN3SWIY3SdxX3 
2914 


Nivud 8 111d 
op 


1334 EXEXE 


Lo - NOILVSIZILNIGNI 


GNnnouSxdVE 
woVv18 
¥O193743u Ni q 


Ss1ne HSV1d0LOHd 


Cuaiive ONINIS AS OL ; 


x08 AV130 


vuanyve 


MOQNIM Q33dS-IH NVW1SV3 


661 


CAP WIRES 


DETONATOR 


ADJUSTABLE 
} FRICTION CLAMP 


FIG. 3 


CAP HOLDER FOR TANK SHOTS 
UERL WOODS HOLE, MASS. 
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Fig. 4 Critical depth experiment using caps 
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GRAVITY WAVES PRODUCED BY SURFACE AND 
UNDERWATER EXPLOSIONS 2 


W. G., Penney 


March 1945 
* * * * * * * 


Summary. 


The waves produced by explosions above, on or under the surface of the water are considered, 
General arguments «re advanced to show that the greatest waves from an underwater explosion are obtained 
when the initial depth just’ equals the radius of the bubble produced. The waves at a distance less than 
10-20 times this radius may be regarded as started by the initial inflow of water into a crater. Two 
thousand tons H.E. exploded at a depth 250-300 fect will give a series of waves at 2300 fect the largest 
of which is 18 feet high while the fcllowing trough is about equally deep. At 4600 feet, the greatest 
wave and the following trough are .och about 6 feet. “ A similar charge on the surface produces much 
smaller waves. Using the experimental fact that the waves from a 1 oz. Charge appear to be about the 
same whether the explosion is on the surface, or a foot or two below, it follows from the laws of scaling 
that the surface explosion of 2000 tons will produce waves about five times smaller than those from the 
explosion at 285 feet depth. 


This report discusses the wave systems produced by explosions above, on or under the surface 
of water. A reasonably accurate solution is obtained for explosions above or on the surface, and an 
exact law of scaling is discovered for all depths of water. In the case of underwater exp)osions, the 
treatment is only approximate, because of the large number of conflicting factors such as pulsations of 
the bubble, cavitation near the free surface, instability of the surface leading to spray formation, etc. 
Laws of scaling are suggested in this case, and they are probably good enough to make fair predictions on 
a full scale explosion, using information obtained from model small scale charges. 


The mechanism proposed for the formation of a wave system from a surface explosion is that at time 
t = 0 the free surface over a certain area receives a downward impulse. This impulse has radial symmetry, 
and is assumed to be a known function of radius | (r). Unfortunately, no experimental measurements are 
available for constructing the function I(r). All that is known is that a distances r > 30 charge radii, 
the positive and negative phases of the pressure pulse are of equal area, within the experimental error. 
At smaller values of r, of course, the positive phase must exceed the negative phase, and the difference in 
the two areas is the function I(r). | Two cases may be considered 


\(r) 


if ra, U(r) = 0 if r>ha (Equation 1a) 


Ky (=r 21a?) if ra, I(r) = 0 if r2a (Equation 1b) 


\(r) 
The value assumed for a is the radius of the flame zone, say about 30 charge radii. 


When an explosion occurs underwater, the gaseous bubble at first increases very rapidly in size. 
{t continues to grow, but less and less quickly, until its radius is 10 - 30 times the initial radius, 
depending on the depth. During this expanding phase, the centre of the bubble probably rises, but not 
very much, the exact amount depending on how near the bubble is to the bottom and to the free surface. 
Providcd the bubble reaches its maximum possible size before breaking through the free surface, we have, 
at the instant of maximum size, a free surface which is shaped in the conventional dome form, while below 
the dome is the gas bubble. The contracting phase now sets in and the gas bubble begins to rise more 
rapidly. If the initial depth was chosen correctly, the conditions are now critical, the water film at 
the top of the bubble breaks, and the free surface has the form of a volcano, the volume of the crater 


being ...... 
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being equal roughly to the volume of water above the initial free surface. if the initial depth were 
greater than this critical depth, tnen the bubble will break at less than the maximum radius, but the 
chances of the radius being appreciably different from the maximum are not large because the radial 

velocity of the bubble is small near the maximum, and very large near the minimum. On the other hand, 

the velocity of rise is much greater in the contracted phase, and this fact implies that there is not 
negligible chance that the bubble will break surface in a contracted condition. The occasional "spouts" 
observed by Hilliar and subsequent observers are interpreted as events of this type. Presumably explosions 
leading to "spouts" will be particularly ineffective in causing gravity waves, but the probability of 
obtaining them is sma}l, and we neglect them. 


If V is the maximum volume of the bubble, then the equation of the dome on the free surface, before 
it breaks, may be taken to be 


VH 
ty (r) = ——"“4 (2) 
g (neces )na/ 

where h is the initial depth of the charge. The crater may be taken to be a cylinder, paraboloid or 
hemisphere. A convenient form, however, is one of the same class as (2) namely, 


ie (rf) = = 3 Vne/(h2 + 2) 5/2 


(3) 

The intial surface {, is the sum of Cy and f. (as shown in figure 1). The volume V of the bubble 
and dome may be estimated in the following way. Imagine a spherical hole of radius h to be created ina 
sea of infinite extent, in such a way that the top of the sphere is just below the Heli eiue) free surface. 
The work done in displacing the water against hydrostatic plus atmospheric pressure is 4 77 h? pg (h + 2)/3, 
where Z is the head of water producing atmospheric pressure. Equate this work to 40% of the chemical 
energy of the explosion. Thus 


uh? 


py (nh + 2)/3 = 0.40 E (4) 
The reason why 40% has been chosen is that the energy of an underwater explosion is known to be 
partitioned roughly as follows 


) 30% wasted irreversibly in heating the water. 
(b) 40% in the pulsating motion of the bubble. 
) 30% radiated as a non-returning pressure pulse. 


Thus (4) is equivalent to saying that the shock wave and consequent cavitation, disintegration and 
spray formation are all unimportant as far as the large scale coherent surface waves are concerned. 


It will be noticed that the qualitative discussion given above leads to the conclusion that the 
greatest waves will be obtained from a given weight of charge when the critical depth is roughly equal to 
h. At greater depths, the bubble is likely to break surface with a vobume less than the maximum volume, 
while at greater depths, the volume of the bubble may again be somewhat restored, it will never equal that 
given by (4) because the energy of the pulsating motion rapidly diminishes with the order of the pulsation. 
At very great depths, the bubble has disintegrated by the time it reaches the surface, and our theory does 
not apply to such cases. Experimental evidence in any case shows that little or no wavey system is started 
by such explosions. 


if the energy released by the charge is 1000 cal/gm., the optimum wave system is obtained with the 
charge, of weight W 1b. exploded at depths D feet shown in the table overleaf. 


Tablens crete 
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TASLE 1. 
1 1 6 
Wib. 3 Fr 1.0 4 64 300 1000 4000 4x 10 
D feet 1-56 2.45 4.20 5.96 14.1 22.4 3i.u 46.5 285 


According to the ideas outlined above, the explosion of a charge W at less than the optimum depth 
O will produce a wave system exactly the same as does a charge of less weight for which the optimum depth 
is just D provided the charge was not so near to the surface that the explosive gases when they break 
surface do not deliver an appreciable impulse to the surface. For this to happen, the charge depth is 
only a few charge radii, and the explosion is then more like a surface explosion. 


The Scaling Laws 


Referring to Lamb's Hydrodynamics (Sixth Edition, page 430) the fundamental solution of the wave 
equation for cylindrically expanding infinitesimal gravity waves in water of uniform depth d is seen to be 


p= g sina t cosh k (z +d) Neate) (5) 
Cc cosh kd 2 
C = cosot Jo (kr) (6) 


where @ is the velocity potential and ( the surface elevation. The condition that the fluid velocity at 
the free surface equals the normal velocity of the free surface, leads, in the usual way, to 


o = gk _ tanhkd (7) 


Generalizing tnese results by the Fourier double integral theorem, we have that, corresponding 
with an initial surface elevation - 


GS Ath) @, = 0 

BSG pe I es () Er fie cio) Ih (ayes | a) 
° Cc cosh kd o ° 2 

a ie cosat J, (kr) kok i f (a) Jo (a) a.da (9) 


Similarly, corresponding with an initial surface impulse 


FE Pd = Flr) 
b= af tcosiort cosh k (2*# 4) (Kr) dk Jf? F@) uv. (ia) ada (10) 
p ) ) 
fe) cosh kd to) 
=e . UG 

tC = =B iP asingot J. (kr) kdk fy F(a) Jy (ta) a.da (11) 
Case I. Initial Surface Impulse. 

We consider the staling laws in this case first because they are simplest. Imagine a comparison 
of the wave systems from two charge weights Wo and Wy detonated at heights Ly and Ly above the water. 
Write 

= 1/3 

n = (Wo/W,) (12) 
The scaling laws are 

Ls = nly 

= ‘ = = in Ss cei = KES Ss 

ale, ro/ry d,/d4 Ki *2 ole; bolts n 

F, a,)/F, (o,) = 

Go (nx, tv¥n) = Vn Go bt) (13) 


These ...«.. 
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These laws can be verified by substitution in (5), (6), (7), (10) and (11). The velocity of the 
waves at corresponding points are in the ratio of n:1 


The fact that wave heights at corresponding distances are only in sixth root of the charge ratio 
implies that only relatively modest waves are to be expected from large surface explosions. 


Case Il, Initial Crater and Dome. 
Writing as before 
= 1/3 
n = (Wo/W,) (14) 


we must first solve the equation 


a ae (15) 


for the ratio ho/hy. Suppose that the solution is 
ho/hy =m (16) 
Then the scaling laws are 


hive 3 s Be, Per yerieme eeinr ho 
ala, = do/d, k,/k r,/r alo, tS/t m 


= 
io) 
Ne 
= 
2 
" 
3 


2a (17) 


C, (mx, Vmt) = om C4 (xt) 
The velocities of the waves at corresponding points are in the ratio Vm. te 


If a small model experiment is compared with a very large full scale trial we may assume that hy 
is negligible compared with Z and that Z is negligible compared with hos Then 


nen (Z/n4) ole 


The results to be expected from large explosions therefore scale up with those from those of a 
given small explosion in the ratio of the fourth root of the charge ratio, the corresponding distances 
and depths being in the same ratio. 


The results to be expected from two small scale experiments may be approximated by assuming that 
ny and ho are both negligitle compared with Z. Then 


Mm! 6s) ini 


and the wave heights, distances and depths scale according to the linear dimensions of the charges. 


Wave System from a Surface Hxploston over Deep Water. 


According to the Cauchy-Poisson theory of gravity surface waves (Lamb's Hydrodynamics Sixth 
Edition page 432), the surface elevation of radius wand time t caused by the application of unit impulse 
downward at the origin at time t = 0 is given by 


Geers late) (18) 
where 
GG) we aa pede peat Beco eee (19) 
5! of 


If weccee 
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\f @ is large, asymptotic formulae for G and C.are 


ca (@) = (S/4v2) sin (6/4) 


gt? _ gt Gs) 
aS i eta sin —— 20 
ba 2 Tw 4w 


It is not obvious how good an approximation the asymptotic formula is, and in fact one would not 
expect even reasonable agreement for the values of @ which are needed to sketch the first two or three 
waves. Therefore, the function G (@) has been computed, and the values compared with GA (@). The 
values of G (@) are given in the table below, where the accuracy is to the last figure given, and a 
comparison of G with Ga is showa in Figure 2, It appears that the asymptotic formula gives a surprisingly 
good representation of the function over the whole range, except for values of @ less than about 4. Hence 
the asymptotic formulas can be used with accuracy at least 10 - 15% over the whole range of 0, except for 
@< 4, which represents the leading parts of the disturbance, a trough extending to infinity. 


TABLE 2. 


The Functions G(@) and H(@) . 


6(6) H(@) 6? 6(@) 4(0) 
5.7175 447ud 200 -0.0476 4.7580 
5. 7868 2.2841 150 1.1515 4.2122 
5.6274 0.0380 100 1.8385 2.4339 
5. 2398 —2.1515 80 1.8420 1.4625 
4.6320 ~4.1800 60 1.6193 0.4056 
3.8264 -6.0052 40 1.1150 -0.5784 
2.8545 -7.4312 20 0.2658 —1.2245 
700 0.6001 —9,0155 15 -0.00865 -1, 2240 
600 -1.6448 —8.4661 10 —0.31026 -1.2051 
500 —3.2661 —5. 7491 8 -0.43879 -1.1142 
400 -3.6533 -1.5151 6 -0.57194u 1.0464 


—2.4621 2.7371 -0.70981 -0.90197 


Main Properties of the Yave System. 


It appears from (18) that it ts not an allowable approximation to assume that the impulse from the 
surface explosion Is concentrated at a point. If this were so, the wave amplitude at any point would 
increase indefinitely with time. 


The wave height at R, t is given by 
a(t) =n ten (ir) nncon(co) Ss (21) 


where [ is given by (18) or (19) as the case may be, the integration is over the circle of radius a over 
which the impulse is delivered, and w is the distance of the surface element dS to the point R. 


the First Wave. 


From Figure 2, it is seen that the first wave corresponds with a point @~ 10, Provided the 
maximum and minimum distances of the point R to the circle correspond at time t with 4 <6 < 44, the surface 
elevation will be positive, and Tf the distance to the centre of the circle corresponds with @ = 10, then 
the surface elevation will be at its greatest value in the first wave. Hence for a fixed value of R such 
that R > 3a, the position of the first crest is given by the first maximum of V6 G (8) namely - 


Gt sseccics 
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or 


Ee) 
“ 
Ww 
n 
oo 


(22) 


R = 6.ut = 3.59R2/2 


It is perhaps worth pointing out that the three equations just given were obtained on the 
assumption that the waves are infinitesimal. The first wave for R < 3, will certainly be very large 
in practice, and may in fact break in this region. Consequently R will be greater than 3.2t™. 

At R> 3a, the amplitude of the first wave decreases steadily like qrol2 and at lesser values of 
R, the amplituge should be a more slowly varying function of R. Equations (22) should become more and 
more nearly independent of the finite and even breaking character of the early stages of the wave as time 
increases and the wave expands. 


The Second and Higher Haves. 


For simplicity, let us consider the case where the formula (19) applies, and R is much greater 
than a. Take co-ordinates (x y) with the x axis joining the origin to the point R. Then in the 
integration in (1a) the dependence of w on y may be neglected. Hence 


t? 2 
L (r,t) Ses i. Od) (1-=*) sin 98 (1-%) dx. 


4R 


where 


ie) =p pvla’ = x?) \(r) dy (23) 
fe) 


We have assumed gt2/4R is large compared with unity, and that a/R is small. Clearly, if the 
product of these two quantities is also large, there will be much cancelling of positive and negative 
regions in the integration and the value of the integral will be small. Hence, as R decreases, the value 


4. : 
of the integral decreases, but the factor PR increases. The largest value of Q will occur at the smallest 


value of R consistent with a minimum of cancelling in the integra). Neglecting the variation with x of 
all the slowly varying factors, and thus retzining only the sine term, we see that the maximum values of 
C (R,t) occurs when 


2 
cE Yea) n>1 (24) 


Hence the velocity of the nth crest at any instant is 
v, = gt/n (4n - 3) (25) 


The nth crest is the greatest crest of all when in addition to (22), the following condition also holds 


2 : 
was g 


Thus, counting wave crests from the outside inwards, the nth crest is at position 
R= gte/2) (n= 3)h8 n> (27) 


While the nth will be the greatest of all crests when it is at 


- wD 
woo 


(4 n= 3) sue 
(4n-3) W(27 alg) (28) 


This demonstration is not completely satisfactory because it has yet to be shown that for a given 
value of time, say t,, the factor Raevta (21) does not increase as R gets smaller, more rapidly than the 
integral decreases. writing the coefficient of the sine term in the integral as P (x) and transforming 
successively by parts, we have for example after two reductions 
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The residue of the first square bracket after the limits have been inserted is zero, begause P 
vanishes at the limits. The residue of the next square bracket is also seen to be zero by using the fact 
that the crests occur at values of gt 7/4R given by equation (22) and also that the coefficient of the "even" 
terms in P' (x) is zero, and the "odd" terms vanish by symmetry when the limits are inserted. Hence only 
the integral remains; apart from high order effects, by which are meant residues in the first two square 
brackets when higher order terms are retained, the surface elevation at time ty varies like 


eR, keen 
the most prominent value of k near the ureatest wave being 2. 


The velocity of the nth wave, at the epo¢n when it is the greatest wave is 


v = V (2 ga/7) (29) 


a result which is independent of n, R and t. Thus the velocity of the nth wave increases steadily with 
time, according to (25) and during the period when it is the greatest wave, its velocity is given by (29), 


The ratio of the wave height of the mthwave during the period when it is the greatest wave, to 
the wave height of the nth wave during the period when it is the greatest wave is 


HJ, = (4n - 3)/(4n- 3) m> n> 1 (30) 


The velocity of the point of greatest wave height, i.e., the grouo velocity, is one half of yv given 
by (29) i.e. 


Vi V (ga/2 7) (31) 


The above argument is casily modified to the discussion of troughs. Thus the pth trough is at 
its greatest, and is greater at this instant than any other crest or trough, when 


R= (peal 


t = (4-1) V (277 a/s) 


The pth trougn is defined as the trough following the pth crest, i.c., the leading edge of the 
disturbance, an extremely shallow trough extending to infinity, is neglected in counting the number of 
the trough. 


Numerical Examples. 


Consider the explosion of a 1 oz. charae on the surface. Then a is about 2 feet. Over the 
range 0 < R < 6 feet the first wave is the greatest. At R= 6 feet the magnitudes of the first and 
second waves as they pass are about equal. The time for the first wave to reach 6 feet is 1.36 seconds. 
(This may well be an =stimate on the high side because the first wave, because of its great height, will 
travel faster than indicated by equation (2), and may in fact be a broken wave). The second wave is the 
greatest at R= 10 feet, its velocity ts then 6.4 feet/second and the time is 3.414 seconds, The first 
wave is then at 32 feet. The third wave is the greatest at R = 18 feet, and its height is 5/9 of the 
height of the second wave at its greatest; its velocity is then 6.4 feet/second, the time is 5.65 seconds, 
the first crest is at 102 feet, and the sccond crest is at 32.5 feet. The second crest is 0.095 of the 
height of tne third crest, and the first crest is indetectable. 
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Consider the explosion of 2000 tons of H.E£. on the surface (such as, for example, the explosion 
of a ship loaded with bombs). The above results on the 1 oz. Charge now apply provided the distances 
are multiplied by 415 times and wave heights by 20.4. 


Other examples may be easily constructed from the scaling laws and the figures just given for the 
1 oz. charge. 


Ihe Wave Hetghts and [otal Impulse: 


It will be noticed that the above numerical estimates are only concerned with wave velocities, and 
with interference phenomena such as the position at which a certain wave is the greatest. To calculate 
the wave heights requires a knowledge of the total positive impulse delivered to the surface. (fot. ts 
this impulse, then, for example, the height in inches of the second crest at 10 feet froma 1 oz. charge 
exploded on the surface is approximately 


3 
Eh 0 | 
H 1xil p 


where l5 is in pounds/weight/seconds. 


An approximate value of !_ may be obtained from the knowledge that the explosion of a charge in 
free air may be regarded as the release at the origin cf a volume of yas at atmospheric pressure 20,000 
times the charge volume. (This: factor is made up of 1600 for the gas products and 19,000 for the shock 
wave heating of the air near the charge). Hence, the pressure wave froma 1 oz. Charge on the surface 
may be very roughly computed by the theory of the sound waves caused by the release at the origin of 
25 cubic feet of gas at atmospheric pressure. Then from the theory af sound, the impulse over the water 
surface should be 


(ATE Vyp,/2c = 32 1b./weight/seconds. 
where V is Voller of gas (25 feet?) y is ratio of specific heat of air (1.4) Po is atmospheric pressure 
(2100 1b./feet 2) and c is the velocity of sound (1180 feet/second}. Hence the “height of the second wave 
at 10 feet is one third of an inch. This estimate is a)most certainly toc low by a factor at least two, 
but better agreement is hardly to be expected from the theory of sound. 


Underwater Explosions. 


The wave system from an initial dume and crater of the form shown in Figure 1 is required. 
However, before evaluating this, it is Instructive to repeat the discussion given for the surface impulse 
to the present case. As before, the group velocity and wave velocities, position of the greatest crest 
at any time tc., follow simply from the area of the disturbance, and not from the details. 


According to the Cauchy-Potsson theory (see Lamb page 430) the wave height at w, t due to unit 
volume placed on tne surface at 0,0 is 


2 
Kole eS H (gt“/aw) 
C& ear (g 
2 AAG 202 22 
5) (Ge SEN a eee Beto (32) 
6! 10! 
with the asymptotic formula when gt?/R is large 
a. (6) =--S5 cos (6/s) 
a Bele 
2 
C= cos (ata a) (33) 
“ Dw, 
an 29/2 rar 


Numerical values of the function H (@) are given in Table 2 while @ comparison of H (@) and the 
asymptotic expression H, (8) is shown in Figure 3. It is seen that the asymptotic expression gives 
numerical values within 10-15% for all 9 > 8, 
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Assuming that the dimensions of the initial disturbance are h, then the surface elevation at any 
point R from the centre at time t is 


C(rRt) =f f(r) € (wt) as (34) 
the integration being over the circle of radius r = h, while the initial elevation at radius r is f (r). 
The convention of sign chosen implies that f (r) is negative near the origin; w is the distance from the 


point R to the element dS of the circle of radius hy cefining an initial crater. 


The expanding wave system from the crater is led by a trough, the bottom of which moves according to 


gt-/R= 5 or R= 6.Nt? (35) 
The nth crest moves according to 
e, 2 
R = gt“/¥ (2n = 2) (36) 
so that the velocity of the nth crest is 
R = gt/2 (2n= 1) 
(37) 


V {9 R/m (2n - 1)} 


Hence the velocity of any crest or trough increases indefinitely with time. 

The nth crest is the greatest of al? crests or troughs, and is at its arcatest size when 
Re =z) (2ni—t) eh (38) 

The velocity of the crest at this instant is 
v= V (2 gh/m) (39) 


The group velocity, i.e., the velocity of the region in which the waves are greatest is just half 
this quantity, namely — 


v = W (gh/2 77) (40) 
The ratio of the greatest height of the mth crest to the greatest height of the nth crest. is 
Ha/H = (2n - 1)/(2m = 1) nies mie at (41) 
The motion of the pth trough is given by 
R = gt/87p (42) 
and the trough is at its greatcst size when it is at 
R = Up.h. (43) 
Since the length h defining the crater dimensions from a charge W is practically equal to the 
distance "a" over which the impulse from a surface explosion of W extends, there will be a strong 


resemblance between the wave systems in the two cases. The main point of difference will be in the wave 
heights. 


Calculation of Wave Heights from an Underwater Fxplosion. 


The wave system caused by an underwater explosion is to be regarded as the interference pattern of 
the waves produced by a dow and thos= produced by a hollow or bubble. In view of the difficulties of 
scaling accurately from very small charges to those of two thousand tons, we have made a direct attempt 
to estimate the waves from a large explosion. In this case, the time scale of the waves is great enough 
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to permit the neglect of spray, broken water etc. We assume, as has already been described, that the 
water system is released from rest at time zero froma configuration, 


2n* 1 BRS a 
Seem care | Ma aren =< Sree Deewana Otto (2 eal 
Ot) an 1 Ge eee (ne + 2) 72 


t 
4 


Figure 1 shows the shape of such a configuration. An exact solution of this problem can be 
obtained by the partial differentiation with respect to h, and subsequent simplification, of some formulae 
given by Terazawa (Proc. Roy. Soc. A42, 57, 1922). The result is - 


ee ee ee a Wii s(t Mens (ane hGm 
SLO ota ate (Gavcoa at Nes? Pel am a per pe 
where 

Pa Toe 5 a7 = Ws (us) 


There would be no difficulty in computing the first two waves at the interesting times, by using 
(45) and seven figure tables of Legendre polynomials. Unfortunately no such tables are available to the 
writer, but some rough calculations have been made with the aid of the four figure tables in Jahnke-Emde. 
The leading part of the wave system is 2 trough, and when it is at about 1000 feet, is roughly 30 feet 
deep. The analysts given earlier, however, enables one to predict the wave heights within 20 or 30% and 
this is perhaps sufficiently accurate for present purposes. By studying Figure 1 it becomes clear that 
the waves at 1000-3000 feet are caused mainly by the crater at the centre. Only at very large distances, 
and possibly at the ortain, does the surface elevation outside the crater have much effect compared with the 
waves from the crater. The volume of tne crater may be taken as 


Ve = pre amr f(r) dr = 0.385 V (46) 


At this: point, an encouraging conclusion may be reached. Up till now, it has not been clear that 
the scaling laws proposed for an underwater explosion would be applicable to small charges, because the 
disintegrated water flung into the air does not fall back again for several seconds, and by this time the 
waves from the hole are well away from the centre. With a very large explosion, the height reached by 
the water is only about equal to that reached by a smal)? explosion, and most of the water has returned to 
the surface before the wave system has had a chance to develop. However, even in the case of a large 
explosion the big waves near the explosion are due almost entirely to the flow into the crater, which may, 
as above, be regarded as the difference of the budole volume and the volume of the dome to r™ h. Since 
the volume of the crater is 2bout 0.4 times the volume of the bubble, we may roughly describe cur conclusions 
by stating that in the case of a small explosion, the big waves are caused entirely by the bubble cavity 
and that in the case of a large explosion the big waves are caused by a cavity roughly equal to one half of 
the bubble. Hence we expect that the sealing laws will apply over a wide range (10° : 1) within a factor 
of about 50%, 


Returning now to the details of the large explosion, we see from (41) and (42) that the pth crest 
is the largest crest when it is at 


R = 5t°/87p = dp.h. (47) 


(Notice that "troughs" and "crests" have been interchanged, since (41) and (42) refer to the 
troughs from an initial elevation). 


Performing the integration (34) with about 10% accuracy, we find that the maximum wave at time t 
is the pth wave, which is at R, where R, t and p are related by (47) and that the height of the wave is 
approximately 

H = h/8 p (4s) 
p 
The depth of the qth trough is approximately 


H. = h/& (2g - 1) (49) 
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when the qth trough is greatest, namely when 


za 
W 


2 (a -1) h 


2 (2q - 1)V (277 b/g) (50) 


- 
" 


Thus froma 2000 ton explosion at depth 285 feet we have that h = 285 feet (See Table 1). The first 
wave is greatest at r = 1140 feet, t = 30 seconds, and the height of the wave is 36 feet. The first 
trough (not counting the one which leads the distance) is areatest at R = 1710 feet, its depth is 24 feet, 
and t = 45 seconds, At this instant, the first wave has reached 2750 feet and its height is 8 feet. 
Further details are easily calculated from (47), (48) and (49), 


For a 1 oz. charge at 1.56 feet depth the first wave is greatest at t = 1.7 seconds, R= 6.2 feet 
and the height is 44 inches (probably the wave is broken). The following trough is greatest at 2.6 seconds, 


R= 9.3 feet and the depth is 3 inches. At this time, the first crest is at 14 feet, and its height is 
1 inch. 


Motion of the Central Point. 
One interesting feature of the motion is that at the centre, and this can be obtained without 
difficulty from the results of Terazawa (1.c). According to him, if the initial surface elevation at 
time t = 0 is 


Kk (x) = asv (nh? + r?) (51) 


the motion of the centre is given by 


Z, (Ct) =a nth 
“ age 72 
where 7h eed — ete ie BM a STs (52) 
o 
r? = gt?/un 


Since the initial surface elevation adopted by us, namely that given by equation (44) is related 
to that of Terazawa by 


rir) = Se Ae ain (55) 


eho 


the motion of the central point in our case is given by 


on ee (54) 
ln 
Hence 
iS (i) Ss = aa (7) 
where 
Wires (223 72 Neem apnea a( cpu tur “4 arty ot ie es dr 


Figure 4 shows the motion of the centre with a 2000 ton charce of H.E. exploded at depth 285 feet 
in deep water. Of course, no comparison of Figure 4 with direct measurements would be possible, at least 
for t <5 seconds, because what is seen is spray, and this may extend two or three hundred feet above the 
water surface. In any case, sev2ral seconds are required for the surface to become reconstituted. 
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Summary. 


The amplitudes of the surface waves produced by firing underwater 32-1b. charges of P.A.G. 
at various depths in about 15 feet of water have been measured photograohically. |The waves were 
photographed by means of a 16mm. cine camera as they passed along a reference board located in 
the surface at a horizontal distance of 55 feet from the charge. 


In all but one case, the second wave had the largest positive amolitude and the largest 
negative amolitude was equa) to or greater than this. The veriodicity of the waves was not very 
different for all charge depths, the period in the region of the first and second waves being 
about 2.5 to 3 seconds. The velocity of tne waves was estimated at about 8 feet /second and the 
wavelength abdcut 20 to 25 feet, 


Largest positive amolitudes were cbtained for charge deoths in the region of 0.6 times 
the maximum bubble radius. Comparison of the results with those obtainea from 2-oz. and 2-1b. 
charges of ©.A.G. showed that the dositive amolitudes did not scale up as much as expected on a 
ons-fourth power law, sugycsting cossibly a loss of wave making efficiency as the charge weight 
was increased from 2 cz. tc 32 1D. The 321c. charge results, however, ayreed quite well with 
those from 300-1b. T.N.T. deoth charjes. This m2y mean that for fairly large charges, there 
is little change in efficiency as the scale of the mcdel is increases, 


Introduction. 


The object of the tests was tc obtain further experimental data on scale relationshios 
involved in wave making by means of explosives. 


Experimental. 


Charges. 


The charges were of Polar Ammon gelignite, 32 1b. in weight, and were initiated by 4 oz. 
of C.c. 


Measurement of wave amolitude. 


Amolituges were measured by photograohing the waves as they dassed along a reference 
board set in the water surface, The board was of tinclate 6 feat long x about 3 feet high. 
The camera uscd wis a 16-mm. Ciné Camera with a lens of focal length 3 inches and the camera 
was run at about 16 frames/seccnd. 


Site anc_arrangement cf tests. 


The tests were mad2 in a jravel oit in about 15 feet of water. The centre cf the 
reference board was claced at a norizontal distance of 55 feet from the charge. The camera was 
located on the bank at 2 distance of atout 7¢ feet from the doard. A olan view of tne layout 
of the tests is shown in Figure 1. 
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Experimental results, 


The variation of amclitude with time at ooints at the front edge and at the centre of 
the reference board (coints at norizontal distances of 52 feet and 55 feet from the charge) are 
<e 
given in Figures 2 and 3. 


{t is secn that in all cases except with the charge 2 fest deep, the oositive amplitude 
wes greatest for the second wave. This was observed previously for 2o0z. and 21b. charges. 
It is also to be noted that the maximum negative amolitude was equal to or greater than the 
maximum positive amolituce. 


The veriodicity of the waves was about tne same for all charge dcoths. The period in 
the region of tns first and second waves was between 2,5 and 3 seconds and decreased for the 
subsequent smaller waves. 


The velocity of the waves across the board was about 8 feet/second from which the wave 
length of the main wave is estimated to be about 20 to 25 feet. 


In Figure 4 positive amplituzes of the second waves in feet aivices by the fourth root 
cf the charge weight M in 1b, are shown as functions of charge deoth/(maximum bubble radius). 
Includea in Figure 4 are previous results for oz. and 21b. charges of Solar Ammon gelignite 
ana for 300-1b. T.N.T. depth charges. The results confirm previous conclusions that the 
ootimum deotn for wave aroduction was of the order cf 0.6 times the maximum bubble radius. 


In a previous enquiry it was considered that aporoximate scaling might obtain if the 
scale of the model were made oroportional to the fourth root of the charge weignt arovided the 
ratio of deoth cf charge to maximum bubble radius were kept constant. The Polar Ammon gellynite 
results in Figure 4 show that the wave amplitudes from the larger charges dla nct increase as 
much aS expected acccrding t> their scale relationshis, a result which suggests that the larger 
Charges may not have been so efficient in wave making. It is to be noted, however, that the 
results using 300-16, Cnarges were in fair agreement with the cresent tests. This may mean 
that orovideo large enough charges are used, there Is not much change in efficiency of wave 
oroduction as the scale of the model is increased. 
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Summary. 


The amolitude of surface waves oroduced by a 32-1b,. charge detonated in water at a ROL 
of 8 feet has been calculated for a coint 56.5 feet from the Charge by W.G. Penney's theory (1 3 
Calculations extend uo to the third trough. 


The results have been comoared with excerimental observations for a similar charge (2), 
Agreement is excellent uc to the arrival of the second crest, put the calculated third trough is 
larger than that observed. Reasonable agreement uc to the third trough is obtained if tne shape 
of the initial cavity assumed in Penney's theory is modifiea to give a shallower cavity of tne 
same total volume. 


Equations used. 


Penney's theory assumes that the waves are oroduced by the filling in of an Initial 
cavity, whose shace is given by 


seas Chisato = (1) 
ees lw am (nana 


where y_, is the initial olcvation of the free surface above the criginal undisturbed water level 

at a doint distant r from a vertical axis of symmetry through tne charge. !t can be shown that 
this is a reasonable representation of tne cavity which might be exoected to be oroducsa when a gas 
bubble at its maximum radius h just touches the top of the "dome" created by the charge. The 
snape of this cavity is shown in Figure 1. 


At any time t later the system of waves orcduced by this cavity is described by the 
following relation between surface elevation y and distance r. 


co nt 
= Ge 1 H gt 5 
a a aye CE 2) =| E pila - (n+ 9) 2) Pn @] 


where s? = né +r? (2) 


ana °n is the nth Leyendre oolynomial. This formula is only suitable for comoutation at smal) 
values of the timo. For later times it is*more convenient to use the following aoproximate 
Integral methca given by nney. 


If @ is the distance cf a small element in the water surface of area ds from the ooint at 


which the wave height y is measured, and if r be the distance of this same areca from the vertical 
axis through the charge, then 


= y, (r) 2 
= oe oer H =] as (3) 
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andy, is the initial elevation of the element a5, and is given by equation (1). The integral 
in (3) ig to be taken over the whole of the reyion occucied by the initial cavity. 


In Penncy’s methcd cf evaluating (3) two aporoximations are made. Firstly, the integration 
is restricted to tnat ccrticon of tre cavity snown in Fisurs 1 whers the water surface is 
initially below the undisturoea level, i.e. r varies from zero to Vn. Secondly an aporoximate 
exoression forw is usea, which is illustrated in Figure 2, Here 2 plan of the water surface is 
shown, 0 being tne vertical axis through the Cnargs, and > being the ocint distant R from, 2t 
which the wive height is tc ve calculated. The circle of radius h/2 reoresents the area within 
which the water surface is initially Georessed. Then in (3) w is approximated by the quantity 
R —x which tends tow when R is large compareo with h. With these two aoproximaticns (3) may 
be reduced tc 


+V2 
= Sit F(z gt? 
per ig re. i = | : @) 


where F(z) 


and where Z 


a Ix 
a 


Numerical values. 


It was assumed tnat the eneray in the bubble motion of Solar Ammon aclignite was 
yug calories c2r gram, i.e. the same as tnat used in most calculations of bubble behaviour for 
T.N.T. This gives for a 3z-1b. charje, N= 11.3 feet. The maximum bubbl2 radius n is calculated 
from the formula given in a crevicus oaoer 3). ‘The wave heignt y was calculated at a distance 
R= 5h= 56.5 fest. Uo to t = 3.75 seconds =quation (2) was us2a, while for greater times 
equation (4) was uscd. In this latter equation the integral was performed numerically by dividing 
the range of z into twenty equal stecs, The integration is estimated tc be accurate to at least 
5%; fcr most of tne range the 2rrors are orobatly not more than 2%, 


The calculated wave amclitude is shown in Figure 3 Dy a full curve up to about 9,25 seconds, 
when the third trough has just reached tne coint under consideration. The slight discontinuity at 
t = 3.75 seconds in this curve is due tc the change from equation (2) to equation (4). Equation 
(2) tzkes acccunt of the whole of tne cavity while (4) ignores the effects of that cortion of the 
initial disturbance outside a radius cf V2, where the water is initially above tne undisturbed 
water lovel. 


Comparison with experimental observations. 


Penney's theory acclies strictly only when tne total ore of the water is very large 
comearsa te the ouddle radius, In the exceriments gescriveal@ the total decth of water was about 
15 feet. The wavelengtns observed did not exceed 25 feet so that as far as the procagation of 
waves is concerned the difference between the experiment and the case in which the deoth was assumed 
infinite wlll be slight. The chief effect cf the bottom will be to distort tne shape of the cavity 
though It should not greatly alter its volume. 


The case where the charge was fired at 8 f2et depth is most nearly 1° “visaged by 
the theory, since at tnis decth the tos of the dbubole will just reach the Jome the Dubble attains 
its maximum volume. Accordingly the wave amolitudes observed at a distance of .5 feet froma 
321d. charge 8 fect deep have been taken from the experimental oaocer 2) ana plotted in Figure 3 by 
a broken line. as the zero of time for this curve was not known it has been arbitrarily chosen to 
give the best fit. 


It will be seen that the ayreement between theory and exoeriment is remarkably good, at 
least uo to tne second crest. From the calculations it seemed likely that the lack of agreement 
for times later than abcut 9 seconds might De due tc the actual cavity being shallower than the 
assumed cavity cwing to the cresence of the bottom To test this idsa a cavity, having the same 
vclume as, but shallower than, that assumed by 2enney was arbitrarily chosen. This is shown by 
a broken line in Figure 1. A few coints, correscondiny to two cresis and two troughs were 
recomouted using this modified cavity shape, and are plotted in Figure 3 oy circles, Thess are 
in better agreement witn the cbserved waves, ©xcect for the crest at @ seccnds.. 


It may eeoee 


-3- 
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It may D2 Concluded that, at least for charges of the order of 32-1b,. the theory of Penney 
is in reasonabl2 agreement with observation, though tne initial shave of the cavity produced in tne 


water by the charge may differ somewhat from that assumed. 
References. 
(1) WeG. enney. "Gravity waves produced by surface and underwater explosions", 


(2) G, Charleswarth. "surface waves produced by firing underwater 32 1b. charges 
9 9 
cf colar ammon gelignite at various depths.” 


(3) a.R, Bryant. “The behaviour of an underwater explosion bubble". 
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SURFACE WAVES FROM AN UNDERWATER EXPLOSION 


Consider a surface wave generated by an underwater explosion. 1) The effect of the 
shock wave is assumed to be negligible so that the sole source is the pulsating gas globe, 
which has an instantaneous volume V(t) at the time t. This gas globe, assumed to be 
spherically symmetric, as a first approximation, will migrate under the influence of gravity 
and of the neighboring surfaces. Let 2p (t) designate its instantaneous position above the 


bottom. It is required to find the fiow for infinite water of uniform depth h above a rigid 
bottom. 

Let P be a point (cf. Fig. 1) with cylindrical polar coordinates r, 9, z. Then the 
conservation of mass requires that the divergence of the material velocity g(r, Qe, z, t) 
of an inviscid, incompressible fluid with uniform density - vanish everywhere except 
at the source (equation of continuity), i.e., 


Fig. 1 
If the flow is further assumed to be irrotational, 


then the velocity q(r, 9, z, t) is the negative Me oo aaa 

gradient of a velocity potential @ (r, 9, 2, t) t 

and Laplace's equation results from the above 

one, i.e., Wa @ =0 
(1 


In addition, the function @d must satisfy two boundary conditions. At the fixed bottom 


there is no component of the velocity normal to the surface, i.e., 


Pe) 9 3/6) . z-0 (2 
oz 
At the free surface the pressure p, is uniformly atmospheric. The effect of this condition 


is seen by a consideration of the Eulerian equation of motion, viz., 
24 Vv | 
‘VG =- ( z) -—=V ) 
+t 
sete a 


where ( BIS ) is the gravitational potential and p( oy (ep C40 iG ) is the instantaneous 
fluid pressure at a point. Integrating with respect to the coordinates and neglecting the 


square of the speed 4 » we obtain 
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where an arbitrary integration-function of t has been absorbed in og Including in 


ot 


it also the constant ph, /p on the surface, we have, to the same order of approximation, 
for a small disturbance of the free surface 
a (22) 
oth Ah 


Now kinematically the velocity of the fluid normal to the surface must be the same as the 


a aii = 0 


» free surface, 


normal component of the surface velocity so that approximately (to first order terms) 


* (3 =| erelz 
Oz ep = Sie » free surface. 
Differentiating the preceding equation with respect to t and substituting for 22 > 
we obtain for our second boundary condition 
2 
oP +g Seo Wrenn (3 


Suppose g, ( ju, Zs t ) is the cylindrically symmetric velocity potential for the 


case of a bottom only, i.e., no free surface. Then 


rae) = dV | aa 


| 
I 

ae (48 
: mage Vp2+(z -Z,)° Vr2+(zt+Z~)* 


where dt is the strength of an assumed simple source, 1.e., a point source with uniform 


radial flow. Let $. Cie aver t ) be the additional term required for a free surface to 


be satisfied also. Thus 
d = $, a $. (4 
Inasmuch as d,, satisfies Laplace's equation subject to the condition of the fixed bottom, 


it follows from equations (1) and (2), respectively, that 


2 z. 
Vv $, =9 (1! 


and ea ="0) ; Zaai0 (2! 
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Substituting the expression (4) for q in equation (3), we have 


3°, 36, ae 3 ag 
Se? 1 0s lees ioe eee 


or, upon substituting for y the expression (4a), 
2 
(= S| - 4 (222) 
Pa) t= G2 4 3 z Z as 


(=) +o dV AZ ri ht Ze (3" 
otk FT dt Gr a zy)! (aze(hezy)% 


We shall assume a Hankel transform t Ck, ae G ) for the cylindrically symmetric 
solution $. In pS 5 t ), namely, 


&, (2,2, ) =e (f (4,2,t) : (4b 


where lf (4 (4,z,t) = [¥ 2 ty) SJ, (Rn) Rah 


and J,(h h) is the Bessel function of zero order. Substituting this expression for $. 
in equations (1') and (2') and commuting operators, we obtain, respectively, 


Ty (ZH - 8°) = 0 


eiz* 


ma( 3), = 0 


Applying the inverse transformation and recalling that iteration of this operator is 
equivalent to multiplication by unity, we find 


a3 - 44 =0 
ee ea 


az 


These conditions are satisfied by 


fhz,4 = K(4.) cosh £z 
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Substituting P from (4b) also in equation (3') and commuting operators, we have 


Te(2h + 932), 2 = 

_ (*4, AV 

(Fae) be ae ze | 
Applying the inverse and noting that 


v7) -RiL 


Als (22+ (22+ 2) aie 


(3" 


Ante | hey | 
(n+ Ch-2e))% — (nre(hen))™ 


we obtain 


CN coh bh + gh Kank bh - =o 
fe 2 LY (6 -R(h- ee Bee) 


27 ccoah BR 


The real solution of this equation is given by 


K (Rt) = A(R) cos (wt - (8) 
+ sean [fan(229) ie: nts Weak, inales)d9 , 


where ie is some time prior to the explosion and AY h Owl h) are arbitrary constants 
of integration. Let the explosion take place at the time t= QO. For all times previous 
to this instant $ (h»z,T), and consequently both K(4,t) arid Ack), must 
vanish. Therefore, 


C 2 -kh 
ae ott! O"d, av ds 
K(&t) seam [ false 4+ , +f e cosh hz, } 
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; S the gas globe is stationary, i.e., Ze constant, then from the expression (4a) 
or 
8 


7, (2) Late Bek | | 
Rr 354.4 ° 49 as eh Vr2+(h-zZ,)* * View (hres? 


- RL 
| e 


tlh we 


Noting that 
Hs7i Oo 


we obtain 


ey 
oth hr, 1 a3 4+ dV el Ee 


Integrating by parts, we find 


-kh 
K(£,t) = ote [- aia ce igs [Viren ol 4s} 


t. 


Hence the complete solution 3) is given by 


$(n,z,t) = $,(nz4) + 1 ee dv 


t (4! 
5 a; [ve Coa w(t--S) as} 


The evaluation of ths integrals involved in ¢ for an actual gas globe is straight 
forward, but lengthy. It is convenient, therefore, to introduce a simplifying assumption, 


the value of which must be tested by analysis of experimental data. If the period. 7” 
of the first pulsation of the gas globe is much less than the time interval after the 
explosion, it is reasonable to suppose that 

Vie) eV ~~ ‘oa t<ctns 
where the constant V is some average volume for the period aT « Thus 


si ees pm. | 
€(2,2,0) = £ V ale hE fata (4 
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and from equation (3a) 


p(n,2,0) = 5 =pget £17 ah a Coscot - cos w(t-7) 


For computational purposes it is convenient to introduce dimensionless variables, 


namely, 


‘ hk Avs ¢S pha ee 
ee he ’ 2 fe mca se 


and tat \/Z . ret lg eh ace 


Hence f. (h'z’ t) = pahz'r Lb. V Gx, oi(%, yp t) ) 


where ee G,. x(k, zité)= SG 6, (zi z/t)- Gy. (4/4 t’-7) 


a) 
snd Gy laizit)= eee Cosh BE ogy L. (anya os 
, Cork 

A problem of practical interest is the determination of the pressure due to an 
explosion at the bottom ( Ze = 0). The function G,( h', o cE) has been evaluated é 
numerically for R's 5, 10, 15, 25, 50, 500; its values for the initial disturbance are 
given in Table 14. The function 6 hs Hr t) (equa to G ( 7 re t')| for the 
pressure at the surface has been evaluated “mmerically for j= 5, 10, 15, 25, 50; its 
values for the initial disturbance are given in Table 1B. 

The function 6. { Vos le ra ) apparently has alternately positive and negative phases, 
as is seen in es representations, G. (25, 0, o Ya G, (255 2nt®), Gy /2(25, 0,t') in 
graphs la, b, c, respectively. The maximum of CX ea Oks oe ) for the first positive phase 
and that for the second one are shown for the several values of Ae‘in Graphs 2a, a9, 
respectively; likewise, the minima of the first two negative phases are given for corres- 
ponding values of /& in Graphs 2b), & (positive) and in Graphs 3b), bo (negative). The 


/ 
corresponding values for G, ( Vin hp Z ) are plotted in graphs 2a,', a,', by", 3a,', 
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TABLE 1A 
+! Go (5,0,¢") tied (5,0,t") t! G,(5,0,t') t! G,(5,0,t") 
0.0 0.0025 4.0 0.0701 8.0  -0.0742 12.0 0.0284 
0.1 0.0027 fia 0.0727 8.1  -0.0796 12.1 0.0263 
0.2 0.0029 Dep) 0.0751 8.2 -0.0844 1232 0.0237 
0.3 0.0031 43 0.0774, 8.3  -0.0886 12.3 0.0207 
Os4 0.0033 Jef? 0.0794 So4 -0.0921 12.4 0.0172 
0.5 0.0036 hed 0.0812 8.5  -0.0949 12.5 0.0135 
0.6 0.0040 4.6 0.0828 8.6  -0.0970 12.6 0.0095 
On7 0.0044 Reg 0.0841 8.7 -0.0982 12.7 0.0054 
0.8 0.0048 4.8 0.0850 8.8 -0.0988 12.8 +0,0012 
0.9 0.0054 49 0.0856 8.9  -0,0985 12.9  -0.0030 
1.0 0.0060 5.0 0.0858 9.0  -0.0974 13.0 -0.0070 
ibail 0.0068 Feil: 0.0856 9.1 -0.0956 nga -0.0109 
12 0.0076 5.2 0.0851 9.2 -0.0930 1S LOA OnVKS 
es 0.0086 5.3 0.0840 9.3. 0.0897 13.3 -0.0180 
Le4 0.0096 5k 0.0826 9.4.  -0.0857 13.4  -0.0210 
1.5 0.9108 5.5 0.0806 9.5 -0,0811 13.5 -0.0236 
1.6 0.0120 5.6 0.0782 9.6  -0.0760 13.6  -0.0258 
124/ 0.0134 5.7 0.0753 9.7  =0.0703 13.7  -0.0276 
1.8 0.0148 5.8 0.0720 9.8  -0.0642 13.8  -0.0288 
1.9 0.0165 5.9 0.0681 9.9 -0.0577 13.9 -0.0295 
2.0 0.0182 6.0 0.0638 10.0 -0.0509 4.0 -0.0296 
Apa 0.0201 6.1 0.0590 10.1 0.0440 14.1 -0.0293 
Dem 0.0220 6.2 0.0537 10.2  -0.0369 4.2 -0.0286 
ae) 0.0241 6.3 0.0480 10.3 -0.0298 WG-0 0277, 
Zen 0.0262 6.4 0.0419 10.4 0.0227 144 -0.0258 
2.5 0.0285 6.5 0.0355 10.5 -0.0158 14.5 -0.0239 
2.6 0.0309 6.6 0.0286 10.6 -0.0091 14.6 -0.0217 
Pag) 0.0334 6.7 0.0215 10.7. -0.0027 y= OL 0193 
2.8 0.0360 6.8 0.0141 10.8 +0.0033 4.8 -0.0167 
2.9 0.0386 6.¢ +0.0065 10.9 0.0088 14.9 0.0139 
3.0 0.0413 7.0 -0.0013 11.0 0.0139 15.0 -0.0111 
31 0.0441 Fieal -0.0092 aed! 0.0183 15.1  -0.0084 
342 0.0469 Wee -0.0171 11.2 0.0221 15.2 0.0057 
303 0.0498 7.3 -0.0250 11.3 0.0253 15.3 -0.0031 
304 0.0527 Chel -0.0328 Ts 0.0278 15.4. -0.0007 
3.5 0.0556 7.5 -0.0404 11.5 0.0296 N65) +0.0016 
3.6 0.0586 7.6 -0.04,79 11.6 0.0307 
3.7 0.0615 7.7 -0.0551 11.7 0.0311 Note: The entries 
3.8 0.0644 7.8 -0.0619 11.8 0.0309 are correct to within 
3.9 0.0672 7.9 -0.0683 11.9 0.0300 three units in the 


fourth decimal place. 


TABLE 1A \Continued) 


+! Go(10,0,t") t! Go (10,0,t') t!  G,(10,0,t") t! G,(10,0,t") 
3.0 0.0002 8.0 0.0254 13.0 -0.0165 18.0 0.0311 
3.1 0.0003 8.1 0.0267 13.1 -0.0207 18.1 0.0315 
3.2 0.0003 8.2 0.0280 13.2 -0.0249 18.2 0.0315 
3.3 0.0004 8.3 0.0294 13.3 -0.0290 18.3 0.0311 
3.4 0.0004 8.4 0.0308 13.4 =0.0331 18.4 0.0303 
3.5 0.0005 8.5 0.0322 13.5 +-0.0371 18.5 0.0290 
3.6 0.0005 8.6 0.0335 13.6 =-0.0408 18.6 0.0274 
3.8 0.0007 8.8 0.0363 13.8  -0.0476 18.8 0.0231 
3-9 0.0008 8.9 0.0377 13.9 =-0.0506 18.9 0.0205 
4.0 0.0008 9.0 0.0391 14.0 -0.0534 19.0 0.0176 
hel 0.0010 Jel 0.040 14.1 0.0560 19.1 0.0145 
he2 0.0011 9.2 0.041 14.2 -0.0582 19.2 0.0112 
403 0.0012 9.3 0.0428 14.3 -0.0601 19.3 0.0078 
Ae4 0.0013 94 0.0439 14.4. -0.0617 19.4 0.0043 
4.5 0.0014 9.5 0.0449 14.5 <-0.0630 19.5 +0.0007 
4.6 0.0016 9.6 0.0459 14.6 -0.0639 19.6 -0,0028 
4e7 0.0018 9.7 0.0468 14.7 =-0.0644 19.7 -0.0063 
48 0.0020 9.8 0.0475 14-8 -0.0645 19.8 -0.0097 
49 0.0022 9.9 0.0482 14.9 =0.0642 19.9 -0.0129 
5.0 0.0025 10.0 0.0487 15.0 -0.0636 20.0 -0.0160 
5.1 0.0028 10.1 0.0491 15.1 0.0625 peek -0,0188 
502 0.0031 10.2 0.0494 15.2 -0.0611 20.2 -0.0214 
5.3 0.0034 10.3 0.0495 15.3 -0.0593 20.3 -0,0237 
54 0.0037 10.4 0.0494 15.4 -0.0571 20.4 -0.0257 
5.5 0.0041 10.5 0.0492 15.5 0.0546 20.5 =-0.0273 
5.6 0.0045 10.6 0.0488 15.6 -0.0518 20.6 -0.0286 
5.7 0.0049 10.7 0.0481 15.7 -0.0486 20.7. -0.0295 
5.8 0.0054 10.8 0.0473 15.8  -0.0452 20.8 -0.0299 
5.9 0.0059 10.9 0.0463 15.9 -0.0415 20.9 -0.0301 
6.0 0.0064 11.0 0.0451 16.0 -0.0376 21.0 -0.0298 
6.1 0.0069 ala leak 0.0437 16.1 -0.0335 aLeL -0.0291 
6.2 0.0075 11.2 0.0422 16.2 -0.0292 21.2 -0.0281 
6.3 0.0082 11.3 0.0404 16.3 -0.0248 21.3 -0.0267 
6.4 0.0089 11.4 0.0384 16.4 0.0204 21.4 =-0.0250 
6.5 0.0096 11.5 0.0362 16.5 0.0158 21.5 -0.0231 
6.6 0.0104 11.6 0.0338 16.6 -0.0113 21.6 -0.0209 
6.7 0.0112 11.7 0.0311 16.7 -0.0068 Pala -0.0184 
6.8 0.0120 11.8 0.0283 16.8 +-0.0024 21.8 0.0158 
6.9 0.0129 11.9 0.0253 16.9 +0.0019 21.9 -0.0130 
7.0 0.0139 12.0 0.0221 ‘17.0 0.0061 22.0 -0.0102 
Tel 0.0149 12.1 0.0187 17.1 0.0100 22.1 -0.0072 
Te2 0.0159 12.2 0.0151 Wee 0.0137 22.2 -0,0042 
7.3 0.0169 12.3 0.0114 Ves 0.0170 22.3 -0.0013 
Teh 0.0180 12.4 0.0076 17.4 0.0201 22-4 +0.0015 
1/6) 0.0192 12.5 +0.0036 17.5 0.0229 22.5 0.0042 
7.6 0.0204 12.6 -0.0003 17.6 0.0253 

7.7 0.0216 12.7 -0.0043 17.7 0.0273 Note: The entriceiems 
72S 0.0228 12.8 -0.0084 17.8 0.0290 correct to within three 
7.9 0.0241 12.9 -0.0124 17.9 0.0302 units in the fourth 


decimal plece. 
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TABLE 1A (Continued) 


G,(15,0,t') t* G_(15,0,t") +t! G(15,0,t") t* Go(15,0,t") +! Go (15,0,t') 
0.0004 12.5 0.0148 17.0 0.0226 21.5 -0.0357 26.0 -0.0073 
0.0004 12.6 0.0156 17.1 0.0208 21.6 -0.0333 26.1 -0.0099 
0.0005 12.7 0.0164 17.2 0.0189 21.7 -0.0308 26.2 -0.0124 
0.0006 1228) 0.0172 17.3 0.0169 21.8 -0.0280 26.3 -0.0148 
0.0007 12.9 0.0180 17.4 0.0148 21.9 -0.0252 26.4 0.0170 
0.0007 13.0 0.0189 17.5 0.0126 22.0 0.0222 26.5 -0.0190 
0.0008 13.1 0.0197 17.6 0.0103 22.1 -0.0192 26.6 -0.0209 
0.0009 13.2 0.0206 17.7 0.0079 22.2 -0.0160 26.7 -0.0224 
0.0010 13.3 0.0214 17.8 0.0055 22.3 -0.0128 26.8 -0.0238 
0.0011 13.4 0.0223 17.9 0.0030 22.4 -0.0096 26.9 -0.0249 
0.0012 13.5 0.0232 18.0 +0.0004 22.5 -0.0064 27.0 -0.0257 
0.0013 1356000241 18.1 -0.0023 22.6 -0.0032 27.1 -0.0263 
0.0014 13.7 0.0249 18.2 -0.0050 22.7 -0.0001 27.2 -0.0265 
0.0015 13.8 9.0258 18.3 -0.0077 22.8 +0.0030 27.3 -0.0265 
0.0017 13.9 0.0266 18.4 -0.0105 22.9 0.0060 27.4 =-0.0262 
0.0019 14.0 0.0275 18.5 -0.0132 23.0 0.0088 27.5 -0.0256 
0.0021 14.1 0.0283 18.6 -0.0160 2301 0.0115 27.6 -0.0248 
0.0022 YAO OLO201 18.7 -0.0187 D352 rOsOlzl 27.7 -0.0237 
0.0024 14.3 0.0298 18.8 -0.0214 23.3 0.0165 27.8 -0.0224 
0.0026 14.4 0.0306 18.9 -0.0240 23.4 0.0187 27.9 -0.0208 
0.0029 14.5 0.0312 19.0 0.0267 23.5 0.0207 28.0 -0.0190 
0.0031 14.6 0.0319 19.). -0.0291 23.6 0.0224 28.1 -0.0171 
0.0034 14.7 9.0325 19.2 -0.0315 23.7 0.0239 28.2 -0.0150 
0.0036 14.8 0.0331 19.3 -0.0337 23.8 0.0252 28.3 -0.0127 
0.0039 14.9 0.0335 19.4 -0.0360 23.9 0.0262 28.4 -0.0103 
0.0042 15.0 0.0340 19.5 -0.0379 24.0 0.0269 28.5 -0.0079 
0.0046 15.1 0.0343 19.6 -0.0399 24el 0.0273 28.6 -0.0054 
0.0049 15.2 0.0346 19.7 -0.0415 24e2 0.0274 28.7 0.0029 
0.0053 15.3 0.0347 19.8 -0.0431 2403 0.0272 28.8 -0.0005 
0.0056 15.4 0.0349 19.9 -0.0444 2424 0.0267 28.9 +0.0019 
0.0060 15.5 0.0349 20.0 -0.0457 2425 0.0260 29.1 0.0041 
0.0064 15.6 0.0349 20.1 -0.0466 2406 0.0250 
0.0069 15.7 0.0347 20.2 -0.0475 2407 0.0238 
0.0074 15.8 0.0346 20.3 -0.0479 2408 0.0223 
0.0079 15.9 0.0342 20.4 -0.0484 24.9 0.0206 
0.0084 16.0 0.0338 20.5 -0.0484 25.0 0.0186 Note: The entries 
0.0089 16.1 0.0332 20.6 -0.0483 25-1 0.0165 are correct to with- 
0.0095 16.2 0.0325 20.7 -0.0477 25.2 0.0142 in three units in 
0.0101 16.3 0.0316 20.8 -0.0471 2523 0.0117 the fourth decimal 
0.0107 16.4 0.0307 20.9 -0.0460 25.4 0.0091 place. 

0.0113 16.5 0.0296 21.0 -0.0448 2565 0.006, 
0.0120 16.6 0.0285 21.1 -0.0434 25.6 0.003 
0.0127 16.7 0.0272 21.2 -0.0418 25.7 +0.0008 
0.0134 16.8 0.0258 21.3 -0.0400 25.8 -0.0020 
0.0141 16.9 0.0242 21.4 -0.0379 2529 -0.0047 
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G,(25,0,t") 


0.0008 
0.0008 
0.0009 
0.0009 
0.0009 


0.0009 
0.0010 
0.0011 
0.0012 
0.0012 


0.0013 
0.0014 
0.0016 
0.0017 
0.0019 


0.0020 
0.0022 
0.0023 
0.0025 
0.0027 


0.0029 
0.0031 
0.0034 
0.0036 
0.0038 


0.0040 


0.0043 
0.0045 


0.0065 


0.0068 
0.0071 
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TABLE 1A (Continued) 


Go (25,0,t") 


0.0219 


0.0219 
0.0220 
0.0220 
0.0220 
0.0219 


0.0218 
0.0216 
0.0215 
0.0212 
0.0210 


0.0206 
0.0203 
0.0199 
0.0195 
0.0189 


0.0184 
0.0177 
0.0170 
0.0161 
0.0153 


0.0143 
0.0133 
0.0122 
0.0112 
0.0100 


co 
°° = 


RRBB RRRBR 


Go (25,0,t") 


0.0087 
0.0074 
0.0061 
0.0047 


0.0033 


0.0018 
+0.0003 
-0.0013 
-0.0028 
-0.0044 


-0.0060 
-0.0075 
-0.0091 
-0.0107 
=0.0123 


-0.0138 
-0.0153 
-0.0168 
-0.0183 
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G,(25,0,t") 


-0.0188 
-0.0170 
-0.0152 
-0.0133 
-0,0115 


-0.0095 
-0.0076 
-0.0055 
-0.0035 
-0.0015 


+0,0005 
0.0024 
0.0043 
0.0060 
0.0078 


0.0095 
0.0112 
0.0126 
0.0141 
0.0153 


0.0166 
0.0175 
0.0185 
0.0191 
0.0198 


0.0202 
0.0206 
0.0206 
0.0207 
0.0204 


0.0202 
0.0196 
0.0191 
0.0182 
0.0174 


0.0162 
0.0151 
0.0137 
0.0124 
0.0108 


0.0093 
0.0076 
0.0059 
0.0041 
0.0023 


+0.0005 
-0.0014 
-0.0031 


iors 


t' = Go (25,0, t!) 
38.0 -0.0083 
38.1 -0.0099 


38.7 -0 0177 
38.8 -0.0186 
38.9 -0.0194 
39.0 -0.0200 


39.3 -0.0207 
39.4 -0.0206 
39.5 -0.0203 
39.6 -0.0199 


40.1 -0.0154 
40.2 -0.0141 
40.3 -0.0127 
40.4 -0.0112 


She 


0.0044 
0.0059 


BEEBE 


0.0074 


Note: The entries 
are correct to within 
three units in the 
fourth decimal place. 
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G,(50,0,¢") 


0.0001 
0.0001 
0.0002 
0.0002 
0.0002 


0.0002 
0.0002 
0.0002 
0.0003 
0.0003 


0.0003 
0.0003 
0.0004 
0.0004 
0.0004 


0.0004 
0.0005 
0.0005 
0.0005 
0.0005 


0.0006 
0.0006 


0,0008 
0.0008 


0.0009 
0.0009 
0.0010 
0.0011 
0,0012 


0.0012 
0.0013 
0.0013 
0.0014 
0.0015 
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TABLE 1A (Continued) 


Gp (50,0,t') 


0.0016 
0.0016 
0.0017 
0.0018 
0.0019 


0.0020 
0,0021 
0.0022 
0.0023 
0.0024 


0.0025 
0.0026 
0.0027 
0.0028 
0.0030 


0.0031 
0.0032 
0.0033 
0.0035 
0.0036 


0.0038 
0.0039 
0.0041 
0.0042 
0.0044 


0.0046 
0.0048 
0.0049 
0.0051 


iT 


+! 


Y 
BBABS 
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Sass 


49.1 


G,(50,0,t") 


0.0073 
0.0075 
0.0077 
0.0079 
0.0082 


0.0084 
0.0086 
0.0088 
0.0090 
0.0092 


0.0094 
0.0095 
0.0097 
0.0099 
0.0101 


0.0102 
0.0104 
0.0105 
0.0107 
0.0108 


0.0110 
0.0111 
0.0112 
0.0113 
0.0114 


0.0115 
0.0116 
0.0116 
0.0117 
0.0117 


0.0117 
0.0117 
0.0117 
0.0117 
0.0117 


0.0117 
0.0116 
0.0115 
0.0114 
0.0113 


UL 


Go (50,0,t") 


0.0111 
0.0110 
0.0108 
0.0106 
0.0104 


0.0102 
0.0099 
0.0096 
0.0093 
0.0090 


0.0086 
0.0082 
0.0078 
0.0074 
0.0069 


0.0065 
0.0060 
0.0055 
0.0049 
0.0044 


0.0038 
0.0033 
0.0027 
0.0021 
0.0014 


0.0008 
+0.0001 
-0.0006 
-0.0012 
-0.0019 


-0.0026 
-0.0032 
-0.0039 
-0.0046 
-0.0053 


-0.0060 
-0.0067 
-0.0074 
-0.0081 
-0.0087 
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TABLE 1A (Continued) 


Gg (50,0,t') t! Gy (50,0,t') t! G,(50,0,t!) t! G_(50,0,t!) 
-0.0094 59.5 -0.0138 63.0 0.0126 66.5 =0,0085 
-0.0100 59.6 -0.0131 63.1 0.0128 66.6 -0.0092 
=0,0107 59.7 -0.0124 63.2 0.0129 66.7 -0.0099 
-0.0113 59.8 -0.0117 63.3 0.0129 66.8 =0.0105 
-0.0120 59.9 -0.0110 63.4 0.0130 66.9 -0.0111 
-0.0126 60.0 -0.0102 63.5 0.0129 67.0 -0.0116 
-0.0132 60.1 -0.0094 63.6 0.0128 67.1 -0.0120 
-0.0137 60.2 -0.0086 63.7 0.0126 67.2 -0.0124 
-0.0142 60.3 -0.0078 63.8 0.0124 67.3 -0.0127 
-0.0147 60.4 -0.0069 63.9 0.0121 67.4 -0.0129 
-0.0152 60.5 -0.0060 64.0 0.0117 67.5 -0.0131 
-0.0156 60.6 -0.0051 64.1 0.0113 67.6 -0,0132 
-0.0161 60.7 -0.0042 64.2 0.0108 67.7 -0.0132 
-0.0165 60.8 -0.0032 64.3 0.0102 67.8 -0.0132 
-0.0168 60.9 -0.0023 64-4 0.0096 67.9 -0.0131 
-0.0171 61.0 =-0.0013 64.5 0.0089 68.0 =0.0129 
-0.0174 61.1 -0.0004 64.6 0.0082 68.1 -0.0126 
-0.0176 61.2 +0.0005 64.7 0.0075 68.2 -0.0123 
-0.0178 61.3 0.0014 64.8 0.0067 68.3 -0.0119 
-0.0179 61.4 0.0024 64.9 0.0059 68.4 -0.0114 
-0.0180 61.5 0.0033 65.0 0.0050 68.5 -0.0109 
-0.0180 61.6 0.0041 65.1 0.0041 68.6 -0.0103 
-0.0181 6187, 0.0050 65.2 0.0032 68.7 -0.0096 
-0.0180 61.8 0.0058 65.3 0.0023 68.8 ~0.0089 
-0.0179 61.9 0.0066 65.4 +0.0013 68.9 =0,0081 
-0.0178 62.0 0.0074 65.5 0.0004 69.0 -0.0073 
-0.0176 62.1 0.0081 65.6 0.0006 69.1 -0.0065 
-0.0174 62.2 0,0088 65.7 70.0015 69.2 -0.0056 
-0.0171 62.3 0.0094 65.8  -0.0025 69.3 =0.0047 
-0.0168 62.4 0.0100 65.9 -0.0034 69.4 -0.0038 
-0.0164 62.5 0.0106 66.0 -0.0043 69.5 -0.0028 
-0.0160 62.6 0.0111 66.1 -0,0052 69.6 -0,0018 
=-0.0155 62.7 0.0115 66.2 -0.0061 69.7 =0.0009 
-0.0150 62.8 0.0119 66.3  -0.0069 69.8 +0,0001 
-0,.0144 62.9 0.0123 66.4 -0.0077 69.9 0.0011 


Note: The entries are correct to within 
three units in the fourth decimal 


place. 
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TABLE 1A (Continued) 


t! G,(500,0,¢") SL (500,0,t') t!  G,(500,9,t") t! Gs, (500,0,t') 
477.0 0.00000 482.0 0.00004 487.0 0.00014 492.0 0.00041 
47741 0.00000 482.1 0.00004 487.1 0.00015 4921 0.00041 
477e2 0.00001 482.2 0.00004 487.2 0.00015 492.2 0.00042 
47723 0.00001 482.3 0.00005 487.3 0.00015 492.3 0.00043 
477.4 0.00001 482.4 0.00005 487.4 0.00016 49204 0.00043 
477.5 0.00001 482.5 0.00005 487.5 0.00016 492.5 0.00044 
477.6 0.00001 482.6 0.00005 48766 0.00016 492.6 0.00045 
477.7 0.00001 482.7 0.00005 487.7 0.00017 492.7 0.00046 
477.8 0.00001 482.8 0.00005 487.8 0.00017 492.8 0.00046 
477.9 0.00001 482.9 0.00005 487.9 0.00018 492.9 0.00047 
478.0 0.00001 483.0 0.00006 488.0 0.00018 493.0 0.00048 
478.1 0.00001 483.1 0.00006 488,1 0.00018 49301 0.00049 
478.2 0.00001 483.2 0.00006 488.2 0.00019 49302 0.00049 
478.3 0.00001 483.3 0.00006 488.3 0.00019 49303 0.00050 
478.4 0.00001 483.4 0.00006 488.4 0.00020 493.4 0.00052 
478.5 0.00002 483.5 0.00006 488.5 0.00020 493.5 0.00052 
478.6 0.00002 483-6 0.00007 488.6 0.00021 493.6 0.00052 
478.7 0.00002 483.7 0.00007 488.7 0.00021 493.7 0.00053 
478.8 0.00002 483.8 0.00007 488.8 0.00022 493.8 0.00054 
478.9 0.00002 483.9 0.00007 488.9 0.00022 493.9 0.00055 
479.0  0,00002 484.0 0.00007 489.0 0.00023 49400  0,00056 
479.1 9.00002 484.1 0.00007 489.1 0.09023 49401 0.00057 
479.2 0.00002 484.2 0.00008 489.2 0.00024 49402 0.00058 
479.3. 0.00002 484.3 0.00008 489.3 0.00024 49403 0.00059 
479.4. 0.00002 484.4 0.00008 489.4 0.00025 49404 0.00060 
479.5 0.00002 484.5 0.00008 489.5 0.00025 49425 0.00061 
479.6 0.00002 484.6 0.00008 489.6 0.00026 494.6 0.00062 
SoU EE, 184.7 0.00008 489.7 0.00026 49407 0.00063 
479.8 0.00003 LBhe8 0.00009 489.8 0.00027 49408 0.00064 
479.9 0.00003 48409 0.00009 489.9 0.00027 49409 0.00065 
480.0 0.00003 485.0 0.00009 490.0 0.00028 495.0 0.00066 
480.1 0.00003 485.1 0.00009 490.1 0.00029 495.1 0.00067 
480.2 0.00003 18522 0.00009 490.2 0.00029 49502 0.00068 
480.3 0.00003 485.3 0.00009 490.3 0.00030 49563 0.00069 
480.4 0.00003 485.4 0.00010 490.4 0.00030 495-4 0.00070 
480.5 1.00003 485.5 0.00010 490.5 0.00031 495.5 0.00071 
480.6 0.00003 485.6 0.00010 490.6 0.00031 495.6 0.00072 
480.7 0.00003 485-7 0.00010 490.7 0.00032 495.7 0.00073 
480.8 0.00003 485.8 0.00010 490.8 0.00033 49508 0.00074 
480.9 0.00003 48529 0.00012 490.9 0.00033 495-9 0.00075 
481.0 0.00003 486.0 0.00011 491.0 0.00034 496.0 0.00076 
481.1 0.00003 486.1 0.00011 491.1 0.00035 496.1 0.00077 
481.2 0.00003 486.2 0.00011 491-2 0.00035 496.2 0.00078 
481.3 0.00003 486.3 0.00012 491.3 0.00036 496.3 0.00079 
481.4 0.00003 486.4 0.00012 491.4 0.00037 496.4 0.00080 
481.5 0.00004 486.5 0.00012 491.5 0.00037 496.5 0.00081 
481.6 0.00004 486.6 0.00013 491.6 0.00038 496.6  0,00082 
481.7 0.00004 486.7 0.00013 491.7 0.00039 496.7 0.00083 
281.8 0.00004 486.8 0.00013 491.8 0.00039 496.8 0.00084 
481.9 0.00004 486.9 0.00014 491.9 0.00040 496.9 0.00085 
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G,(500,0,t") 


0.00086 
0.00087 
0.00088 
0.00090 
0.00091 


0.00092 
0.00093 
0.00094, 
0.00095 
0.00096 


0.00097 
0.00098 
0.00099 
0.00100 
0.00101 


0.00102 
0.00103 
0.00104 
0.00105 
0.00106 


0.00107 
0.00108 
0.00108 
0.00109 
0.00110 


0.00111 
0.00112 
0.00112 
0.00113 
0.00114 


0.00115 
0.00115 
0.00116 
0.00117 
0.00118 


0.00118 
0.00119 
0.00120 
0.00120 
0.00121 


0.00121 
Q.00122 
0.00122 
0.00123 
0.00123 


0.00124 
0.00124 
0.00125 
0.00125 
0.00125 


t! 


502.0 
502.1 
502.2 
502.3 
502.4 


502.5 
502.6 
502.7 
502.8 
502.9 


503.0 
503.1 
50322 
503.3 
503.4 


50365 
503.6 
503.7 
503.8 
503.9 


504.0 
504.1 
50402 
504.2 
504.4 


50405 
504.6 
504.7 
504.8 
50409 


505.0 
505-1 
505.2 
505.3 
505.4 


505.5 
505-6 
505.7 
505.8 
505.9 


506.0 
506.1 
506.2 
506.3 
506.4 


506.5 
506.6 
506.7 
506.8 
506.9 


TABLE 1A (Continued) 


G (500,0,t') 


0.00126 
0.00126 
0.00126 
0.00126 
0.00127 


0.00127 
0.00127 
0.00127 
0.00127 
0.00127 


0.00127 
0.00127 
0.00128 
0.00128 
0.00128 


0.00127 
0.00127 
0.00127 
0.00127 
0.00127 


0.00126 
0.00126 
0.00126 
0.00125 
0.00125 


0.00124 
0.00123 
0.00123 
0.00122 
0.00121 


0.00120 
0.00119 
0.00118 
0.00117 
0.00116 


0.00114 
0.00113 
0.00112 
0.00110 
0.00109 


0.00107 
0.00106 
0.00104 
0.00102 
0.00101 


0.00099 
0.00097 
0.00095 
0.00093 
0.00091 


t! G,(500,0,¢! 
507.0 0.00089 
507.1 0.00087 
507.2 0.00085 
507.3 0.00083 
507.4 0.00081 
507.5 0.00078 
507.6 0.00076 
507.7 0.00074 
507.8 0.00072 
507.9 0.00069 
508.0 0.00067 
508.1 0.00064 
508.2 0.00062 
508.3 0.00059 
508.4 0.00056 
508.5 0.00053 
508.6 0.00051 
508.7 0.00048 
508.8 0.00045 
508.9 0.00042 
509.0 0.00039 
509.1 e 6 
509.2 0.00033 
509.3 0.00029 
509.4 0.00026 
509.5 0.00023 
509.6 0.00020 
509.7 0.00017 
509.8 0.00014 
509.9 0.00011 
510.0 0.00007 
510.1 +0.00003 
510.2 -0.00001 
510.3 -0.00004 
510.4 -0.00008 
510.5 =-0.00012 
510.6 =-0.00016 
510.7 -0.00020 
510.8 -0.00023 
510.9 0.00027 
511.0 -0.00031 
511.1 -0.00035 
511.2 -0.00038 
511.3 -0.00042 
511.4 -0.00046 
511.5 -0.00050 
511.6 -0,00054 
511.7 -0.00057 
511.8 -0.00061 
511.9 -0.00065 


G. (500,0,t!) 


— —- 2 


-0.00069 
-0.00073 
-0.00077 
-0.00081 
-0.00084 


-0.00088 
-0.00092 
-0.00095 
-0.00099 
-0.00103 


-0.00107 


-0,00121 


-0.00125 
-0.00128 
-0.00132 
-0.00135 
-0.00139 


-0.00142 
-0.00145 
-0.00149 
-0.00152 
-0.00155 


-0.00158 
-0.00161 
-0.00164 
-0.00167 
-0.00170 


-0.00173 
-0.00176 
-0.00178 
-0.00181 
-0.00184 


-0.00186 
-0.00188 
-0.00191 
-0.00193 
-0.00195 


-0.00197 
-0.00199 
-0.00200 
-0.00202 
-0.00203 


-0.00205 
=0.00206 
-0.00206 
-0.00207 
-0.00208 
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TABLE 1A (Continued) 


t' Go (500,0,¢") t! Go (500,0,¢") t' —Go(500,0,t") t' _G,(500,0,¢") 
517.0 <-0.00209 521.0 -0.00133 525.0 0.00082 529.0 0.00170 
517.1 <-0.00209 521.1 -0.00129 525.1 0.00087 529.1 0.00169 
517.2 <-0.00210 521.2 -0.00124 525.2 0.00092 529.2 0.00167 
517.3 -0.00211 521.3 -0.00120 525.3 0.00097 529.3 0.00165 
517.4 -0.00211 521.4 -0.00115 525-4 0.00102 5294, 0.00162 
517.5 -0.00211 521.5 -0.00110 525.5 0.00107 529.5 0.00160 
517.6 -0.00211 521.6  =0.00105 525.6 0.00112 529.6 0.00157 
517.7  -0.00211 521.7 -0.00100 525.7 0.00117 529.7 0.00154 
517.8 -0.00210 521.8 -0.00095 525.8 0.00121 529.8 0.00151 
517.9 <-0.00210 521.9 <=0.00090 525.9 0.00126 529.9 0.00148 
518.0 -0.00209 522.0 =-0.00084 526.0 0.00130 530.0 0.00145 
518.1 -0.00209 522.1 -0.00079 526.1 0.00134 530.1 0.00141 
518.2 -0.00208 522.2 -0.00073 526.2 0.00137 530.2 0.00137 
518.3 -0.00207 522.3 -0.00068 526.3 0.00141 530.3 0.00134 
518.4 -0.00206 522.4  -0.00062 526.4 0.00145 530.4 0.00130 
518.5  -0.00205 522.5  -0.00057 526.5 0.00148 530.5 0.00125 
518.6 -0.00204 522.6 -0.00052 526.6 0.00151 530.6 0.00121 
518.7 -0.00202 522.7 -0.00046 526.7 0.00154 530.7 0.00116 
518.8 -0.00201 52228 -0.00041 526.8 0.00157 530.8 0.00112 
518.9  -0.00199 522.9 -0.00035 526.9 0.00160 530.9 0.00107 
519.0 -0.00197 523.0 -0.00030 527.0 0.00362 531.0 0.00102 
519.1 -0.00195 523.1 -0.00024 527.1 0.00165 531.1 0.00097 
519.2 -0.00193 523.2  -0.00018 52742 0.00167 531.2 0.00092 
519.3 -0.00191 523.3  -0.00012 52723 0.00169 531.3 0.00086 
519.4 -0.00189 523.4 -0.00007 527.4 0.00171 531.4 0.00081 
519.5  -0.00186 523.5  -0.00001 52765 0.00172 531.5 0.00075 
519.6 -0.00183 527.6 +0.00005 52746 0.00173 531.6 0.00069 
519.7 -0.00181 523.7 0.00011 527.7 0.00174 531.7 0.00063 
519.8 -0.00178 523.8 0.00016 527-8 0.00175 531.8 0.00057 
519.9 -0.00175 523.9 0.00022 527.9 0.00176 531.9 0.00051 
520.0 -0,00171 52420 0.00028 528.0 0.00176 532.0 0.00045 
520.1 -0.00168 524.1 0.00033 528.1 0.00177 532.1 0.00038 
520.2 -0.00165 52h 02 0.00039 528.2 0.00177 532.2 0.00032 
520.3 -0.00161 52403 0.00045 528.3 0.00177 532.3 0.00026 
520.4 -0.00158 52heh 0.00050 -28.4 0.00176 532.4 0.00019 
520.5 -0.00154 52465 0.00056 528.5 0.00176 532.5 0.00013 
520. -0.0015 524.6 0.00061 528. 0.00175 

520.7 -0.00146 oe 0.00066 528.7 0.00174 Note: The entries 
520.8 -0.00142 524.8 0.00071 528.8 0.00173 Bre com peusve: Waauan 


2 three units in the 
520.9 0.00138 524.9 0.00077 528.9 0.00172 fifth decimal place. 


IS 
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TABLE 1B 

t! G,(5,1,t") +! Go(5,1,t") t! Go(5,1,t') t! G(5,1,t") 
0.0 0.0005 4.0 0.07 8.0 -0.1088 12.0 0.0997 
0.1 0.0006 Bau 0.075 8.1 -0.1200 12.1 0.0908 
0.2 0.0006 he2 0.0798 8.2 -0.1305 12.2 0.0800 
0.3 0.0007 403 0.0840 8.3 -0.1400 Teds 0.0678 
0.4 0.0008 hel 0.0880 8.4 -0.1483 2.4 0.0542 
0.5 0.0010 i) 0.0919 8.5 -0.1555 12. 0.0 

0.6 0.0012 4.6 0.0956 8.6 011083 wore oon 
0.7 0.0014 fie] 0.0991 8.7 -0.1658 12.7 +0.0084 
0.8 0.0017 48 0.1023 8.8 -0.1686 12.8  -0.0075 
0.9 0.0021 4e9 0.1052 8.9 -0.1699 12.9 -0,0234 
1.0 0.0025 5.0 0.1077 9.0 -0.1696 13.0 0.0387 
algal 0.0030 5el 0.1098 9.1 -J.1676 13.1 70.0532 
2 0.0035 ioe 0.1114 9.2 -0.1638 1302 -0.0667 
13 0.0042 5.3 0.1125 9.3 -0.1584 13.3  -0.0788 
Vey 0.0049 5 el, 0.1130 9.4 -0.1514 13.4 0.0892 
1.5 0.0057 5.5 0.1129 9.5 -0.1427 13.5 -0.0978 
1.6 0.0066 5.6 0.1121 9.6 -0.1325 13.6  -0.1044 
1.7 0.0076 5.7 0.1106 9.7 -0.1208 13.7 =-0.1088 
1.8 0.0087 5.8 0.1084 9.8 -0.1079 13.8  -0.1109 
1.9 0.0100 5.9 0.1054 9.9 -0.0939 13.9 -0.1108 
2.0 0.0113 6.0 0.1016 10.0 -0.0789 14.0 0.1083 
zeal 0.0128 6.1 0.0970 10.1 -0.0631 14.1 -0.1036 
Den 0.0145 6.2 0.0915 10.2 -0.0467 14.2 -0.0968 
23 0.0163 6.3 0.0852 10.3 -0.0300 14.3 -0.0880 
204 0.0182 6.4 0.0780 10.4 -0.0131 14.4 0.0775 
2.5 0.0204 6.5 0.0700 10.5 +0.0037 405 = -0.0655 
2.6 0.0227 6.6 0.0613 10.6 0.0201 4.6 -0.0522 
ON 0.0251 6.7 0.0518 10.7 0.0358 14.7 -0.0381 
2.8 0.0278 6.8 0.0415 10.8 0.0508 14.8  -0.0234 
2.9 0.0306 6.9 0.0305 10.9 0.0646 14.9 -0.0086 
3.0 0.0336 7.0 0.0189 11.0 0.0772 15.0  +0.0062 
Beil 0.0368 cal +0.0068 aiatea! 0.0883 15.1 0.0204 
3.2 0.0401 oP -0,0058 1.2 0.0976 15.2 0.0337 
353 0.0436 es -0.0186 11.3 0.1052 15.3 0.0458 
Solh 0.0472 ele -0.0318 11164 0.1107 15.4 0.0566 
3.5 0.0510 7.5 -0.0450 11.5 0.1143 Note: The entries 
3.6 0.0549 7.6 -0.0583 11.6 0.1156 are correct to within 
3.7 0.0589 aT -0.0714 11.7 0.1148 three units in the 
3.8 0.0630 7.8 -0.0843 11.8 0.1119 fourth decimal place. 
3.9 0.0672 7.9 -0.0968 11.9 0.1068 
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TABLE 1B (Continued) 


t! G,@0,1,t") +8 Go(o,1,t') +t! Go(10,1,t') t' GQ(10,1,t') +" Go(10,1,t") 
2.5 0.0000 7.0 0.0112 11.5 0.0504 16.0 -0.0560 20.5 -0.0646 
2.6 0.0000 alee OLOT2T 11.6 0.0480 16.1 -0.0493 20.6 -0.0678 
2.7 0.0001 72 OL013T INST OLOL59 1622 -0.0423 20.7  =0.0700 
2.8 0.0001 7.3 0.0142 11.8 0.0422 16.3 -0.0349 20.8 -0.0713 
29 0.0001 74 0.0153 11.9 0.0389 16.4 -0.0273 20.9 0.0715 
3.0 0.0001 7.5 0.0164 12.0 0.0 16.5  -0.0195 21.0 0.0708 
3.1 0.0001 16) OLOL77 12.1 Mae 16.6 -0.0116 21.1 -0.0690 
302 0.0001 7.7 0.0189 12.2 0.0272 16.7 -0.0037 21.2 -0.0663 
3-3 0.0002 7.8 0.0203 1234, 5 010227. 16.8  +0.0042 21.3 -0.0627 
34 0.0002 79) 1050217 12.4 0.0180 16.9 0.0120 21.4 -0,0581 
3.5 0.0002 8.0 0.0231 125i OLOla) 17.0 0.0196 21.5 -0.0528 
3-6 0.0003 8.1 0.0246 12.6 0.0079 17.1 0.0269 21.6 -0.0466 
3-7 0.0003 8.2 0.0261 12.7  +0.0026 17.2. 0.0339 21.7 -0.0399 
3-8 0.0003 8.3 0.0277 12.8  -0.0030 I7e3, 9 O,0L0), 21.8 -0.0325 
369 0.0004 8.4 0.0293 12.9  -0.0086 7h OLOLGL 21.9 0.0248 
4.0 0,0004 8.5 0.0310 13.0 =0.0: 17.5 0.0519 22.0 -0.0167 
4el 0.0005 8.6 0.0327 ils)-a “0.0263 17.6 0.0567 22.1 -0.0084 
4e2 0.0006 8.7 0.0344 13.2 -0.0262 17.7 0.0608 22.2 -0.0001 
h4e3 (0.0007 8.8 0.0361 13.3 70-0321 17.8 0.0642 22.3 +0.0082 
44 00007 8.9 0.0379 13.4 -0.0379 17.9 0.0667 22.4 0.0162 
4-5 0.0008 9.0 0.0396 13.5 -0.0437 18.0 0.0685 22.5 0.0239 
466 0.0010 9.1 0.0414 13.6 -0.0494 18.1 0.0694 22.6 0.0312 
4.7 0.0011 92 0.0431 1337) “=0L0549 18.2 0.0694 22.7 0.0378 
4-8 0.0012 9.3 0.0448 13.8  -0.0602 18.3 0.0686 22.8 0.0438 
409 0.0014 904 = 0.0465 13.9 0.0653 18.4 0.0669 226.9 0.0489 
500 = 0.0015 9.5 0.0482 14.0 -0.0700 18.5 0.0643 23.0 0.0532 
561 0.0017 9.6 0.0497 Wasik Oop 18.6 0.0609 

502 0.0020 9.7 0.0512 4.2 -0.0785 18.7 0.0567 

5.3 0.0022 9.8 0.0527 14.3» =0.0821 18.8 0.0518 

54 0.0024 9.9 0.0540 14.4 -0.0853 18.9 0.0462 

5.5 0.0027 10.0 0.0552 4.5 =0.0879 19.0 0.0399 Note: The entries 
5.6 0.0030 10.1 0.0563 U4.6 = -0.0901 19.1 0.0331 are correct to within 
5.7 0.0034 10.2 0.0572 4.7 -0.0916 19.2 0.0259 three units in the 
5.8 0.0037 10.3 0.0580 4.8 70.0926 19.3. 0.0182 fourth decimal place. 
5.9 0.0041 10.4 0.0586 14.9 00930 19.4 0.0103 

6.0 0.0046 10.5 0.0591 15.0 0.0928 19.5 +0.0022 

6.1 0.0050 10.6 0.0593 15.1  -0.0919 19.6  -0.0059 

6.2 0.0055 10.7 0.0593 15.2 70.0903 19.7 -0.0140 

6.3 0.0061 10.8 0.0591 15.3 70.0882 19.8  -0.0220 

6.4 0.0067 10.9 0.0587 15.4 70.0853 19.9 -0.0297 

6.5 0.0073 11.0 0.0580 15.5 -0.0819 20.0 0.0370 

6.6 0.0080 11.1 0.0570 15.6 -0.0778 20.1 -0.0439 

6.7. 0.0087 11.2 0.0558 15.7 -0.0732 20.2 -0.0501 

6.8 0.0095 11.3. 0.0543 15.8  -0.0680 20.3. -0.0557 

6.9 0.0103 11.4 0.0525 15.9 70.0622 20.4 -0,0606 
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TABLE 1B (Continued) 


Go(15,1,¢") t! Go(15,1,t') t#  Go(15,1,t') t! _ Go(15,1,t") t'  Go(15,1,t!) 


| 


0.0003 12.5 0.0135 17.0 0.0304 21.5 -0.0498 26.0 -0.0128 
0.0003 12.6 0.0143 aol 0.0286 21.6 =-0.0465 26.1 -0.0179 
0.0004 12.7 0.0151 17.2 0.0266 21.7 ~-0.0429 26.2 -0.0228 
0.0004 12.8 0.0160 17.3 0.0244 21.8  -0.0390 26.3 -0.0274 
0.0004 12.9 0.0169 V7ey. 05022 21.9 -0.0349 26.4 -0.0318 
00005 13.0 0.0178 17.5 0.0196 22.0 -0.0305 26.5  -0.0359 
0.0005 13.1 0,0187 17.6 0.0169 22.1 -0.0260 26.6 -0.0396 
0.0006 13.2 0.0197 T7237) Os012 22.2 -0.0213 26.7 -0.0429 
0.0007 13.3 0.0207 17.8 0.0113 2203 0.0165 26.8 -0.0457 
0.0007 13-4 0.0217 17.9 0.0082 2264 =0.0116 26.9  -0.0480 
0.0008 13.5 0.0227 18.0 0.0051 22.5 -0.0066 27.0 -0.0498 
0.0009 13.6 0.0237 18.1 +0.0018 22.6 0.0016 27.1 -0.0511 
0.0010 13.7 0.0247 18.2 0.0016 22.7 +0.0033 27.2 0.0518 
0.0011 13.8 0.0258 18.3 -0.0050 22.8 0.0082 27.3 -0.0519 
0.0012 13.9 0.0268 18.4 =-0.0085 22.9 0.0130 27.4 =-0.0514 
0.0013 14.0 0.0279 18.5 -0.0121 23.0 0.0177 2765 -0.050 

0.0015 l4el 0.0289 18.6 -0.0157 2351) 080222 27.6 "0.0789 
0.0016 14.2 0.0299 187 -0.0193 23.2 0.0264 27.7 70.0465 
0.0018 Ue3 0.0309 18.8  -0.0229 2323 0.0304 27.8  -0.0438 
0.0019 14-4 0.0319 16.9 -0.0265 23.4 0.0342 27.9 -0.0406 
0.0021 14-5 0.0329 19.0 0.0300 23.5 0.0375 28.0 0.036 

0.0023 4-6 0.0338 19.1 ~-0.0335 23.6 0.0106 28.1 010328 
0.0025 U.7 0.0347 19.2 -0.0369 2327 0.0432 28.2 -0.0284 
0.0028 14.8 0,0356 19.3 -0.0402 23.8 0.0454 28.3 -0.0236 
0.0030 409 0,0364 19.4  -0.0434 2309 = 0.0472 28.4,  -0.0185 
0.0033 15.0 0.0372 19.5 -0.0464 24.0 0.0485 28.5 -0.0132 
0.0035 15.1 0.0379 19.6 -0.0493 2a] | 1050493 28.6 -0,0078 
0.0038 15.2 0.0385 19,7 -0.0520 2he2 0.0497 28.7 -0.0024 
0,0042 15.3 0.0390 19.8 -0.0544 2he3 «00495 28.8 +0.0031 
0.0045 15.4 0.0395 19,9 -0.0567 24.4 0.0489 28.9 0.0085 
0.0049 1505 0.0399 20.0 -0.0587 hed) 10,0477 29.0 0.0137 
0.0053 15.6 0.0402 20,1 -0.0604 24.6 0.0461 29.1 0.0188 
0.0057 15.7 0.0403 20.2 -0.0618 2407 0.0440 29.2 0.0235 
0.0061 15.8 0.0404 20.3 -0.0629 24.8 0.0414 2903 0.0279 
0.0066 15.9 0.0404 20.4 -0.0637 24.9 0.0384 29.4 0.0319 
0.0071 16.0 0.0402 20.5 -0.0642 25.0 0.0350 29.5 0.0355 
0.0076 16.1 0.0399 20.6 =0.0643 25.1 0.0313 29.6 0.038 

0.0081 16.2 0.0394 20.7 -0.0641 25.2 0.0271 29.7. 0.0411 
0.0087 16.3 0.0388 20.8 -0.0636 25.3 0.0227 29.8 0.0430 
0.0093 16.4 0.0381 20,9 -0.0627 25.4 0.0180 29.9 0.0443 
0.0099 16.5 0.0372 21.0 -0.0614 25.5 0.0131 30.0 0.0450 
0.0106 16. 0.0362 21.1 -0.0598 25.6 0.0080 30.1 0.0450 
0.0113 16.7 0.0350 21.2 -0.0578 2527 +0.0028 30.2 0.0444 
0.0120 16.8 0.0336 21.3 -0.0554 25.8 0.0024 30.3 0.0432 
0.0127 16.9 0.032L 21.4 -0.0528 25.9 -0.0076 30.2, OLOg 


Note: The entries 
are correct to within 
three units in the 
fourth decimal place. 
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JABLE 1B (Gontinued) 


t!  G,(25,1,t') t!  G(25,1,t") t'  _Go(25,1,t") +! Go(25,1,t') +t*  Go(25,1,t") 
18.0 0.0006 23.0 0.0124 28.0 0.0118 33.0 -0.0239 38.0  -0.0127 
18.1 0.0006 23.1 0.0129 28.1 0.0104 33.1 -0.0217 38.1 -0.0155 
18.2 0.0007 23.2 0.0134 28.2 0.0090 33.2 -0.0193 38.2 0.0181 
18.3 0.0007 23.3 0.0140 28.3 0.0074 33.3 -0.0169 38.3 -0.0205 
18.4 0.0008 23-4 0.0145 28.4 0.0059 33-4 -O0.0144 38.4 -0.0228 
18.5 0.0008 23.5 0.0150 28.5 0.00 f5S ke 8.5  -0.0 
18.6 0.0009 23.6 0.0156 28.6 020086 eae ah bout ae Br incee 
18.7 0.0010 23.7 0.0161 28.7 +0,0008 33.7  -0.0065 38.7  -0.0286 
18.8 0.0011 23-8 0.0166 28,8 = -0-0010 33.8 © -0.0038 = 38.8 + -0,0301 
18.9 0.0011 23.9 0.0172 28.9 -0.0028 33.9  -0.0010 38.9  -0.0313 
19.0 0.0012 24.0 0.0177 29.0 -0.0046 34.0 + 49 io}. 
19.1 0.0013 24-1 0.0182 29eL -0.0065 34.1 90,0044 Som 070330 
19.2 0.0014 2402 0.0188 2922 0.0084 34.2 0.0070 39.2  -0.0335 
19.3 0.0015 24.3 0.0193 29.3 -0,0103 34,3 0.0096 39.3 -0.0336 
1964 0.0016 2404 0.0198 29.4. “=0.0322 34.4 0, 0121 39.4  -0.0335 
19.5 0.0018 24.5 0.0203 29.5 <=0.0141 34.5 0.0146 8965 9-020 
19.6 0.0019 24.6 0.0208 29.6 -0.016. 34.6 0.0169 39.6 een 
19.7 0.0020 2467 0.0212 29.7 -0.0180 34,7 = -0,0191 39.7  -0.0315 
19.8 0.0022 2428 0.0217 29.8 -0.0198 34.8 0.0212 39.8  -0.0302 
19.9 0.0023 2409 0.0221 29.9 -0.0217 34.9 0.0231 39.9 -0.0287 
20.0 0.0025 25.0 0.0225 30.0 -0.0235 35.9 0.0249 0.0 - 

20.1 0.0026 25.1 0.0229 30.1 -0.0252 35.1 0.0265 ion coe 
20.2 0.0028 25.2 0.0233 30.2 -0.0269 35.2 0.0279 40.2 -0.0228 
20.3 0.0030 2503 0.0236 30.3 0.0285 35.3 0.0291 40.3 -0.0204 
20.4 0.0032 25.4 0.0239 30.4 -0.0301 35.4 0.0301 40.4  -0.0178 
20.5 0.0034 2505 0.0241 30.5 0.0316 35.5 0.0309 40.5  -0.0151 
20.6 0.0036 2526 0.0243 30.6 -0.0329 35.6 0.0314 40.6 -0,0122 
20.7 0.0038 25.7 0.0245 30.7 -0.0342 35.7 0.0317 40.7  -0,0092 
20.8 0.0041 25.8 0.0246 30.8 -0.0354 35.8 0.0318 40.8 -0,0062 
20.9 0.0043 2509 0.0247 30.9 -0.0364 35.9 0.0317 40.9 -0,0032 
21.0 0.0046 26.0 0.0247 31.0 -0.0374 36.0 0.0313 41.0 -0.0000 
21.1 0.0049 26.1 0.0247 31.1  -0.0382 36.1 0.0307 41.1  +0.0031 
21.2 0.0052 26.2 0.0246 31.2 -0.0388 36.2 0.0298 41.2 0.0061 
21.3 0.0054 26.3 0.0245 31.3 -0.0394 36.3 0.0287 41.3 0.0091 
21.4 0.0058 26.4 0.0243 31.4 -0.0397 36.4 0.0274 Leh 910.0120 
21.5 0.0061 26.5 0.0241 31.5  -0.0399 36.5 0.0259 25) 0-0 
21.6 0.0064 26.6 0.0237 31.6  -0.0400 36.6 0:0042 iit OLort, 
21.7 0.0068 26.7 0.0233 31.7  -0.0399 36.7 0.0222 41.7 0.0198 
21.8 0.0071 26.8 0.0229 31.8 -0.0396 36.8 0.0201 41.8 0.0220 
21.9 040075 26.9 0.0224 31.9  -0.0392 36.9 0.0178 41.9 0.0239 
22.0 0.0079 27.0 0.0218 32.0 -0.0386 37.0 0.0154 42.0 0.0256 
22.1 0.0083 27.1 0.0211 cpl -0.0378 37.1 0.0129 42.1 0.0271 
22.2 0.0087 27.2 0.0204 32.2 -0.0369 37.2 0.0102 2° ee OLO252 
2203 0.0091 27.3 0.0196 32.3 -0.0358 Sy /es 0.0074 POE 0.0291 
22-4 0,0096 274 0.0187 32.4 -0.0346 Bie 0.0046 TD: 0.0296 
22.5 0.0100 27.5 0.0177 32.5 0.0331 37.5  +0,0017 42.5 0.0299 
22.6 0.0105 27.6 0.0167 32.6  -0.0316 37.6 -0.0012 42.6 0.0298 
22.7 9.0109 27.7 0.0156 32.7 0.0299 37.7 0.0042 42.7 0.029% 
22.8 0.0114 27.8 0.0144 32.8  -0.0280 37.8 -0.0071 42.8 0.0286 
22.9 0.0119 27-9 0.0131 32.9 -0.0260 37.9 ~-0.0099 42.9 0.0276 


Note: The entries are correct to within three units 
in the fourth decimal place. 
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TABLE 1B (Continued) 


G,(50,1,t") t! -G,(50,1,¢") +! G,(50,1,t') 
0.0008 48.0 0.0073 53.0 0.0097 
0.0009 48.1 0.0075 53.1 0.0094 
0.0009 48.2 0.0077 53.2 0.0090 
0.0010 48.3 0.0079 53.3 0.0085 
0.0011 48.4 0.0081 5304 0.0081 
0.0011 48.5 0.0083 53.5 0.0076 
0.0012 148.6 0.0085 53,6 0.0071 
0.0012 48.7 0.0088 53.7 0,0066 
0.0013 48.8 0.0090 53.8 0.0060 
0.0014 48.9 0.0092 53.9 0.0055 
0.0014 49.0 0.0094 54.0 0.0049 
0.0015 49.1 0.0096 Shel, (OF00L3 
0.0016 4902 0.0098 54e2 0.0036 
9.0017 4903 0.0100 54.3 0.0030 
0.0018 4904 0.0102 54.4 0.0023 
0.0018 4905 0.0104 5425 0.0016 
0.0019 496 0.0106 5406 0.0009 
9.0020 49.7 0.0108 5407  +0.0002 
0.0021 49.8 0.0110 5408  -0,0006 
0,0022 49.9 0.0112 549 -0,001? 
0.0023 50.0 0.0114 55.0 -J,0021 
0.0024 50.1 0.0115 55.1 -0.0028 
0.0025 50.2 0.0117 £5,2 -0.0036 
0.0027 50.3 0.0218 55.3 -0.0044 
0.0028 50.4 0.0120 55.4 0.0052 
0,0029 50.5 0.0121 55.5 -=0.0060 
0.0030 50.6 0.0122 55.6 -0.0068 
0.0032 50.7 0.0123 55.7  -0.0076 
0.0033 50.8 0.0124 55.8 -0,0084 
0.0034 50.9 0.0125 55.9 -0.0092 
0.0036 51.0 0.0125 56.0  -0.0100 
0.0037 5l1el 0.0126 56.1 -0.0108 
0.0039 51.2 0.0126 56.2 -0.0115 
0.0040 51.3 0.0126 56.3 -0,0123 
0.0042 51.4 0.0126 56.4 <-0.0130 
0.0044 51.5 0.0126 56.5  -0,0137 
0.0045 51.6 0.0125 56.6 -0.0144 
0.0047 51.7 0.0125 56.7 -0.0151 
0.0049 51.8 0.0124 56.8  -0.0157 
0.0051 51.9 0.0123 56.9 0.0163 
0.0052 52nOl Ny NOZON22 57.0 ~-0.0169 
0.0054 52.1 0.0120 57.1 -0.0174 
0.0055 5Oe2e BOLOIIG 57.2  -0.0179 
0.0058 5263) 0.0117 57.3 -0.0184 
0.0060 52.4 0.0115 57.4 0.0189 
0.0062 5225 0.0113 57.5 -0.0192 
0,0064 52.6 0.0110 57.6 0.0196 
0.0066 52.7 0.0107 57,7  -0.0199 
0.0068 52.8 0.0104 57.8  -0.0202 
0.0070 52.9 0.0101 57.9 =-0.0204 
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TABLE 1B (Continued) 


Go (50,1,t!') t! G,(50,1,t') t! G4 (50,1,t") 
-0.0205 62.0 0.0095 66.0 -0.0054 
-0.0206 62.1 0.0105 66.1 -0.0067 
-0.0207 6222 ee OsOlly, 66.2  -0.0079 
-0.0207 62.3 0.0122 66,3 -0.0090 
-0.0206 62.4 0.0130 66.4 -0.0101 
-0.0205 62.5 0.0137 6655, =0.0112 
a eipses 62.6 0.0143 66.6 -0.0122 
ae 62.7 0.0149 66.7 =0.0132 

D 62.8 0.0154 66.8  -0,0140 
0.9195 62.9 0.0159 66.9 -0,0149 
-0.0191 63.0 0.0162 67.0 -0.0156 
-0.0186 63.1 0.0165 67.1 naan 
-0.0181 63.2 0.0167 67.2 -0.0168 
-0.0176 63.3 0.0169 67.3 -0.0172 
-0.0169 63.4 0.0169 67.4  -0.0176 
-0.0163 63.5 0.0169 67.5  -0.0179 
-0.0155 63.6 0.0168 67.6  -0.0180 
-0.0148 63.7 0.0166 67.7 -0,0181 
-0.0139 63.8 0.0163 67.8  -0.0181 
-0.0131 63.9 0.0159 67.9  -0,0179 
-0.0122 64.0 0.0154 68.0 -0.0177 
-0.0112 64.1 0.0149 68.1 -0.0173 
-0.0102 64-2 0.0143 68.2 -0.0169 
-0.0092 64.3 0.0136 68.3 -0.0163 
-0,0082 6404 0.0129 68.4 =-0.0157 
-0.0071 64.5 0.0120 68.5  -0.0150 
-0.0060 64.6 0.0111 68.6 -0.0141 
-0,0049 64.7 0.0102 68.7 -0.0132 
-0.0037 64.8 0.0092 68.8  -0.0122 
-0.0026 6409 0.0081 68.9 0.0112 
-0,0014 65.0 0.0070 69.0 -0.0101 
-0.0002 65.1 0.0058 69.1  -0.0089 
+0.0009 65.2 0.0046 69.2 -0.0076 

0.0021 65.3 0.0034 69.3. 0.0064 
0.0032 65.4 0.0022 69.4 70.0051 
0 . 0043 65 ° 5 +0 . 0009 69 e 5 -0, 0037 
0.0054 65.6 -0.0004 69.6 0.0023 
0.9065 65.7  -0,0016 69.7  -0.0010 
0.0076 65.8  -0.0029 69.8  +0.0004 
0.0086 65.9 -0.0042 69.9 0.0018 


Note: The entries are 
correct to within three 
units in the fourth 
decimal place. 
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aa', by", bo'. It is to be noted from Graph 4 that the maximun of the first positive phase 
occurs approximately at a time when a so-called shallow wave will arrive, i.e., G s he’ 
It is also noteworthy that the maxima, minima, and zeros of corresponding phases of 
Gulag nian, £5 Gy ( nh’, 0,8), and G ( Ors t) all have about the same values 
of Ge » Wherever computed. (This fact seems to hold aiso for SG, Taal CR" (4) 5 rao) ,Where 
01S TSH) = 

In order to evaluate a Ge , it is necessary to know the period of the gas globe. 

) 

The first period T can be obtained approximately from the following expression 3) for a 
spherical globe in an incompressible, inviscid liquid bounded by a rigid sea bed parallel 


to the free surface, and subject to atmospheric pressure ( fA, in units of length): 


a’? 


3 0./89L Fx) 
e 21405 Li ( ? 
24 (Athg | A fe 
where F(X) is a kmowm function of X 
and paciilegraryas oy 
REV 


also Es 4104 rky’ 

where £ is the amount of residual energy in the gas and the liquid after the shock wave 
has passed. If E is assumed to be 50% of the adiabatic, constant-volume heat of explosion, 
which has been computed 4) to be 1060 cal/g for TNT, then IhA can be expressed as follows 


in terms of the charge weight W » where W is given in pounds and h, in feet. 


3 
m N/a 


Some values of is of practical interest are given in Table 2. 


Table 2 
\wan) 
a(ftt 00 1200 2100 6600 
L 1S a (Gj 
25 2he 21 es 
30 23.55 --- --- === 
35 22.96 36.45 --- --- 
40 22.43 35.60 --- --- 
45 21.94 34.282 41.% --- 
50 21.49 Biel! 41.10 --- 
55 21.07 33.45 40.31 59.04 
60 20.68 2.84 39.57 57.9 
70 19.99 ney 7 38.25 56.02 
80 19.39 30.77 37.08 54.32 
90 18.84 29.92 36.05 52.81 
100 18.36 29.15 35.12 51.45 
110 17.92 28.45 34,228 50.22 
120 17.52 27.82 33,52 49.10 
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The expression (6) for the first period of the globe is invalid when the distance of the 
center of the globe from a bounding surface is less than 1.2 L « Nevertheless, in the 
absence of any other information the value of the first period for 2.2 1.2 Nf will be used 
heuristically for Z. <2) Dil) es Onithix baste ant ie tinvel been computed for 
various charge weights of TNT over a range of depths; these values are given in Table 3. 
The function Ge hd’; Oo; t’) can be readily obtained from the master function 

G1 hk’, 0, '); its characteristic properties for different values of ’ are 


fos 


f 
represented for = 0.1 and 1.1 on the various graphs, viz., 2, 3, 4e 


Table 3 
w(1b) 
Ie} 00 00 6600 
TF Te f Ts UF Ts Ts ap” 

25 0.8741 0.9920 

30 0.8575 0.8883 --- --- --- 

35 0.8330 0.7990 1.192 1.143 oD = 

40 0.8065 0.7236 1.170 1.050. 

45 0.7790 0.6590 1.143 0.9666 1.319 1.116 --- 

50 0.7522 0.6037 1.112 0.8926 1.292 1.037 one 

55 0 7262 0.5557 1.081 0.8269 1.259 0.9632 --- --- 

60 0.7018 0.5141 1.050 0.7694 1.226 0.8984 1653) leek 

70 0.6571 0.4457 0.9909 0.6721 1.163 0.7885 1.589 1.073 

80 0.6168 0.3913 0.9356 0.5936 1.102 0.6991 1.519 0.9639 

90 0.5810 0.347% 0.8859 0.5299 1.046 0.6254 1.452 0.8685 
100 0.5492 0.3116 0.8414 0.4774 0.9943 0.5642 1.388 0.7878 
110 0.5209 0.2818 0.8005 0.4331 0.9479 0.5229 1.329 0.7193 
120 0.4954 0.2566 0.7632 0.3953 0.9059 0.4693 1.274 0.6597 


One additional quantity is required for the determination of the pressure 


2 A Lazare 2). namely, the average volume cf the gas globe. Thus the time average of 
the volume for the first period is given by 


3 
V -4r(e¢] , 
where Q( G ) is the instantaneous radius of the bubble at the time G . The dimensionless 
quantity @//, has been calculated 3) for a globe situated in an infinite liquid with no 


free surface at a distance of 1.2 Li from a rigid wall. Using these values we find the 


average of [a is YI 3 over the first period to be 0.4819. Thus we obtain 
= 3 
4 
= £7 (0.4819 
7 = 40 (o499)L 


If the explosive is on the bottom, its gas globe is about half of an oblate spheroid. 


23 
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Small-scale experiments 5) indicate that its size is slightly less than that of the complete 
gas globe at a distance of 1.2 L. trom the wall. In view of the lack of sufficient quanti- 
tative information, however, the actual volume V, on the bottom will be assumed here to 
be half of V e (In case of venting at the surface a better approximation is the volume 
of a cylinder of a height equal to the depth of the water and of a radius slightly less 
than the maximum spherical globe in an unbounded liquid.) 


/ 
Thus we obtain finally for the pressure Pp, (p’, 0, ) on the bottom due to the 


first pulsation from an explosion originating also on the bottom (cf. expression (5") 


' iz 3 p ' 
b (n/,0,t') = + FA, (0.409)Li Gn (20,0) 
Expressing the pressure as b (a8 () "5 t’) in feet we have for TNT 


he WG, r-(4,0,£7 
fh eiat] a A? (#433) 


The minimum pressure p"( hb’, Os Ge) for the first negative phase is represented as a 
function of the depth h for various values of the charge veight W in Graphs 5a, b, c, d 
e, f, corresponding to values of ee equal to 5, 10, 15, 25, 50, 500, respectively. 

A comparison of these calculated values with available experimental ones shows 


satisfactory agreement in consideration of the various approximations that have been made. 
It will be reported in detail elsewhere. 


24 


1) 


2) 


3) 


4) 


5) 
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